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Preface 


This book, Lectures, Problems and Solutions for Ordinary 
Differential Equations, results from more than 20 revisions of lectures, 
exams, and homework assignments to approximately 6,000 students in the 
College of Engineering and Applied Sciences at Stony Brook University over 
the past 30 semesters. The book contains notes for 25 80-minute lectures 
and approximately 1,000 problems with solutions. Thanks to a large body 
of classics for the topics, creating another ODEs book is probably as 
unnecessary as reinventing the wheel. Yet, I constructed this manuscript 
differently by focusing on ODE examples from sciences, engineering, 
economics, and other real-world applications of ODEs. These examples, 
partly adapted from well-known textbooks and partly freshly composed, 
focus on illustrating the ODE applications. Serendipitously, the examples 
motivate students to learn theorem-proving while mastering the art of 
applying them. 


While preparing this manuscript, I benefited immensely from many 
people including undergraduate students who took the class and graduate 
teaching assistants (TAs) who helped teaching it. C. Han has triple roles: 
one of the undergraduate students, a TA, and an editor. Students H. Fan, B. 
Hoefer, Y. Hu and M. Nino proofread the latest versions. 


I am proud to announce that I’m the receipt of the 2016 State 
University of New York Chancellor’s Award of Excellence in Teaching. It 
would not have been possible without our collective efforts. 
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Yuefan Deng 


Stony Brook, New York 
January 1, 2017 
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Chapter 1 
First-Order Differential 
Equations 


1.1 Definition of Differential Equations 


A differential equation (DE) is a mathematical equation that relates 
some functions of one or more variables with their derivatives. A DE 
is used to describe changing quantities and it plays a major role in 
quantitative studies in many disciplines such as all fields of 
engineering, physical sciences, life sciences, and economics. 


Examples 
Are they DEs or not? 
ax? +bx+c=0 No 
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ax? +bx'+c=0 Yes Here x’ = = 

2 ! ro ro dx _— dy 
ax“ +bx'+cy'=0 Yes Herex = a andy oe 
yl =x3 Yes Here y’ = oa 


To solve a DE is to express the solution of the unknown function (the 
dependent variable or DV) in mathematical terms without the 
derivatives. 


Examples 


—— is not a solution 
b 
x=- ait is a solution 


In general, there are two common ways in solving DEs: analytically 
and numerically. Most DEs, difficult to solve by analytical methods, 
must be “solved” by using numerical methods, although many DEs 
are too stiff to solve by numerical techniques. Solving DEs by 
numerical methods is a different subject requiring basic knowledge 
of computer programming and numerical analysis; this book focuses 
on introducing analytical methods for solving very small families of 
DEs that are truly solvable. Although the DEs are quite simple, the 
solution methods are not and the essential solution steps and 
terminologies involved are fully applicable to much more 
complicated DEs. 


Classification of DEs 


Classification of DEs is itself another subject in studying DEs. We will 
introduce classifications and terminologies to make the contents of 
the book flow but one may still need to look up terms undefined here 
or abbreviations introduced at the end of the book. First, we 
introduce the terms of dependent variables (DVs) and independent 
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variables (IVs) of functions. A DV represents the output or effect 
while the IV represents the input or the cause. Truly, a DE is an 
equation that relates these two variables. A DE may have more than 
one variable for each and the DE with one IV and one DV is called an 
ordinary differential equation or ODE. The ODE, or simply referred 
to as DE, is the object of our book. Continuing, you understand why 
this 1-to-1 relationship is called ordinary. A DE that has one DV and 
N = 2 IVs, 1-to-N relationship, is called a partial differential equation 
or PDE. Studying PDEs, out of the scope of this book, requires solid 
understanding of partial derivatives and, more desirably, full 
knowledge of multiple variable calculus. By now, you certainly want 
to see two other types of DEs. With N = 2 DVs and 1 IV, you may 
compose an N-to-1 system of ODEs. Similarly, with N = 2 DVs 
and M = 2 IVs, you may compose an N-to-M system of PDEs. We 
have several other classifications to categorize DEs. 


Order of DEs 


The order of a DE is determined by the highest order derivative of 
the DV (and sometimes we interchangeably call it unknown 
function). If you love to generalize things, algebraic equations (AE) 
may be classified as 0 order DEs as there are no derivatives for the 
unknowns in the AEs. 


Examples 
Determine the orders of the following DEs. 


1st-order (1st.0) DE: 


x'+ax=0 (1.1) 

x'+ax? =0 (1.2) 
2nd-order (2nd.0) DE: 

x" +bx =0 (1.3) 

x" + bx =0 (1.4) 
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nth-order (nth.O) DE: 


x™ + bx!’ + cx =0 
x™M 4 5xD 4% =0 


(1.5) 
(1.6) 


Definition Examples 
ODE: 
ODEs ODEs contain only one IV. | x” + w?x = f(t) 
vs. PDEs contain two or PDE: 
PDEs more IVs. du d*u d*u 
at? dx?" dy? 
First-order 
The highest order of the (1st.0): 
derivatives of the DVs y=xty 
Orger eee determines the order of | Second-order 
the DEs (2nd.0): 
yl=xty? 
ae A pe containing Linear 
nonlinear term(s) for the yaxtty 
vs. DVs is a nonlinear DE Wonlinear 
Nonlinear’ regardless of the nature yl=xty? 


of the IVs 
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A 1st-order (1st.0) DE 
M(x, y)dx + N(x,y)dy = 
0 is Homo DE if both 
M(x,y) and N(x,y) are 


1st.0 Homo DE: 


homogeneous functions. y*y' = x*+4+xy 
Otherwise, it is InHomo 1st.0 InHomo DE: 
Homogeneous | DE. y=x?t+y? 
vs. 
In general, alinear DE of | Homo DE: 
Inhomogeneous | order n is a Homo DE if it y" +y2 cosx = 0 
is of the form InHomo DE: 
n 
"+ y= cosx 
>, ay =0 mie 
j=0 
Otherwise, it is InHomo 
DE. 
Linearity of DEs 


DEs can also be classified as linear or nonlinear according to the 
linearity of the DVs regardless of the nature of the IVs. A DE that 
contains only linear terms for the DV or its derivative(s) is a linear 
DE. Otherwise, a DE that contains at least one nonlinear term for the 
DV or its derivative(s) is anonlinear DE. 


yoyo 
yMV+x+y=0 


Linear 


Nonlinear 
y"+y? 

(n) 3 =. 
y™’ +xy+y? =0 


=0 


yM+x3ty=0| (y¥M) 4x3 +y=0 
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Solutions 


A function that satisfies the DE is a solution to that DE. Seeking such 
functions is the main objective of the book while composing the DEs, 
which may excite engineering majors more, is the secondary 
objective of this book. 


Solutions can also be classified into several categories, for example, 
general solutions (GS), particular solutions (PS), and singular 
solutions (SS). A GS, ie, a complete solution, is the set of all solutions 
to the DE and it can usually be expressed in a function with arbitrary 
constant(s). A PS is a subset of the GS whose arbitrary constant(s) 
are determined by the initial conditions (ICs) or the boundary 
conditions (BCs) or both. An SS is a solution that is singular. In a less 
convoluted definition, an SS is one for which the DE, or the initial 
value problem (IVP) or the Cauchy problem, fails to have a unique 
solution at some point in the solution. The set in which the solution 
is singular can be a single point or the entire real line. 


Examples 
Try to guess the solutions of the following DEs: 
(1) x’+0?x =0 
(2) x +w*x=t 
(3) x" +w?x =0 
(4) x" + wx = sin(wt) 
(5) x" + w*x = sin(w,t) where, in general, w # w, 


As briefly mentioned before, there are several methods to find the 
solutions of DEs. This book covers the first of the two common 
methods, ie, analytical method and numerical method. 


1. To obtain analytical (closed form) solutions. 

Only a small percentage of linear DEs and a few special 
nonlinear DEs are simple enough to allow findings of analytical 
solutions. There are two major types: the exact methods and the 
approximation methods. Examples of the exact methods are (1) 
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method of undetermined coefficients (MUC); (2) integrating 
factor (IF) method; (3) method of separation of variables (SOV); 
and (4) variation of parameters (VOP). The examples of the 
approximation but convergent methods are (1) successive 
approximations; (2) series methods including power series 
methods and the generalized Fourier series methods; (3) 
multiple scale analysis; and (4) perturbation methods. 
2. To obtain numerical solutions. 

Most DEs in science, engineering, and finance are too 
complicated to allow findings of analytical solutions and 
numerical methods are the only viable alternatives for 
approximate numerical solutions. Unfortunately, most DEs that 
are of vital importance for practical purposes belong to this type. 
Indeed, every rose has its thorn. To solve DEs numerically, one 
must acquire a different set of skills: numerical analysis and 
computer programming. The types of numerical methods for DEs 
are too numerous to name. For ODEs, the examples are the Euler 
method and the general linear methods such as Runge-Kutta 
methods and the linear multi-step method. For PDEs, the 
examples are finite difference methods and finite element 
methods. 


This book does not cover any of the numerical methods. 


Problems 


Problem 1.1.1 Verify by substitution that each given function is a solution 
to the given DE. Throughout these problems, primes denote derivatives 
with respect to (wrt) x. 

y" +y =3cos2x, y, = cosx —cos2x, Y2 = sinx —cos2x 
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Problem 1.1.2 Verify by substitution that each given function is a solution 
to the given DE. Throughout these problems, primes denote derivatives 
wrt x. 

x7y"— xy’ + 2y = 0, y, = xcos(Inx), yz =x sin(Inx) 


Problem 1.1.3 A function y = g(x) is described by some geometric 
properties of its graph. Write a DE of the form dy/dx = f (x, y) having the 
function g as its solution (or as one of its solutions). The graph of g is 
normal to every curve of the form y = x? + k (k is aconstant) where they 
meet. 


Problem 1.1.4 Determine by inspection at least one solution to the 
DE xy’ + y = 3x2. That is, use your knowledge of derivatives to make an 
intelligent guess and, then, test your hypothesis. 


Problem 1.1.5 Determine by inspection at least one solution to the 
DE y’’+y =0. That is, use your knowledge of derivatives to make an 
intelligent guess and, then, test your hypothesis. 


Problem 1.1.6 Verify by substitution that the given function is a solution to 


the given DE. Primes denote derivatives wrt x. 
1 


14+ x? 


y'+2xy7=0, y= 


Problem 1.1.7 Verify that y(x) satisfies the given DE and determine a value 
of the constant C so that y(x) satisfies the given IC. 
y'+3x2y=0, yx) =Cexp(—-x3), = y(0) = 7 


Problem 1.1.8 Verify that y(x) satisfies the given DE and determine a value 
of the constant C so that y(x) satisfies the given IC. 
y'+ytanx =cosx, y(x) = (x + C)cosx, yr) =0 


Problem 1.1.9 Verify that y(x) satisfies the given DE and determine a value 
of the constant C so that y(x) satisfies the given IC. 
y' =3x72(y7 +1), y)=tan(x?+C), yO)=1 


1.1 Definition of Differential Equations 


Problem 1.1.10 Verify that y(x) satisfies the given DE and determine a 
value of the constant C so that y(x) satisfies the given IC. 


! 5 1 5 Cc 
xy'+ 3y = 2x?, y(x) = gx + y(2) =1 


Problem 1.1.11 Verify by substitution that the given functions are 
solutions of the given DE. Primes denote derivatives wrt x. 
y"=9y, v1 = exp(3x), yz = exp(—3x) 


Problem 1.1.12 Verify by substitution that the given functions are 
solutions of the given DE. Primes denote derivatives wrt x. 
expy)y'=1, y@)=Inwt+C), y)=0 


Problem 1.1.13 Verify that y(x) satisfies the given DE and determine a 
value of the constant C so that y(x) satisfies the given IC. In the equation 
and its solution, n is a given constant. 

y tnx" ly =0, y(x) = C exp(—x"), y(0) = 2014 
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1.2 Slope Fields and Solution Curves 


Geometrical interpretation is an effective way to help understand the 
properties of the DEs and their solutions. A solution can be drawn as 
a curve, which is called a Solution Curve. A series of lines with the 
same slope (for each line), such as a family of curves f(x,y) = s for 
DE y’ = f(x,y) (Figure 1.1) are called Isocline, meaning the same 
slope. A line in the xy-plane whose slope is f(x,y) is called a Slope 
Curve and a collection of such slope curves forms a Slope Field 
(Figure 1.2), aka, the direction field. 


Consider a classical example: 
y' = 2xy (1.7) 
whose GS is 
y = Cexp(x?) (1.8) 


In the xy-plane, we can draw the isocline by selecting a few 
appropriate constant values s for the following: 


2xy = Ss (1.9) 


and the solution curves with the given solution by selecting a few 
constant values C. 
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1.2 Slope Fields and Solution Curves 


0 
x 


Figure 1.1 Examples of solution curves y = C exp(x”) and isocline xy = s. 


Example 1 
Find the isoclines 
y' =sin(x —y) (1.10) 
Solution 
x—y =arcsinc 
y =x —arcsinc 
Example 2 


Find the isoclines 
yl =x? +y27=C (1.11) 


Solution 
The isocline equation 


y =fy=x?+y?=C 
It is a circle. 
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Figure 1.2 The isoclines for the two examples. 


Problems 


Problem 1.2.1 Plot the solution curves and slope field for the DE for the 
appropriate ranges for variables x and y 


ylax?-y 


Problem 1.2.2 Plot the solution curves and slope field for the DE for the 
appropriate ranges for variables x and y 
yi ty=x+2 
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1.3. Separation of Variables 


All 1st.0 initial value problem (IVP), aka, the Cauchy problem, can be 


written as 


Solution 


ie = F(x,y) 
y(x=a)=b 
If F(x, y) can be written as 
jee 9) 
fo) 
Then, the 1st.0 IVP is said to be separable. 
ee) 
dx f(y) 


| rondy = | gcoax 
F(y) = G(x) +C 


where C is a constant determined by the IC y(a) = b. 


Example 1A 
Find the PS to the following IVP 
f” = —6xy 
y(0) =7 
Solution 
d 
aie —6xdx 


y 
d 
[2 = | Conax 
y 
Iny = —3x?+InC 


y = C exp(—3x?) 
is the GS to (1.15) as shown in Figure 1.3. 


(1.12) 


(1.13) 


(1.14) 


(1.15) 
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Applying the IC y(0) = 7, ze, y(0) = C exp(0) = 7, we get C = 7 and the 


PS 
y(x) = 7 exp(—3x?) 
> 
zx 
Figure 1.3 The GS y = C exp(—3x?) and the SS y = 0. 
Example 1B 
Is y = 0 asolution to DE y’ = —6xy? 
Solution 
If y = 0, for the given DE, we have 
LHS = y’=0 
and 
RHS = —6xy = —6x-0=0 
Thus, 
LHS = RHS 
Therefore, 
y=0 


isan SS to y’ = —6xy. 


Example 2 
Find the PS to the following IVP 
, 4-2x 
y * 3y2—5 
y (1.16) 
yQ) =3 
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Solution 
dy 4—2x 
dx 3y?-—5 


[ov —5)dy = [a — 2x)dx 


Integrating both sides, we get the GS 
y? —Sy =4x—-x74+C 
Applying the IC y(1) = 3, ie,33-15 =4-—14+C, we getC = 9and the 


PS to the IVP is 
y3 —5y =4x-—x749 
Example 3 
Find the GS to the following DE 
y2 +x7y' =0 (1.17) 
Solution 
24 x ee =0 
y dx 
dy__y? 
dx x? 
1 1 
1 
Fas = -| 3 Ax 
1 1 
2 SC 
y x 


where we Selected - C, instead of the more common +C, as the integration 
constant for minor convenience. Therefore, 


1 1 
—-+-=C 
x y 

is the GS to the given DE. 


Singular Solutions 


A singular solution is a solution for which the IVP fails to have a 
unique solution at some point on the solution. The domain on which 
a solution is singular is weird as it could be a single point or the 
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entire real line. The SS usually appear(s) when one divides the DE by 
aterm that might be zero while solving the DE. 


Suppose we have a DE 


y’ = H()G(x) (1.18) 
To solve (1.18), we divide it by H(y). 
d 
a 266d (1.19) 
That gives 
d 
| _ = | G(x) dx (1.20) 


Such division is mathematically allowed if and only if H(y) + 0. 
However, 


H(y) =0 (1.21) 


is a solution to the DE because it indeed satisfies the original DE 
(1.18). This solution is peculiar and, thus, it is called SS. 


Problems 


Problem 1.3.1 Find the GS to the following DE 
3x(y — 2)dx + (x? + 1)dy = 0 


Problem 1.3.2 Find the GS (implicit if necessary, explicit if convenient) of 
the following DE. Prime denotes derivatives wrt x. 


1 
y' = (64xy)3 


Problem 1.3.3 Find the GS (implicit if necessary, explicit if convenient) of 
the following DE. Prime denotes derivatives wrt x. (Hint: Factorize the 
RHS:) 
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y=ltxt+ytxy 


Problem 1.3.4 Find the explicit PS to the following IVP 
dy 
ae x exp(—x) 


y(0) =1 


Problem 1.3.5 Find the explicit PS to the following IVP 
{ y' = —2 cos 2x 
y(0) = 2014 


Problem 1.3.6 Find the explicit PS to the following IVP 


ie = (cos y)? 
1 


y(4) er 


Problem 1.3.7 Find the explicit PS to the following IVP 
y! = 2xy + 3x7y exp(x3) 
y(0) =5 


Problem 1.3.8 Find the GS (implicit if necessary, explicit if convenient) of 
the following DE. Primes denote derivatives wrt x. 


y3y' = (v4 +1) cosx 


Problem 1.3.9 Find the GS to the following DE 
4xy? + y! = 5xty? 


Problem 1.3.10 Find the explicit PS to the following IVP 
y! = 2xy? + 3x7y? 
yQ) =-1 


Problem 1.3.11 Find the GS (implicit if necessary, explicit if convenient) of 
the following DE. Primes denote derivatives wrt x. 
y' = 2xsecy 
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Problem 1.3.12 Find the explicit PS to the following IVP 
tanxy'’=y 


105 


Problem 1.3.13 Find the GS (implicit if necessary, explicit if convenient) of 
the following DE. Primes denote derivatives wrt x. 
(x? +1) tan(y) y’ =x 


Problem 1.3.14 Find the GS (implicit if necessary, explicit if convenient) of 
the following DE 


(x +3)8y! = (y—2)? 


Problem 1.3.15 Find the PS to the following DE 
P — xy = 3y 
yQ) =1 


Problem 1.3.16 Find the PS to the following DE 
a +x)y' + y = cos(x) 
y(0)=1 


Problem 1.3.17 Find the GS to the following DE 

dy 

ae = P(e —Iny) 
where a and f are parameters independent of y and t. If y(t=0) = 
Yo and y(t > co) = y,,, can you express a or f or both in terms of yg and 


Yoo? If so, do it. 
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1.4 First-Order Linear DEs 


All 1st.0 linear DEs can be written as 
A(x)y' + Bix)y = C(x) (1.22) 
If A(x) = 0, the equation is no longer a DE. Thus, we set A(x) ¥ 0. 
If B(x) = 0, DE (1.22) becomes 
A(x)y’ = C(x) (1.23) 
which is a separable DE. 


If C(x) = 0, DE (1.22) becomes 


A(x)y' + B(ix)y = 0 (1.24) 
and, after dividing both sides by y, we get 
y'_ _B@) 
slams eg meas 1:25 
y AG) ey 


which is also a separable DE. 


For a general 1st.0 linear DE, we divide both sides (1.22) by A(x), 


,, BO) — C@) 
ae es (1.26) 
Let 
B(x) C(x) 
AG. P(x), AG) ~ Q(x) 
Now, we have 
y' + P(x)y = Q(x) (1.27) 


Let’s now derive the method to solve the general 1st.0 linear DE in 
the form of (1.27). The key idea is to absorb the P(x)y term to a 
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whole derivative by using an IF p(x) whose precise composition will 
be introduced shortly. 


p(x)(y' + P@&)y) = Qx)p(x) 
p(x)y' + p(x)P(x)y = Q@)p(x) 
If we can make the LHS of (1.28) 
d 
p(x)y! + pO)POdy = = (py) (1.29) 


a whole derivative, (1.28) can be solved easily in terms of p(x)y. 
Equation (1.29) can be written as 


p(x)y' + p(x)P(x)y = p(x)y' + p’(x)y (1.30) 
Cancelling p(x)y’' on both sides of DE (1.30), we have 


(1.28) 


p(x)P(x)y = p'(x)y 
p(x)P(x) = p'(x) 


which is a separable DE with unknown function p(x). To solve this 
DE, we have 


(1.31) 


d 
cee P(x)dx 


p 
i “ = | Peodx (1.32) 


Inp = | Pooax 


Therefore, we have 


p(x) = exp (| P(x)dx + C;) = C exp (| P(x)dz) (1.33) 


Since this function p(x) can be multiplied by any non-zero constant 
to serve as a factor, without loss of generality while gaining 
simplicity, we set C = 1. The resulting factor 
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p(x) = exp (| P(x)dz) (1.34) 


is called the integrating factor (IF) of DE (1.27) and this IF satisfies 
the condition (1.29). Plugging (1.29) into (1.28), we have 


d 
x PY) = Q(x)p(x) (1.35) 
Le, 


d(p(x)y) = Q(x)p(x)dx (1.36) 
Integrating both sides of DE (1.36), we get 


pody = | ew pdx (1.37) 
Thus, the GS to the DE (1.27) is 
1 
y(x) = =o | Qw~p)dx + C) (1.38) 


Replacing the IF p(x) by the given function P(x), we find the GS to 
the general 1st.0 linear DE as 


y(x) = exp (- | P(x)dx) (| Q(x) exp (| p(a)ax) dx + c) (1.39) 


Now, we outline the steps to solve the 1st.0 linear DEs without 
memorizing the formula (1.39). 


Step 1: Convert the DE to the standard form y’ + P(x)y = Q(x) 
Step 2: Identify P(x) 
Step 3: Compute the IF 


p(x) = exp (| P(x)dx) (1.40) 


Step 4: Multiply both sides of the converted DE by the IF 
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exp (| P(x)dz) y' + exp (| P(x)dz) P(x)y 


= Q(x) exp (| P(x)dz) Oa) 


Step 5: Write the LHS as a whole derivative using the product rule, 


exp (| P(x)dz) y' + exp (| P(x)dz) P(x)y 


= < (exp (| P(x)dz) y) Ore 


Therefore, 


< (exp (| P(x)dx) y) = Q(x) exp (| P(x)dx) 
exp (| P(x)dx) y = | Q(x) exp (| P(x)dz) dx 


Finally, the solution to the DE is 


y(x) = exp (- i P(x)dz) (| Q(x) exp (| P(x)dz) dx) (1.44) 


(1.43) 


Example 1 
Find the GS to the following DE 


(x? + 1)y’ + 3xy = 6x (1.45) 


Solution 
Step 1: Converting the DE 
‘ 3x 6x 
- tad? x2 41 
Step 2: Identify 
3x 


P = 
©) x? 41 


Step 3: Computing the IF 


pH: 


1.4 First-Order Linear DEs 


p(x) = exp (eco 
3 (d(x? +1) 
-ew(5] oa) 


= exp (Fine? + ») 


3 
= (x? +12 
Step 4: Multiplying the DE by the IF 
3x 6x 
x2 +1 x2+1 
3 1 1 
y! (x2 +1)2 + 3xy(x? + 1)2 = 6x(x? + 1)2 
Step 5: Completing the solution 


£ (ye? + 2) = 6x(x? + 12 


3 3 3 
yl (x? +1)2 + y(x2 +1)2 = (x? +1)2 


dx 
3 1 
y(x2 +1)2 = | 6x(x? + 1)2dx 
1 a 
y = —_ 5 [se + 1)2d(x? +1) 
(x2 +12 


3 3 
= (@? +172 (2@7 +1240) 
3 
=24+C(x?4+1)2 
This is the GS to the original DE. 


Example 2 
Find the PS to the following IVP 
ee. + xy = sinx 


y(1) = yo ao) 
Solution 
Method 1: The 1st.O linear DE method 
,,¥ _ sinx 
y x x2 
The IF 


1 
p(x) = exp (| car) = exp(Inx) =x 
Multiplying the IF yields 


23 


Chapter 1 First-Order Differential Equations 


sinx 


= | —d 
xy Z x 
ee VSUE Sails 
a t x 


Xo 
This is the GS to the original DE where x, and C are constants. 
Using the IC y(1) = yo 


ie od eee 
y(1) = yo 1}, ¢ 1 
i) 
lint 
C= Vo | = 


Xo 


Now plugging C back into y(x), we have 


1 *sint yo 1 itsint 
y(x) == ed a 
Tae MK tb 
1 *sint 
=%,-/ “at 
x xd, 


Method 2: Direct use of the formula (1.35) 


y(x) = exp (- | P(x)dx) (| Q(x) exp (| P(x)dx) dx) 


1 
Px) =- 
x 
sinx 
QO) =—3- 
. ( few) ([S (Ee a +c) 
y(x) = exp xox x2 eXP| | 5 ax Jax 
1 f*sint C 
=-—|{| —dt+— 
xJy, t x 


Using the IC y(1) = yo, we have 
Tsint 
cay fate 
Wee ot 


Therefore, 
Yo 1 f*sint 
=—+-]/ —dt 
VON he 


Problems 


Problem 1.4.1 Find the PS to the following IVP 
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3 
(x? + 1)y’ + 3x3y = 6x exp (-52”) 
y(0) =1 


Problem 1.4.2 (a) Show that 
yc(x) = Cexp (- | P(x)dx) 


isaGS toy’ + P(x)y = 0. 
(b) Show that 


yp(x) = exp (- | P(x)dx) (| Q(x) exp (| P(x)dx) dx) 


isaPStoy’ + P(x)y = Q(x). 

(c) Suppose that y¢(x) is any GS to y’ + P(x)y = 0 and that yp(x) is any 
PS toy’ + P(x)y = Q(x). Show that y(x) = yc (x) + yp(x) is a GS toy’ + 
P(x)y = Q(x). 


Problem 1.4.3 Find the GS to the following IVP 
fa + 2y = 7x? 
y(2) =5 


Problem 1.4.4 Find the GS to the following DE 
y' +ycotx =cosx 


Problem 1.4.5 Find the GS to the following DE using two different methods 
y= 3 + 7)x? 


Problem 1.4.6 Find the GS to the following DE 
xy’ =2y+x3cosx 


Problem 1.4.7 Find the GS to the following DE 
3 
(2x + 1)y'+y = (2x +1)2 


Problem 1.4.8 Find the GS to the following DE using two different methods 
2xy + 2x 


x? +1 


r 


y= 
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Problem 1.4.9 Find the GS to the following DE 
(1+ 2xy)y’=1+y? 
(Hint: Regard x as DV andy as IV.) 


Problem 1.4.10 Find the GS to the following DE 
2xy' + y = 10Vx 


Problem 1.4.11 Find the GS to the following DE 


(+ yexp(y))y' = 1 
(Hint: Regard x as DV andy as IV.) 


Problem 1.4.12 Find the GS to the following DE 
2y+(«+1)y'’ = 3(¢+1) 


Problem 1.4.13 Find the GS to the following IVP 
fc +x)y'’+y=sinx 
y(0) =1 


Problem 1.4.14 Find the GS to the following DE 


y’ = 2(xy' +y)y? 
(Hint: Regard x as DV andy as IV.) 


Problem 1.4.15 Find the GS to the following 2nd.0 DE 
x2" + 3xy' = 4x4 
(Hint: Use substitution v = y'.) 
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1.5. The Substitution Methods 


Substitution methods (S-methods) are those introducing one or 
more new variables to represent the variables in the original DE. The 
procedure will convert the original DE to a separable or other more 
easily solvable DE, e.g, one can change one variable x to u, 


F,(x,y) =0 we F,(u,y) (1.47) 
One may also consider changing both variables. 


g(%y)ru (ae 
h(x,y)> " 
G,(x,y) =0 lta Bed G2 (u,v) ( ) 


Let’s discover the power of the S-methods by solving several families 
of DEs. 


1.5.1 Polynomial Substitution 


Solve 
y' =F(ax+ by +c) (1.49) 
where a, b, and c are constants. 


Step 1: Introducing a new variable v. 


v=ax+by+c (1.50) 
Step 2: Transform the original DE (1.49) into a new DE of v. 
v'=a+tby’ 
i vv! -¢ (1.51) 
After the substitution, the original DE (1.49) now becomes 
y' = F(v) (1.52) 
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Substituting y’ with the function containing v’, we have 


1,a F(v) 
—v ——-=F(v 
b 
oa . (1.53) 
aol F +— 
ptt 
which is now separable. 
Step 3: Solve DE (1.53). 
1dv a 
__=FfF v 
_ bax ae 
pov 
9 __ = dx 
Fv) +7 (1.54) 
dv 
bF(v) +a - 
dv 
 — 
bF(v) +a 
Example 
Find the GS to the following DE 
y' =(xt+y +3)? (1.55) 
Solution 
Let 
ve=xtyt+3 
vi=14+y' 
y' =p'-1 
After the substitution, the original DE becomes 
vi -1=v? 
dv d 
ve+1_ i 


| dv =[a 
vet+1 - 
tan-tv=x+C 


v = tan(x + C) 
Substituting v back into the above DE, we obtain 
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x+y+3=tan(x+C) 
Thus, 
y =tan(x+C)-x-3 


1.5.2 Homogeneous DEs 
For the 1st.0 homogeneous DEs (Homo DEs) 


y'=F (=) (1.56) 
After a different substitution v =2 with which y = xv and y’ = 
xv’ + v, we convert the original DE (1.56) into 
xv'+v=F(v) 
_ F(v)-—v (1.57) 
4 


I 


which is a separable DE. Solving it, we get 


roma 
[aomrm-e 


(| ws (1.58) 
x = ex ar 
P F(v)-v 
ce (| ry=v) 
x=Cex ae 
P\) F (v)-—v 
Example 
Find the GS to the following DE 
2xyy' = 4x? + 3y? (1.59) 
Solution 
Dividing DE (1.59) by 2xy 
2x 3 
‘= + oY 
y 2x 
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This is a Homo DE. 


Letv = - Then, y = vx andy’ =v+xv’. 


Substituting this back into the DE, we have 


jae. dx 
4+v2 J x 
In(4 + v?) =Inx+C 


4+v*7=Cx 
Plugging v back in, we have 


1.5.3. Bernoulli DEs 


Given the DE 


y' + PQxy = Q(x)y" 


We have a few cases depending on n. 
Case 1 (n < 0): 


DE (1.60) is a general 1st.0 nonlinear DE. 


Case 2 (n = 0): 


(1.60) 


DE (1.60) is the 1st.0 linear DE y’ + P(x)y = Q(x) whose 


solution method was introduced before. 


Case 3 (n = 5): 
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DE (1.60) is a general 1st.0 nonlinear DE. 


1.5 The Substitution Methods 


Case 4 (n = 1): 


DE (1.60) is 1st.0 linear DE y’ + (P(x) — Q(x))y =0 
which is separable. 


Case 5 (n = 2): 

DE (1.60) is a special 1st.0 nonlinear DE, ie., the Riccati DE. 
Case 6 (n > 2): 

DE (1.60) is a general 1st.0 nonlinear DE. 


To sum up, for n + 0,1, we know that DE (1.60) is a 1st.0 nonlinear 
DE and we have not learned any methods to solve the DE for such 
cases. Now, let’s use a substitution to solve the Bernoulli DEs forn # 
0,1. 


Solution steps 
Step 1: Select a proper substitution 
a da (1.61) 


Step 2: Find a relationship to replace one variable 


v=(1-n)y"y' (1.62) 
Step 3: Divide DE (1.60) by y” 
yy’ + P(x)y*™ = Q(x) (1.63) 
Since n # 1, we have 
1 
Tay (a - wy ry’) + P@y*™ = Q@) (1.64) 


Inserting v and v’ in (1.61) and (1.62), respectively, into DE (1.64) 
yields 


(—)v' + P@v =e@ (1.65) 
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Or 
v’'+(1-—n)P(x)v = (1 -n)Q(x) (1.66) 


Step 4: Solve this DE (1.66) in terms of v. Since it is now a 1st.0 
linear DE, we can solve it by any of the methods that were 
introduced before. 

Step 5: Solve DE (1.66) to find v. 

Step 6: Back substituting variable v with y to express the solution in 
the original variables. 


Example 


Find the GS to the following DE 
4 
xy' + 6y = 3xy3 


(1.67) 
Solution 
Slight reformatting y’ +2y = 3y3 leads to an obvious Bernoulli DE for 


which we have 


6 
P(x) =— 
x 
Q(x) =3 
_4 
are 
Let’s follow the step-by-step procedure to solve this Bernoulli DE. 
Step 1: 
1 
v= yin = y 3 
yaw 
Step 2: 
1 4 
ee eT ae 
v 3 °¥ 
4 
y' =—3v'(v*)3 
=-—3v'v+* 
Step 3: 


4 
x(—3v'v~*) + 6073 = 3x(v-3)3 
—3xv'v-* + 6-3 = 3xv-4 

v'x-2v=-x 


a2 


1.5 The Substitution Methods 


, 2v 
vi-—=-1 
bg 


Step 4: Now, it becomes a 1st.0 linear DE that can be solved using IF 


p(x) = exp (| P(x)dx) 


eee) 


= exp(—2 In x) 
= x72 
where we used P(x) = — =. 
Multiplying the IF on both sides of the DE 
1, 2 1 


x2 x3 x2 
1 \' 1 
a) 
1 1 
52 — os = dx 
v 1 
Pe 


Step 5: Plug y back in 


peeeeee 
1 

Yet x28 
1 

¥* 331 + Cx)3 


Problems 


Problem 1.5.1 Find the GS to the following DE 
x?y! = xy +y* 


Problem 1.5.2 Find the GS to the following DE 


xyy’ =y2 +x /4y2 + x? 
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Problem 1.5.3 Show that the substitution v = Iny transforms the DE y’ + 
P(x)y = Q(x)(y In y) into the linear DE v’ + P(x) = Q(x)v(x). 


Problem 1.5.4 Find the GS to the following DE. Prime denotes derivatives 
wrt x. 
Syty’ = x2y! + 2xy 


Problem 1.5.5 Find the GS to the following DE 
xy’ —4x?y + 2yIny =0 


Problem 1.5.6 Find the GS to the following DE 
tx’ -— (m+ 1)t™x + 2xInx = 0 


Problem 1.5.7 Find the GS to the following DE 
2 
xy’ = 6y + 12x4y3 


Problem 1.5.8 Find the GS to the following DE 
yy" = 30)" 


Problem 1.5.9 Find the GS to the following DE 
yy" =3 


Problem 1.5.10 Find the GS to the following DE using two different 
methods. 


y= xy? —xy 


Problem 1.5.11 Find the GS to the following DE using two different 
methods. 
xy’ -y = y*sinx 


Problem 1.5.12 Show that the solution curves of the following DE 
,_ _y(2x? -— y%) 
~  x(2y3 — x3) 
are of the form x? + y? = 3Cxy. 
(Hint: Use substitution u = y/x.) 
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Problem 1.5.13 Find the GS to the following DE 
' y, 
xy = y + xexp(~) 


Problem 1.5.14 Find the GS to the following DE 
(@ty)y'=1 


Problem 1.5.15 Find the GS to the following DE 
(2x siny cos y)y’ = 4x? + sin? y 


Problem 1.5.16 Find the GS to the following DE 
y=+y')? 
(Hint: Use substitution v = y'.) 


Problem 1.5.17 Find the GS to the following DE 
(x + exp(y))y' = xexp(-y) — 1 


Problem 1.5.18 Find the GS to the following DE 
3 
(3xy)? + x2y' = y? 


Problem 1.5.19 Find the GS to the following DE 
1 
y*(xy' +1) + x42 =x 


Problem 1.5.20 Find the GS to the following DE 
x exp(y) y’ = 2(exp(y) + x? exp(2x)) 


Problem 1.5.21 Find the GS to the following DE 
eae A4xyIny + 2~ (ny) =0 
dx x 

where n = 2 is a constant integer. 


Problem 1.5.22 Find the GS to the following DE 
yy" +O") =yy' 
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Problem 1.5.23 Find the GS to the following DE 
6xy? + 2y* + (9x7y? + Bxy%)y' = 0 


Problem 1.5.24 Given a 1st.0 nonlinear DE 
y' + Tyx 1 — 3y% = 3x7? 
(1) Prove that after substitution, y(x) = x~1+ u(x), one can transform 
this DE into a Bernoulli DE; 
(2) Solve the resulting Bernoulli DE. 


Problem 1.5.25 Find the GS to the following DE 
x7y"" + 3xy' = 4 
(Hint: Use substitution v = y'.) 


Problem 1.5.26 Find the GS to the following DE 
tx’ — 10001129 x + 2x? = 0 


Problem 1.5.27 Find the GS to the following DE 
(x? + xy)dx — (xy + y7)dy =0 


Problem 1.5.28 Find the GS to the following DE 
2x2yy' + 2xy?+1=0 


Problem 1.5.29 Find the GS to the following DE using two different 
methods 
(x? + Dy’ — 2xy — 2x =0 


Problem 1.5.30 Find the PS to the following IVP 


y(a) =0 
where a and b are constants and x € [0,a]. Additionally, please 
(1) sketch the solution for b < 1; 
(2) sketch the solution for b = 1; 
(3) sketch the solution for b > 1; 
(A) identify a case for which y(x = 0) = 0 possible? 


36 


1.5 The Substitution Methods 


Problem 1.5.31 Find the GS to the following DE 


tS ecige 8 4 
x = 3x°--x+> 
t t? 


1 
(Hint: Use substitution x = a + u.) 


Problem 1.5.32 Find the GS to the following DE 
y = (K(x) +y+B)Q- 8) 


When the function K(x) is given as K(x) = x7°1! and @ = 1, find the 


specific form of the solution. 


Problem 1.5.33 Find the GS to the following DE 
tx'-—x=B(x'x+t) 


Problem 1.5.34 Find the GS to the following DE 
y! = by* +cx" 


where b,c #0 are constants and n = 0,—2. You need to consider both 


values of n. 
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1.6 Riccati DEs 


DEs that can be expressed as follows are called Riccati DEs, named 
after the Italian mathematician J. F. Riccati (1676-1754), 

y! = Ao(x) + Ar (x)y + Az (x) y? (1.68) 
If Ag(x) = 0, DE (1.68) reduces to a Bernoulli DE. 
If A,(x) = 0, DE (1.68) reduces to the 1st.0 linear DE. 


By intuition or by guessing, one may propose a pi/ot solution y, (x) 
with which the following solution is proposed, 


1 
y(x) =y (4) +2 ZG) (1.69) 
Thus, 
T y Zz’ 
Yo = ss. 
aes (1.70) 
2 2 a 2y1 
PS Vata oge 
Zz" Z 


Plugging (1.69) and its associated terms (1.70) into the original 
Riccati DE (1.68), we have 


I 


a 
Yy- 7 = Ay + Ay (v1. + 5) + A, (2+5 a 1) (1.71) 


which, after reorganization of the terms, can be written as 


ne oa (;)+ ets (a+ 2) (1.72) 


Because y, is a solution to the original Riccati DE, the LHS of (1.72) 
must be zero, e., 


yi — Ap — Ary — A2yi =0 (1.73) 
Thus, 
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Z' 1 1 2y, 
zz + 4a(z)+42(g2+ +) =0 Coe 
Multiplying DE (1.74) by Z?, we get 
Z' + (Ar (x) + 2A2 (x) ¥1(«))Z = —A2 (x) (1.75) 
which is a 1st.O linear DE that can be solved, conveniently. 
If defining 
P(x) = Ay (x) + 2A2(x) yy (x) (1.76) 
Q(x) = —A2(x) (1.77) 


we get the standard form of a 1st.0 linear DE 


Z' + P(x)Z = Q(x) (1.78) 


Example 1 
Find the GS to the following DE 


: 2 
a ae (1.79) 


Solution 
This is a simple Riccati DE and, by inspection, we may assume a PS in the 


; A : ; ; sod 
following form y; = ; where Ais a constant to be determined. Since it is a 


PS, it must satisfy the original DE, Ze, 
A A* 2 
=e Say os (1.80) 
We can easily find two roots A = —1, 2 to satisfy (1.80) for arbitrary values 


of x, resulting in two PS’s: y, = — : ory, = <, 
Next, we may select any one of the PS’s to compose the GS as 
a eh 
eg 
where we selected the PS: y, = — <. 
Thus, 
4 Me Ze 
ye 7 
ea MCE as 
Ge og a 
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Plugging the above two formulas into the original DE: 


Mes me en 
Mes Le x2 xZ ZL? x2 


We get 
2 
Z'+-Z=1 
x 
whose solution is 
z= x C 
~ 3 x2 
Finally, the GS for the DE is 
ae! " 3x? 
y@) = x x+y 
Example 2 
Find the GS to the following DE 
y' +2xy=14+x7+y? (1.81) 


Solution 
This is a simple Riccati DE and, by inspection, we found a PS y,(x) = x. The 
original DE can be written as 
ya (be) Cex) 
= Ao(x) + Ar(x)y + Ap (x)y? 
where (x) = 1+ x”, A,(x) = —2x, A2(x) =1. Using substitution y(x) = 
y,(x) + Z(x)“1, we have 


Z' + (Ay (x) + 242 (x) 91 (x))Z = —A2(x) 


Le, 
Z’=-1 
whose GS is 
Z(x) =—-x +c 
After back substitution, we get 
1 
a x-C 


Alternatively, we may use the S-method: y’=1+(x—y)? with 
substitution u = x — y, we get y’ = 1 — wu’ and 
1-w' =1+u? 


Thus, ' =x +c. After back substitution, we get 


1.6 Riccati DEs 


Problems 


Problem 1.6.1 The DE 

y’ = A(x)y* + B(x)y + C(x) 
is called a Riccati DE. Suppose that one PS y, of this DE is known, show 
that the substitution y = y, + : can transform the Riccati DE into a linear 


DE v' + (B + 2Ay,)v = —A. 


Problem 1.6.2 Find the GS to the following DE 
y ty2=14+x%? 
given that y, = x is a solution. 


Problem 1.6.3 Find the GS to the following DE 
a 
y= 1+7(-y)? 


given that y, = x is a solution. 


Problem 1.6.4 Find the GS to the following DE 
y' —13(x? + y*) + 26xy = 1 
given that y, = x is asolution. 


Problem 1.6.5 Find the GS to the following DE 
dy 
= = F@) +y + ayy a) 


given that y, = a isa solution. 


Problem 1.6.6 Find the GS to the following DE 
y’ = -(a? + 4ax?) + 4x3y t+ y? 
given that y, = a isa solution. 
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Problem 1.6.7 Find the GS to the following DE 
2 cos” x — sin? x + y? 


y= 


given that y, = sinx isa solution. 


2 cosx 


Problem 1.6.8 Find the GS to the following DE 

y =y? +a(x)(y — x?) + 2x — x4 
and express it in terms of the given function a(x). We know that this DE 
has one solution y = x”. 


Problem 1.6.9 Find the GS to the following DE 
x3y' +x2y — y* = 2x4 
given that y, = x” isa solution. 


1.7. The Exact DEs 


1.7. The Exact DEs 


Consider a DE 
(6xy — y?)dx + (4y + 3x? — 3xy7)dy =0 (1.82) 
Is it 
1st-order? 
Nonlinear? 
Homo DE? 
InHomo DE? 


Inseparable? 
Non-Bernoulli? 


SN N NNN 


New methods must be introduced in order to solve DEs of this kind. 


The GS to all DEs can be written as 


F(x,y)=C (1.83) 
With this claim, we get 
d(F(x,y)) = ox + dy =dC=0 ey) 
Thus, 
OF OFdy 
ae + Oy de =0 (1.85) 
Therefore, we have 
(=) dx + (=) dy = (1.86) 
Ox oy 


Let 
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M(x,y) OF 
xy=— 
oe (1.87) 
NQ@, y) = dy 
This gives 
M(x,y)dx + N(x, y)dy = 0 (1.88) 


All 1st.0 DEs can be written in the above manner. 


The condition for the DEs to be exact is 


az (ay) ay aa) (1.89) 


That is, ifN, = My, (1.88) is exact. In fact, one prove that the 
necessary and sufficient condition for (1.88) to be exact is N, = My. 


Example 1 
Is DE 
(6xy — y?)dx + (4y + 3x? — 3xy?)dy = 0 (1.90) 
exact? 
Solution 
We have 
M(x,y) = 6xy —y? 
N(x, y) = 4y + 3x? — 3xy? 
Here 
OM a P 5 
By ape ) = 6x — 3y 
ON Oa P - P 
Ox = py ty + 3% — 3xy*) = 6x — 3y 
Since 


My = Ny = 6x — 3y? 
The DE is exact. 


Example 2 
Is DE 
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ydx + 3xdy = 0 (1.91) 
exact? 
Solution 
From DE, we get 
M(x,y)=y 
N(x, y) = 3x 
Here 
—_ 0 — 
My, = ay? =1 
0 
N,= ax 3”) =3 
That means 
My # Ny, 
The DE is not exact. 
Example 3 
Is DE 
y3dx + 3xy*dy =0 (1.92) 
exact? 
Solution 
We get 
M(x,y) =y? 
N(x,y) = 3xy? 
Here 
M, = ier. = 3y? 
y dy y 
y 2 2 
Ny = a Gxy") = 3y 
That means 
N, = My = 3y? 


The DE is exact. 


Let’s find its solution. There is a new set of methods for solving the 
exact DEs. As mentioned in the beginning of this section, the solution 
to any DE can be written as 


F(x,y)=C (1.93) 
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From the above example, we have 


OF 


Ma y= o> y 


N ae 2 
(x,y) ay xy 


So, from (1.94), we have 


F(x, y) =| yde=yx+c 


(1.94) 


(1.95) 


Here we haveC as a constant wrtx. Consider the constant be a 


function of y: C = g(y). Now we have 


F(x,y) =y°x+g9(y) 


Plugging (1.96) back into (1.95), we get 


0 
ayo ** g(y)) = 3xy? 
3xy* + g'(y) = 3xy? 


g'(y) =0 
9g) = 
So, we find that g(y) is actually a constant. 
Plugging g(y) = C, into (1.96), we get 
FEV AH VexrtG, 
Therefore, from (1.93), we have 
pach ace on Olea Oo 
Thus, the solution is 
yx =C 


Steps for solving exact DEs: 
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(1.96) 


(1.97) 


(1.98) 


(1.99) 


1.7. The Exact DEs 


Step 1: Write the DE in the following form 
M(x,y)dx + N(x,y)dy = 0 


and get the formulas for 


OF 
M(x,y) = ax 
OF 
N(x, y) oa dy 


Step 2: Find 


FGay) = | MG.y)dx + 90) 


Step 3: Plugging F(x, y) into (1.102) obtains g(y). 


Step 4: The GS is 


[ Maar + 90) = 6 


Remarks 


(1.100) 


(1.101) 


(1.102) 


(1.103) 


(1.104) 


In the above steps, we start from (1.101), integrate it and, then, 
plug it back into (1.102) to get the solution. Similarly, we can 
start from (1.102), integrate it and plug back into (1.101) to get 


the same solution, different by a constant. 


Let’s now clarify a few points: 


(1) Not all DEs are exact. Some non-exact DEs can be converted 
to exact DEs while others cannot. So, the question is, under 


what condition(s) a non-exact DE can be converted to an 


exact DE. 
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(2) If a non-exact DE can be converted to an exact DE, is the 
conversion unique? In other words, is there more than one 
method to convert a non-exact DE into an exact DE? 


Let’s now convert a non-exact DE to an exact DE. Suppose we have a 
DE 


M(x,y)dx + N(x, y)dy = 0 (1.105) 
If we have the IF /(x) such that 
I(x)M(x, y)dx + I(x) N(x, y)dy = 0 (1.106) 


is exact, we should have 
d (I(x)M(x,y)) = : (I(x) N(x, y)) 1.107 
Gyn or ee TER age dS ey (1.107) 
That means 


0 0 0 
1) 5 My) = NY) g eI) + 1G) 5 -NCoy) 


I-My=N-I'+1-Ny 


I(My — Ny) =I'-N (1.108) 
I! My—Ny 
I N 


M, —N 
I(x) = exp (| ax) 
Here the integrand 


My — Ny 


7 (1.109) 


must be a function with a single variable x. 


Exact DE Theorem 
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For DE 
M(x,y)dx + N(x, y)dy = 0 (1.110) 
1) If 


My — Nx - 


is a function of one variable x, we have the IF 


p(x) = exp FGddx) 
2) If 


My — Ny 
—a 79) (1.112) 


is a function of one variable y, we have the IF 


py) = exp(- | ay) (1.113) 
Remarks 


(1) For one DE, p(x) and p(y) may both exist. In this case, use 
the most convenient form. 

(2) It is possible that neither p(x) nor p(y) exists. 

(3) You must have noticed that p(x) has no negative sign in the 
exponential term while p(y) has a negative sign in the 
exponential term. So, given below is the proof of why we 
need the negative sign for p(y) but not for p(x). 


Proof of the negative sign in p(y) in (1.113). 

M(x, y)dx + N(x, y)dy = 0 is the given DE. The IF is chosen as p(y) 
p(y)M(x, y)dx + p(y)N(x, y)dy = 0 (1.114) 

Let 
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M(x,y) = p(y) M(x,y) (1.115) 
N(x,y) = p(y) N(x,y) (1.116) 


We get the DE: M(x, y)dx + N(x, y)dy = 0. We want it to be exact 
and, thus, we set 


My = Ny (1.117) 
Le, 
a a 
—(p(y)M(x,y)) = — (pO) N(~ y)) 
oy Ox 
a 
M(x, 5 oy) + pO) MC y= py) 5 NG y) 
x (1.118) 
Mp' + pMy = pN, 
Bee My 
p M 
That is 
p' 
me —9) (1.119) 
where 
M, —N 
cs 1.120 
gy) 7; ( ) 
as noted above. 
Solving (1.119), we get 
p(y) = exp (- | g(y)ay) (1.121) 


We sum up the above discussion in the following theorems: 


Theorem 1 
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For a given 1st.0 DE M(x, y)dx + N(x, y)dy = 0, if 
M,, — N. 
—— = f(x) (1.122) 


is a function of purely x, the DE can be converted into an exact DE by 
multiplying the original DE with 


p(x) = exp (| f(x)dx) (1.123) 
Theorem 2 
For a given 1st.0 DE M(x, y)dx + N(x, y)dy = 0, if 
M, —N. 


is a function of purely y, the DE can be converted into an exact DE by 
multiplying the original DE with 


p(y) = exp (- i g(y)ay) (1.125) 


Next, let’s work on one example to enhance the understanding of the 
theorems expressed by the IF’s (1.123) and (1.125). We also make a 
few remarks afterwards. 


Example 4 
Determine whether the DE 


ydx + 3xdy = 0 (1.126) 
is exact or not. If not, convert it to an exact DE and solve it. 


Solution 
From the given DE, we get 
M(x,y) =y 
N(x, y) = 3x 
Here, we have 
oM_ 9 - 
‘Oy a O)=1 
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ON 

Ox 
Since My, # N,, we know that the given DE is not exact. For solving this DE, 
there are two methods of doing this. 


oer 
= 5 x)= 


Method 1: Using the IF p(x) to covert the DE. 


My-N, 1-3 2 


N ae oe 
It is clear that f(x) is a function of purely x. 


p(x) = exp([ f@ax) 


Multiplying p(x) on both sides of the original DE, we have 


2 2 
x 3ydx+3x-x 3dy=0 
This is now our new DE. Here we have 


OF _ 2 

oe Sya3 1.127 
ax M(w%,y) =x 3y ( ) 
oes NC =3 3 1.128 
a x,y) = 3x (1.128) 


Thus, we have 


Since My = N,, the new DE is exact and can be solved by using either 


(1.127) or (1.128) to find F(x, y). It appears the function in (1.128) is 
easier to integrate and we opt for (1.128) to find F(x, y). We have 


OF = Ny) =3 Z 
a 
1 1 
F(x,y) = i) 3x3dy + g(x) = 3x3y + g(x) (1.129) 


Substituting (1.129) back into (1.127), we have 
f) 1 2 2 
5(3*y a 9) =x 3ytg'Q@)=x 3y 


This solves g'(x) = 0. That means g(x) = C,. Substituting this back into 
(1.129), we have 


1.7. The Exact DEs 


1 
F(x, y) = 3x3y+ C, 
That gives the solution to the DE 


F(x,y) = C, 
That is 
& 
x3y=C 
One may even write the GS as 
xy? =C; 


where C3 is another constant. 
Method 2: Using the IF p(y) to covert the DE. 


We now discuss the second method of converting a non-exact DE to an 
exact DE. 


Fo ~% 
ae eee g(y) 
The IF 

p(y) = exp (- { say) 


ctu ({ 20) 


2 
=. 
Multiplying p(y) on both sides of the original DE, we have 
y3dx + 3xy*dy = 0 
as our new DE. Here we have 


OF _ 
—= =y> 1.130 
ay  M@W = (1.130) 
OF _ 
ay = N( y) = 3xy? (1.131) 


and 


My = “ 3) = 3y? 

- 90 ae 

Ny = 5 Gxy*) = 3y 
Since My = N,, the new DE formed is now exact. 
We can now use either (1.130) or (1.131) to find F(x,y). Since the 
function in (1.130) is easier to integrate, we choose (1.130) to find F(x, y). 
We have 


F(x,y) = [ 34x + g(y) =xy? +g(y) (1.132) 
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Substituting (1.132) back into (1.130), we have 


ae (y)) = 3xy? + '(y) = 3xy? 
ay y g = oxy g = oxy 


It gives 
g'y) =0 
which means 
gW) = Cy 
Substituting this back into (1.132), we have 
F(x,y) = xy? + Cy 
Thus, the GS to the DE is 
xy3+C,=C, 
That is 
xy2 =C 
This is the same answer as we found in Method 1. 


Summary 


We have four ways for solving a non-exact DE, which is summarized 


as follows. 


Steps for solving a non-exact DE by converting it into an exact DE 


OF _ 
p(x) = exp (| f@)dy) rT = N(x, y) 
|» 

a where f(x) = oan oF _ M(x y) 

a ~ Si No Ox : 

< Exact DEs > 

NN pv) =exp(- { 90a) oF Nes) 

dy ° 

My-N. [ |) @F 

wrereg@= "a (SE aay) 


Figure 1.4 Steps for converting a non-exact DE to an exact DE. 


Step 1 Determine M(x, y) and N(x, y). 
Check if M,, = N,,? If so, go to Step 5 
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My-Nx 


Step 2 Check if 7 


g(y) is a function of purely y. 
Step 3 Find the easiest IF 


= f(x) is a function of purely x or if a ” 


saci ( | f(@)dx) (1.133) 
Or 
py) = exp(- | aay) (1.134) 
Step 4 Compute the new M and N using either p(x) or p(y) 
M(x y) =p M(x, y) (1.135) 
N(wy) = p N(x, y) (1.136) 


Step 5 Construct the partial DEs 


OF _ 
ae M(x, y) 
aF y (1.137) 
dy aa (x, y) 
Step 6 Use either of the DEs (1.137) to find F(x, y) 
F(x,y) = | Ae ax + g(y) (1.138) 
or equivalently, 
F(x,y) = [ Neay + g(x) (1.139) 


Step 7 Substituting the F(x, y) obtained as (1.138) or (1.139) into 
one of the DEs (1.137), we have either 


Do 
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mall M(x, y)dx + 90) = NGG) (1.140) 
Or 

) om = 

= ( [ Wey ay + 9) =My) (a4) 
Step 8 Solving DE (1.140) or (1.141) produces g(y) or g(x). 


Inserting g(y) or g(x) into (1.138) or (1.139) forms the final GS to 
the DE F(x, y) =C. 


M(x, y)dx + N(x,y)dy = 0 


fae cee Yes 
~My = Ny? 
[no 
Theorem |< oe a1 2S) CoavenibionG@ 
|no 
7M —N = ~ Yes : 
Theorem 2 <_ y ~=g(y) > Convertible p(y) 
| v 
Not an Exact Equation Exact Equation 


Figure 1.5 Steps for solving a non-exact DE. 
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Example 5 
Find the GS to the following DE 

M(x,y)dx + N(x,y)dy = 0 (1.142) 
Solution 


We can compose two simple partial DEs with F as the DV and x and yas 
the IVs 


OF 
ace 1.143 
ax M(x,y) ( ) 
OF 
ay = N(x,y) (1.144) 


Solving (1.143), we get 


Fouy) = | My)dx + 9) 
Plugging the above into (1.144), we get 


7) 
mall M(x,y)dx) +9'~) =N(w y) 
IW) =N@y)- =(f M@y)dx) 


Solving this, we have 


a7) = [ ueeyddy- f (5 ( | Mess) ay 


Thus, we get the GS to the DE as 
0 
[mconers J menonay- [FU Mcxypax) ey =C 


Example 6 
Is the following DE exact? Find the GS. 
(6xy — y3)dx + (4y + 3x2 —3xy2)dy=0 (1.145) 


Solution 


From the given DE, we have 


OF : 
= M(x,y) = 6xy-—y 


ox 
oF = Ae ) = 4y + 3x? — 3xy? 
ie xy)=4y 4 xy 
Now we evaluate 


M, = Wey — y*) = 6x — 3y? 
y dy 
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N, = fay + 3x? — 3xy?) = 6x - 3y? 
Ox 


Since My = N,, the given DE is exact. Now, we find F(x, y) 
OF 


—_—_= = _ 3 
ax M(x,y) = 6xy —y 


F(x,y) = [ox — y*)dx + gy) 
= 3x°y —y*x + gy) 
Plugging it into 
OF er 
ay ro 
we have 
0 
ay Bey — y3x + g(y)) = 4y + 3x? — 3xy? 
3x? — 3xy? + g'(y) = 4y + 3x? — 3xy? 
GOH 4y 
g(y) = 2y? 
Therefore, the GS to the DE is 
3x*y —xy?+2y7=C 


Let’s examine the following to show that not all DEs can be solved 


this way. 
Example 7 
Find the GS to the following DE 
(3y? + 5x7y)dx + Bxy + 2x3)dy = 0 (1.146) 
Solution 


From the given DE, we have 
M(x,y) = 3y”? + 5x?y 
N(x, y) = 3xy + 2x3 


M, = Gy? 5x2y) = 6y + 5x? 
ay Ot y + 5x 


0 
Ny, = 5x CX + 2x3) = 3y + 6x? 
Since M,, # N,, the given DE is not exact. Let’s now check if we can convert 
it to an exact DE. 
My-N, 3y—x? 
N 3xy + 2x3 
is not a function of purely x, and 
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My — Ny 3y — x? 
MM By? + 5x2y 
is not a function of purely y. Therefore, the given DE cannot be converted 
to an exact DE. 


Finally, we show the relationship between the exact DE method and 
the linear DE we previously studied. 


Converting the 1st.0O linear DE to an exact DE 


Now the question arises whether all linear DEs are exact. If not, are 
they convertible? Let’s now answer these queries. The standard form 
of the 1st.0 linear DE is 


y' + P(x)y = Q(x) (1.147) 
That is 


Yb pes) — Q(x) =0 
dx z . (1.148) 


(P(x)y - Q(x))dx +dy=0 
Now we have 


M(x,y) = P(x)y — Q(x) 


N(x,y) =1 
M, = P(x) (1.149) 
N, = 0 


Since in general M, # N,, (1.147) is not an exact DE. 


If a DE is not exact in its original form, we may convert it to an exact 
DE. 
Compare the following two formulas. 

M 


y Nx 
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MN 2 

M P(x)y — Q(x) 
Apparently, working with the first one is much easier than working 
with the second one. Thus, we have our IF 


p(x) = exp (| P(x)dz) (1.151) 
Multiplying p(x) on both sides of (1.148), we have 
exp (| P(x)dz) (P(x)y — Q(x))dx 
(1.152) 


+ exp (| P(x)dx) dy = 0 
which is now the new DE. Thus, we have 


) 7 
~ = M(x,y) = exp (| P(x)dx) (P(x)y — Q(x)) (1.153) 


= = N(x, y) = exp | P(x)dx) (1.154) 


ee; 
My = 5( ex (| P(x)dx) (P(x)y - ac) 
a 
= exp({ Podx) —(PO)y-QG)) (1-185) 


= P(x) exp (| P(x)dz) 
(a © exp i P(x)dz) 
= P(x) exp (| P(x)dz) (1.156) 
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Since My = N,., the new DE is exact. 


Now we can use either (1.153) or (1.154) to find F(x, y). Since the 
function in (1.154) is easier to integrate, we use it to find: 


F(x,y) = [ exp (| P@ar) dy 
= yexp (| P(x)dx) + g(x) 


Substituting this back to (1.153), we have 


< (y exp (| P(x)dx) + 96) 


= exp({ P@ax) (Pedy - @@)) 
+ y P(x) exp(f P(x)dx) + 9’) 


= y P(x) exp (| P(x)dz) — Q(x) exp (| P(x)dz) (1.158) 


(1.157) 


g' (x) = —Q(x) exp (| Paar) 


(1.159) 
g(x) = -{ Q(x) exp (| P(x)dz) dx 
Substituting this back to F(x, y), we have 
F(x,y) = yexp (| P(x)dx) — | Q(x) exp (| P(x)dx) dx HG) 
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Therefore, the GS to the DE is 


That is 


yexp (| P(x)dx) — | Q(x) exp (| P(x)dx) dx =C (1.161) 


y = exp (- | P(x)dz) (| Q(x) exp (| P(x)dz) dx + c) (1.162) 


Problems 
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Problem 1.7.1 Find the GS to the following DE 
x 
(1 + In(@xy))dx + (5) dy =0 


Problem 1.7.2 Given a 1st.0 DE 
A(x, y)dx + B(x, y)dy = 0 
which is not an exact DE in general, but the function A(x, y) and B(x, y) 
satisfy the following relationship 
(AR? BE”) j009) = PO) 

where P(x) is a function of one variable x. Prove that, after multiplying the 
original DE by an IF p(x) = exp(f P(x) dx), one can transform the original 
non-exact DE into an exact DE. 


Problem 1.7.3 Given 1st.O linear DE 


a(x) 2+ Body +(x) = 0 
where a(x) # 0. 
(1) Use the exact DE method to solve the DE and express the GS in terms 
of a(x), B(x), and y(x). 
(2) Use the 1st.0 linear DE method to solve the DE and express the GS in 
terms of a(x), B(x), and y(x). 


1.7. The Exact DEs 


Problem 1.7.4 The 1st.0 linear DE can be expressed alternatively as 
(P(x)y — Q(x))dx + dy = 0 
where functions P(x) # 0 and Q(x) # 0 are given. Please 
(1) Check if this DE is exact. 
(2) If not, convert it to an exact DE. 
(3) Solve the DE using the exact DE method; your solution may be 
expressed in terms of the functions P(x) and Q(x). 


(4) If P@) = ~ and Q(x) = “* get the specific solution. 


x 


Problem 1.7.5 Find the GS to the following DE 
(2x — y*)dx + xydy =0 


Problem 1.7.6 Find the GS to the following DE using two different methods. 
3x? + 2y? 
Axy 


y 


y= 


Problem 1.7.7 Find the GS to the following DE using two different methods. 


! is = 2x(x2 +1 
ioe x(x ) 


Problem 1.7.8 Find the GS to the following DE using two different methods. 
, «x+3y 


p: y — 3x 


Problem 1.7.9 Find the GS to the following DE 
ydx + (2x + y*)dy =0 


Problem 1.7.10 Find the GS to the following DE 
y'(2xy + 1) = 2x - y? 


Problem 1.7.11 Find the GS to the following DE 
yi +xy7y'—y' =0 
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Problem 1.7.12 Check whether the following DE is exact 
x 
(cosx + Iny)dx + ( + exp)) dy =0 


If it is exact according to your verification above, solve it using the exact 
DE method. Otherwise, use a different method to solve it. 


Problem 1.7.13 Find the GS to the following DE using two different 
methods. 
exp(y) + ycosx + (x exp(y) + sinx)y’ = 0 


1.8 Summary 


1.8 Summary 


Most of the DEs we discuss can be summarized in the following 
Figure 1.6. 


Autonomous 


Homogeneous if 
order Non-autonomous 


n 
Inhomogeneous 


Fly yl we) = 0 


Explicit 


ee Constant coefficients Linear 
Implicit 


Variable coefficients Nonlinear 


Figure 1.6 This diagram illustrates the classification of DEs by various categories. 


Classifying DEs according to homogeneous (Homo) and 
inhomogeneous (InHomo) will produce two types. Of each 
type, further classification according to autonomous and non- 
autonomous will produce two sub-types. Thus, we have four 
types using these two classifications. Adding linear and 
nonlinear, explicit and implicit, constant coefficients (c-coeff) 
and variable coefficients (v-coeff), we have a total of 2° = 32 
types. Further, if adding the orders of the DEs, we have 32 
types of 1st.0 DEs and 32 types of 2nd.0 DEs, etc. 


Based on their intrinsic properties and solution methods, 1st.O 
DEs (like many other types of DEs) may be classified into 
several overlapping groups: separable, 1st.0 _ linear, 
substitutable, the Bernoulli, the Riccati, and the exact DEs. 
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Commonly, one single DE may belong to multiple groups and, 
thus, can be solved by multiple solution methods although the 
algebraic complexity of the methods may differ dramatically. 
Therefore, when given a DE to solve, the most important first 
step is to identify the group(s) the DE belongs to and, then, 
select the most effective solution method(s) to solve it. The 
following Venn diagram (Figure 1.7) illustrates the logical 
relationship of all 1st.0 DEs and their solution methods. 


Riccati M(x, y)dx + N(x,y)dy =0 


Substitutable 
y' = A(x) + B(x)y + C(x) y2 is Exact if and only if y' = f(ax + by +c) 
dM _ ON y' = f/x) 
ay ax 
Linear 1%* Order Bernoulli 
y' + P(x)y = Q@) — y' + P@)y = Q@d)y" 


Figure 1.7 This Venn diagram illustrates the logical relationships of 1st.0 
DEs and their solution methods. 


Problems 


Problem 1.8.1 Find the GS to the following DE using at least two methods 
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xy’ -y = y*sinx 


Problem 1.8.2 Find the GS to the following DE using at least two methods: 


y' + 30xy = 14+ 15(x? + y?) 
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Mathematical Models 


2.1 Newton’s Law of Cooling 


Newton’s law of cooling was introduced by Isaac Newton (December 
25, 1642 -March 20, 1726) in 1701 to describe convection cooling, 
in which the heat transfer coefficient is independent or almost 
independent of the temperature difference between the object and 
its thermo environment. For cases where the temperature difference 
is too big to maintain such assumptions, two French Physicists, P. 
Dulong and A. Petit, introduced corrections to the original Newton’s 
law of cooling in 1817. 


The time rate of change of the temperature T(t) of an object is 
proportional to the difference between T(t) and the temperature A 
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of the surrounding medium. The medium is assumed to be so big 
that the heat transfer to the medium from the object, or the reverse, 
is too insignificant to change the medium’s temperature. However, 
such heat transfer will cause the object’s temperature to change, and 
this is the subject of Newton’s law of cooling published anonymously 
in Philosophical Transactions. Our current discussion is an 
approximation of the truth that the total energy is conserved for the 
complete system of the body and the medium. 


Figure 2.1 Placing an object of temperature 7) into a large medium of fixed temperature A. 


Consider an object at a temperature T(t) that is placed in a medium 
at a constant temperature A (Figure 2.1). We establish the DE that 
describes the temperature change of the object while it exchanges 
energy (heat) with the medium. We define a few quantities: 


A is the temperature of the medium, kept at a constant; 

T (t) is the temperature of the object at time t; 

T(t = 0) = Tp is the initial temperature of the object; 

t is the time; 

aT(t) 
dt 

is a constant parameter that characterizes the heat 


conductivity of the medium with the object. 


VVVV V 


= k(A —T) is the rate of temperature variation and k 


With this introduction, we establish the following DE with an IC to 
form an IVP (2.1): 
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aT(t) 
= k(A-T 
dt ( ) 
T(t = 0) =Tp 
Solution 
aT 
sad = —kdt 
(er 


Integrating both sides of the above, we get 


i dT t 
fe T_-A _ i (—k)dt 
In(T — A) — In(T) — A) = —kt 


—A 
——— = exp(—kt 
TA exp(—kt) 


T — A = (Tp — A) exp(—kt) 
T(t) = A+ (To — A) exp(—kt) 


Finally, we get the PS to the DE, 


T(t) = Ty exp(—kt) + (1 — exp(—kt))A 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


Thus, we have translated a scientific law into a DE and found its 
solution. Now, if given the values of A and k, we can predict the 


temperature of the object at any time. 
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Tie Tit) =Ty exp(—kt) + A(1—exp(—kt)) 


Figure 2.2 The multiple scenarios of the object’s temperature T (t) changing with time t. 


Remarks 


(1A) IfA=TT > = = 0 => T(t) does not change with time and the 
temperature stays approximately constant. 

(2) IfA>T) > — >0 => T(t) increases while heat is transferred 
from the medium to the object. This process will last until the 
object reaches the same temperature as the medium. 

(3) If A<T> = <0= T(t) decreases while heat is 
transferred to the medium from the object. This process will 


last until the object reaches the same temperature of the 
medium. 


Problem 


Problem 2.1.1 In a warehouse kept at a constant temperature of 60F, a 
corpse was found at noon with a temperature of 85F. Ninety (90) minutes 
later, its temperature dropped to 79F. At the time of death, the person’s 
body temperature was at the normal 99F (Actually, its range is 97.7- 
99.5F). When did the person die? 
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2.2 Torricelli’s Law for Draining 


The time rate of change of the volume V of water or other liquid in a 
draining sink is proportional to the square root of the depth y of 
water in the tank, measured from the sinking point. This DE is called 
the Torricelli’s law for draining or Torricelli’s theorem, named after 
Italian physicist and mathematician E. Torricelli (1608-1647) who 
discovered the law in 1643. 


V(t) is the volume of water in the sink at time t. Although a 
hemisphere is used in this example (Figure 2.3), the draining model 
is applicable to containers of any conceivable shapes. 


y(t) is the height of the water surface, from the draining point, at 
time t. The draining model introduced by Torricelli can be written as 


dV 

ae od —Jy = —kfy (2.5) 
where k is the so-called draining constant which can be positive for 
conventional draining or negative for filling up. It depends on: 


(1) The liquid’s properties, such as viscosity. The k value will be 
different for the following liquids: water, tea, gasoline, honey, or 
mud water, etc. 

(2) Size of the hole. Theoretically, the hole is considered a 
mathematical dot without size. 

(3) Pressure differential between the inside and the outside of the 
draining hole. 
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Figure 2.3 The draining model for a hemisphere of radius R. 


Let A(y) be the cross-sectional area of the container at height y 
where the liquid surface lies. The volume element of the liquid at the 
surface for a thin layer of thickness dy at the height y is 


dV = AQ) dy (2.6) 


where we assumed the area remain unchanged from y + dy to y. 
With the draining DE 


=—k,/y (2.7) 


We can compose an IVP as 
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A(y)dy _ 
an) (2.8) 


y(t = 0) = Yo 
where yg is the initial height of liquid surface in the container. We 
have converted the original draining DE to involve the IV t and the 


DV y, the height. It does not depend on the volume explicitly 
although one still needs to work out the area function A(y). 


Solution 


Let’s solve the draining problem (2.8) for a peculiar case: the 
container is a hemisphere whose inner radius is R. We can easily 
write the cross-sectional area at any height y as 


A(y) = mr? = m1(R? — (R-y)?) 


= 1(R? — R* + 2Ry — y”) (2.9) 
= my(2R — y) 
Plugging (2.9) into (2.8), we get 
my (2R — y)dy 
=—k 2.10 
=D 210 


m,/y(2R — y)dy = —kdt 
y t 
| 1,/y(2R —y)dy -| (—k)dt 
R 0 


y 1 3 
i n(2Ry2 - y2) dy = —kt 


n(2e |” 7d "yiay) = —kt 
4 3 2 5\|\" 

—Ry2 ——y2 
n(5Ry 5” )I, 


2(5R =y) n2(5R =R) = kt 
NaS cp COO Ngee he 


=—kt 
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3/4 2 14 °+=°5 
Ty2 (=r = =y) ——7kR2 = —kt 


Therefore, the resulting PS to the draining DE can be written as 


3 5 
my2(20R — 6y) = 142R2 — 15kt (2.11) 


This equation expresses the height of the liquid surface in the 
hemisphere container as a function of time, implicitly. The initial 
state is that the hemisphere container is filled with liquid to the rim. 


my (4R-2y) =n Re —kt 


y(t) 


Fy 
5 —t--------------- 


t 


Figure 2.4 The height of the liquid surface in the hemisphere container vs. time. 


Remarks 


(1) At t = 0, the only solution that makes sense is y = R and it is 
verified by Figure 2.4. 
(2) When y = 0, the container is emptied. Plugging y = 0 into 
(2.11) finds the time needed to empty the container 
14 =35 
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t =~ R27 = — 4 
empty = Tey Sk UR (2.13) 


(a) In formula (2.12),V, = ~(<2R?) is the volume of the 
semi-sphere. 


(b) The formula (2.12) shows tempry % R°/2 = the bigger the 


tank (the larger its radius), the longer the time needed to 
empty it. A special case, if the container is tiny, little time 
is needed to empty it:R > 0 > tempty > 9. 


(c) The formula (2.12) shows tempry % . =the bigger the 


k value, the shorter the empting time. A special case: if 
the draining constant is huge (a huge leaking hole, or a 
very slippery liquid, or a massive pressure differential), 
little time is needed to empty it: k > © > tempty > 0. 
The opposite is also true: if the draining constant is tiny 
(a tiny leaking hole, or a very stuffy liquid, or no pressure 
differential), it takes eternity to empty it:k ~>0 > 


tempty = Oe 


Everything makes intuitive sense. 


Problems 
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Problem 2.2.1 We drain a fully filled spherical container of inner radius R 
by drilling a hole at the bottom. We assume the draining process follows 
Torricelli’s law with the draining constant k. 


(1) Compute the time needed to empty the container. 
(2) If we double the radius of the container which is also fully filled and 
keep all other conditions unchanged, compute the draining time again. 


2.2 Torricelli’s Law for Draining 


Problem 2.2.2 A complete spherical container of radius R has two small 
holes- one at the top for air to come in and one at the bottom for liquid to 
drain out (think of it as a hollowed bowling ball). Att = 0, the container is 
filled with liquid. Besides the radius A, you are also given the draining 
constant k. The draining process follows Torricelli’s law. Please 

(1) compute the time T; needed to drain the upper half of the container, 
ie, the water level dropping from the top hole to the equator line of the 
ball; 

(2) compute the time T, needed to drain the lower half of the container, 
ie, the water level dropping from the equator line of the ball to the bottom 
hole; 

(3) identify the correct relationship: T, > T2,T, < Tz, or T; = Tz? 


Problem 2.2.3 A coffee cup from the “Moonbucks” coffee shop is like a 
cylinder with decreasing horizontal cross-sectional area. The radius of the 
top circle is R, and that for the bottom is 10% smaller. The cup height is H. 
Now, a nutty kid drills a pinhole at the half height point of the cup, 
allowing a full cup of coffee to leak. Compute the time for coffee to leak to 
the pinhole. Compute the time again if we turn the cup upside down with 
full cup to start (with the new bottom closed). In both cases, the leak 
follows the Draining DE with a constant k. 


Problem 2.2.4 A spherical container of inner radius R is originally filled up 
with liquid. We drill one hole at the bottom, and another hole at the top 
(for air intake) to allow liquid to drain from the bottom hole. The draining 
process follows the Torricelli’s law, and the draining constant depends on 
the liquid properties, the draining hole size, and the inside-outside 
pressure differential, etc. While draining the upper half, we make the 
draining constant ask. What draining constant must we set (e.g., by 
adjusting the bottom hole size) so that the lower half will take the same 
amount of time to drain as the upper half did? 


Problem 2.2.5 A spherical container of inner radius R is filled up with 
liquid. We drill one hole at the bottom (and another at the top to allow air 
to come in). The draining process follows the Torricelli’s law with the 
usual draining constant k. We start draining the container, when it is full, 
until the leftover volume reaches a “magic” value at which the draining 
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time for the top portion is equal to that for the bottom (left-over) portion. 
Calculate the leftover volume. 
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2.3. The Population Model 


A population model is a DE, or a system of DEs (DE.Syst), that 
expresses population dynamics. The model describes the change of a 
population through complex interactions and processes in terms of 
birth and death rates. The population, extending beyond human 
beings, can be any beings or things like tigers, insects, viruses, and 
diseases, as well as radioactive material. 


2.3.1 Introduction 


The time rate of change of a population P(t) with constant birth and 
death rates are, in many cases, proportional to the size of the 
population. Function P(t) = Population count at any time t. 


We can establish a simple initial value problem (IVP) to describe the 
population as a function of time: 


dP aor 
a (2.14) 
P(t=0)=P) 
Solution 
dP 
—=kP 2.15 
oe (2.15) 
dP 
—=kdt 


P 
—= | kadt 
p) P 0 
InP —InPy) = kt 
P(t) = Py exp(kt) 
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For example, if P(t = 0) = 1000 and P(t = 1) = 2000, we get 


{Po = 1000 
k= 1n2 


with which we can construct the model of exponential growth of 


(2.16) 


populations as 
P(t) = 1000 exp(t In 2) = 1000- 2° (2.17) 


In this case, the population doubles every time unit. 


2.3.2 General Population Equation 


It is customary to track the growth or decline of a population in 
terms of the functions of its birth and death rates, which are defined 
as follows: 


B(t): the number of births per unit population per unit time at 
time t 


6(t): the number of deaths per unit population per unit time at 
time t 


Then, the numbers of births and deaths that occur during the time 
interval (t,t + At) is approximately given by births: 6(t)P(t)At and 
deaths: 6(t)P(t)At. The change AP in the population during the time 
interval (t,t + At) of the length At is 


AP = births — deaths 
= B(t)P(t)At — 6(t)P(t)At (2.18) 
= (B(t) — 6) P(t) At 
Thus, 


AP 


ae (B(t) — 5(t))P(t) (2.19) 
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Taking the limit At > 0, we get the DE 


ap 5)P 
ae ) 


Example 1 


Given the following information, find the population after 10 years. 


P(0) = Py = 100 


B = 0.0005P 
6=0 
Solution 
Substituting the given data (2.21) into the DE (2.20), we have 
dP ~ (8 —5)P 
ae 
dP 
— = 0.0005P? 
dt 
dP 
pz = 0.0005dt 


dP 
[=> [ e.0005ae 


1 
—=—=0.0005t+C 
P + 


Applying the IC P(O) = 100 yields 


_ 1 
~~ 100 
Therefore, 
P(t) = 2000 
~ 20-t 
and 
P(10) = 200 


Thus, the population after 10 years is 200. 


(2.20) 


which is the general population DE where B = B(t) and 6 = 6(t) 
where f and 6 can be either pure constants, or functions of t, or they 
may depend, directly, on the unknown function P(t). 


(2.21) 
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2.3.3 The Logistic Equation 


The logistic equation (logistic DE) was first introduced by the 
Belgian mathematician Pierre Verhulst (1804-1849) in the 1840s to 
model population growth. The logistic DE is, thus, also called the 
Verhulst model or logistic growth curve. In this model, the time 
variable is continuous and a modification of the model to discrete 
quadratic recurrence equation, known as a logistic map, is also very 
interesting. The model’s rediscovery and wider use happened in the 
1920s by an American biologist, Raymond Pearl (1879-1940), and 
by an American biostatistician, Lowell Reed (1886-1966). The 
logistic DE finds applications in a wide range of fields: artificial 
neural networks, biomathematics, ecology, chemistry, physics, 
demography, economics, geosciences, probability, political science, 
and statistics, etc In fact, the list is still growing. 


Let’s consider the case of a fruit-fly population growth in a container. 
It is often observed that the birth rate decreases as the population 
itself increases due to limited space and food supply. Suppose that 
the birth rate f is a linear decreasing function of the population size 
P so that B = By — B,P where f, and f, are positive constants. If the 
death rate 6 = 69 remains constant, the general population DE takes 
the form 


dP 
aE. fl (Bo — ByP - 5o)P (2.22) 
Let a = Bo — 69 and b = f,. Then, 
dP 
— = aP — bP? 2.23 
dt” Gey) 


Eq. (2.23) is called the logistic equation for the population model. 
We can rewrite the logistic DE as 
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dP 
—=kP(M—-P 2.24 
ag = KP(M —P) (2.24) 
where k = band M = a/bare constants. M is sometimes called the 
carrying capacity of the environment, ze. the maximum population 
that the environment can support on a long-term basis. This DE can 
be solved by the SOV as follows 


Ba kdt 
P(M—P) — 
P(t = 0) =P, 


P dP t 
———— = | kdt 
it P(M —P) | 


(0) 
“al a dP =kt 
MJp P(M—P) 


Pr A 1 
I, (_— +5) ap = Mee 
(In P — In(M — P))p, = Mkt 
P M—P, 
(n(5-) +m (Gy—p)) = Met 
PM-—P, 
Py) M—P 


(2.25) 


= exp(Mkt) 


This is the PS as an implicit function of P, which can be converted to 
an explicit form. 


Py exp(Mkt) 
P = (M — P) ——— 2.26 
(M ~P) (2.26) 
. (ieee) _ Py exp(Mkt) 
M = Po M — Po 
MP, exp(Mkt) 


P= 
M — Po + Po exp(Mkt) 
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M 


1+ (5 - 1) exp(—Mkt) 


P= 


which is the final PS to the logistic DE. 


US eras a k<0 


gee Ce ee Extinction 
sass eee! 


t 


Figure 2.5 This figure is a summary of the solution (2.26) for the population DE for the five 
cases involving Py) > M, Py = M, Py) < M coupled with k > Oandk <0. 


Remarks 
(1) Att = 0, P(t = 0) = Py 
Po, k =0 
(2) The limiting cases: lim P(t)=4;M, k>0 
i 0, k<0 


(3) Limited environment situation: 
A certain environment can support at most M populations. It 
is reasonable to expect the growth rate 6 — 6 (the combined 
birth and death rates) to be proportional to M — P because 
we may think of M — P as the potential for further expansion. 
Thus, 
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B-65=k(M -P) (2.27) 
And 


dP 
ae (B —6)P =k(M —P)P (2.28) 
(4) Competition situation: 
If the birth rate f is a constant while the death rate 6 is 
proportional to P, 7e, 6 = a@P, then, 


“ = (8 — aP)P = kP(M — P) (2.29) 


Example 1 

Suppose that at time t = 0, 10,000 people in a city with population M = 
100,000 are attacked by a virus. After a week the number P(t) of those 
attacked with the virus has increased to P(1) = 20,000. Assuming that 
P(t) satisfies a logistic DE, when will 80% of the city’s population have 
been attacked by that particular virus? 


Solution 

In order to eliminate the unnecessary manipulation of large numbers, we 
can consider the population unit of our problem as thousand. Now, 
substituting Py) = 10 and M = 100 into the logistic DE we get 


MPy 

Py + (M — Po) exp(—Mkt) 
1000 

~ 10 + 90 exp(—100kt) 


P(t)= 


(2.30) 


Then, substituting P(t = 1) = 20 into (2.30), we get 
100 x 10 


20 = 
10 + (100 — 10) exp(—100k) 


4 
exp(—100k) = 5 


k= 5 1n(5) 
~~ 700 “\9 


100k = 1 (7) 
=In - 
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With P(t) = 80, we have 
1000 


80 = 
10 + 90 exp(—100kt) 


1 
exp(—100kt) = 36 


Thus, 
In 36 In 36 
“= T00k  in(9/4) ~ 
It follows that 80% of the population has been attacked by the virus after 
4.42 weeks, ie, 31 days. 


4.42 


2.3.4 Doomsday vs. Extinction 


Consider a population P(t) of unsophisticated animals in which 
females rely solely on chance of encountering males for reproductive 
purposes. The rate of which encounters occur is proportional to the 
product of the number P/2 of males and P/2 of females, thus, at a 
rate proportional to P*. We therefore assume the births occur at the 
rate of kP*(per unit time and k is constant). The birth rate, defined 
as births per unit time per population, is given by Bf = kP. If the 
death rate 6 is a constant, the population DE becomes 


dP 
—_= 2 2.31 
di kP* — 5P ( ) 
Let M = 6/k > 0, we have 
dP 
ap = PCP - M) (2.32) 


Note 


The RHS of the DE (2.32) is the negative of the RHS of the logistic DE. 
The constant M is now called the threshold population. The behavior 
of the future population depends, critically, on whether the initial 
population Pp is less than, or greater than, M. 
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Let’s now solve this DE using a similar method to the logistic DE 


ap" 
P(P—M) — 


[ dP [xa 
—__ t 
p,P(P-—M) Jo 


[ (ptqna)areme 
p, \P-M P) 
0 


(In(P — M) — In P)|p, = Mkt 


(2) FM) = ent 


kdt 


Case 1:P) > M 
Let 


6 a2] 
1" Py) —-M 


We know that C, > 1. To solve an explicit DE for P, we have 


P = (P — M)C, exp(—Mkt) 
P(C, exp(—Mkt) — 1) = MC, exp(—Mkt) 
MC, exp(—Mkt) 
C, exp(—Mkt) — 1 
M 


P(t) = 


1- > exp(—Mkt) 
1 
The population P(t) in (2.35) approaches infinity if 
1 
1 ——exp(—Mkt) = 0 
Cy 


or 


(2.33) 


(2.34) 


(2.35) 
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ee folie dies Ue Ae 
Doom ~ ky kM 'P,—M 


That is, lim P(t) = © > Doomsday. 
Case 2:0 <P) < M 
Let 


~ M—P, 


C2 


We know that C, > 0.A similar solution for P will give 


P = (M — P)C, exp(—Mkt) 


P(1 + Cz exp(—Mkt)) = MC, exp(—Mkt) 


MC, exp(—Mkt) 


FC en ee 
(¢) Cz exp(—Mkt) + 1 


Since Cz > 0, it follows that lim P(t) = 0 > Extinction. 


Problems 


(2.36) 


(2.37) 


(2.38) 


Problem 2.3.1 Suppose that when a certain lake is stocked with fish, the 


birth and death rates @ and 6 are both inversely proportional to VP. 


(1) Show that 


P(t) = (Fee + JP) 


where k is constant. 


(2) If Py) = 100 and after 6 months there are 169 fish in the lake, how 


many will there be after 1 year? 


Problem 2.3.2 Consider a prolific breed of rabbits whose birth and death 
rates, 8 and 6, are each proportional to the rabbit population P = P(t), 


with 6B > 6 and P(t = 0) = Po. 
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(1) Show that 
FOS 1 —kPpt 
where k is a constant. 
(2) Prove that P(t) > 0 as t > 1/kPp. This is doomsday. 
(3) Suppose that Py) = 6 and there are 9 rabbits after ten months. When 
does doomsday occur? 
(4) If B < 6, what happens to the rabbit population in the long run? 


Problem 2.3.3 Consider a population P(t) satisfying the logistic DE 


pee P—bp? 
at” 


where B = aP is the time rate at which births occur and D = bP? is the 
rate at which deaths occur. If initial population is P(0) = Pp and Bo births 
per month and Dy deaths per month are occurring at time t = 0, show that 
the limiting population is 

_ BoPo 


M 
Do 


Problem 2.3.4 For the modified logistic population DE P’ = kP(nM — 
InP), P(t = 0) = Po where P is the population count as a function of 
time t; k, Py and M are positive constants. 

(1) Solve the DE. 

(2) Sketch the solution for Pp > M and show the limit when t > oo. 

(3) Sketch the solution for Pp) < M and show the limit when t > 0. 


Problem 2.3.5 A tumor may be regarded as a population of multiplying 
cells. It is found empirically that birth rate of the cells in a tumor decreases 
exponentially with time, so that 


B(t) = Bo exp(—at) 


where a and fp are positive constants. Thus, we have the IVP 


dP 
ae = By exp(—at) P 


Solving this IVP yields 


P(t) = Py exp (2 a- estat) 
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leading to the finite limiting population as t > 00, 


as Bo 
lim P(t) = Py exp (=) 


Problem 2.3.6 Consider two population functions P,(t) and P,(t), both of 
which satisfy the logistic DE with the limiting population M, but with 


different values k, and kz of the constant k in DE 
dP 
ae kP(M — P) 
Assume that k, < kz. Which population approaches M more rapidly? You 
can reason geometrically by examining slope fields (especially if 
appropriate software is available), symbolically by analyzing the solution 
given in DE 
MP5 
Py + (M — Po) exp(—Mkt) 
or numerically by substituting successive values of t. 


P(t) = 


Problem 2.3.7 Suppose that the fish population P(t) in a lake is attacked by 
a disease at time t = 0, with the result that the fish cease to reproduce (so 
that the birth rate is 6 = 0) and the death rate d(deaths per week per fish) 
is thereafter proportional to 1/VP. If there were initially 900 fish in the 
lake and 441 were left after 6 weeks, how long did it take all the fish in the 
lake to die? 


Problem 2.3.8 Consider a rabbit population P(t) satisfying the logistic 
DE P’ = aP — bP2, where B = aP is the time rate at which births occur 
and D = bP? is the rate at which deaths occur. If the initial population is 
120 rabbits and there are 8 births per month and 6deaths per month 
occurring at time t = 0, how many months does it take for P(t) to reach 
95% of the limiting population M? Sketch P(t) with given parameters. 


Problem 2.3.9 Consider a prolific animal whose birth and death rates, 6 
and a, are each proportional to its population with B > a and Py = P(t = 
0). 

(1) Compute the population as a function of time with the parameters and 
IC given. 

(2) Find the time for doomsday. 


2.3 The Population Model 


(3) Suppose that P) = 2011 and that there are 4027 animals after 12 time 
units (days or months or years), when is the doomsday? 
(4) If 6 < a, compute the population limit when time approaches infinity. 


Problem 2.3.10 Fish population P(t) in a lake is attacked by a disease 
(such as human beings who eats them) at time t = 0, with the result that 
the fish cease to reproduce (so that the birth rate is 6 = 0) and the death 
rate 5 (death per week per fish) is thereafter proportional to P~'/?. If 
there were initially 4000 fish in the lake and 2014 were left after 11 weeks, 
how long did it take all the fish in the lake to die? Can you change the 
“2014” to a different number such that the fish count never changes with 
time? To what number if so? 
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2.4 Acceleration-Velocity Model 


2.4.1 Newton's Laws of Motion 


Newton’s three physical laws describe the motion of a body in 
response to external forces and these laws laid the foundation for 
classical mechanics. Newton published these laws in Mathematical 
Principles of Natural Philosophy in 1687 at the age of 44. 


Let the motion of a particle (a mathematical dot) of mass m, along a 
straight line, be described by its position function x = f(t). Then, the 
velocity of the particle is 


dx 


v(t) = as a (O=f'C) (2.39) 
and the acceleration is 
dv d*x 
= ae = Ae = v'(t) = x" (t) = f"@) (2.40) 


If a force F(t) acts on a particle and is directed along its line of 
motion, then, 


F(t) =ma (2.41) 
with initial position x(t = 0) = x9 and initial speed v(t = 0) = 
eS 0) = 1%: 

We can establish an Equation of Motion (EoM) for the particle as 


2 


x 
Ma (2.42) 
v(t = 0) =x'(t =0) = 1% 
x(t = 0) = Xp 
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Solution 


Let’s suppose that we are given the acceleration of the particle and 
that it is a constant. 


dv 
—= 2.43 
dt ° eee 
So to find v we integrate both sides of the above DE. 
v= | adt (2.44) 
=att+ Cy 


We know that the initial velocity at time t=0 is vg. So, after 
plugging this information into the above equation, we get C, = vo 
and, thus, 


dx 
a at + V9 (2.45) 


Now, integrating the speed, we get the position of the particle as 
x(t) = | v(t)dt 
= [@ + v9)dt (2.46) 
i 
= zat? + vot + Cy 


Applying the IC x(t = 0) = Xo, we get Cz = Xp. 


Finally, we get the position of the particle as a function of time (the 
IV) and other parameters such as the initial position, speed, and the 
acceleration 


1 
x(t) = zat? + vot + Xo (2.47) 


So, if given the acceleration (through the force), the initial position 
and speed, we can determine the position and speed of the particle 
at any time. 
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2.4.2 Velocity and Acceleration Models 


We know that 
dy 
=— = dt 
v dt y Je 
dv d’y 
ey aaa v= | aat y=| fade 
where 


a(t) = acceleration 
v(t) = velocity of the body 
y(t) = position 


Newton’s 2nd law of motion, F = ma,implies that to gain an 
acceleration a for a mass m, one must exert force F. 
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Example 1 

Suppose that a ball is thrown upwards from the ground (yp = 0) with 
initial velocity vy = 49 m/s. Neglecting air resistance, calculate the max- 
height it can reach and the time required for it to come back to its original 
position. 


Solution 

The body, if thrown upwards, reaches its max-height when the velocity is 
zero, 1.€, Yy = y(v(t) = 0). The time required for the body to return back 
to its original spot is calculated when its position function is zero again, 
ie, y = 0. From the Newton’s Law, 


dv _ 
Mae iG (2.48) 
where Fc = —mg is the (downward-directed) force of gravity, and the 


gravitational acceleration is g 9.8 m/s”. Using the above equation and 
applying the IC, we have 


v(t) = —9.8t + 49 
Thus, the ball’s height function y(t) is given by 


2.4 Acceleration-Velocity Model 


y(t) = | vat 
= [cose + 49)dt 


= —4,9t7 + 49t + yo 
Since yo = 0, we have 
y(t) = —4.9t? + 49t 
So, the ball reaches its max-height when v = 0 
—9.8t +49 =0 
t=5 
Thus, its max-height is 
Vy = y(5) = 122.5 
The time required for the ball to return is 
y(t) =0 
—4,9t? + 49t =0 
t=10 


2.4.3 Air Resistance Model 


Now, let’s consider the air resistance in the problems. In order to 
account for air resistance, the force Fp exerted by air, on the moving 
mass m must be added. Thus, 


dv 
ma =F, + Fp (2.49) 


It is found that Fp = kv? where 1 < p < 2, for most normal air, and 
k depends on the size and shape of the body as well as the density 
and viscosity of the air. Usually, p = 1 is for motions at relatively low 
speeds while p = 2 is for those at higher speeds. 
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FG 
OCCCOOCOOOE:~ 


Figure 2.6 A “rocket” model with the consideration of air resistance. 


The vertical motion of a projectile of mass m near the surface of the 
Earth is subject to two forces: a downward gravitational force Fg and 
a frictional force Fp, due to air resistance, that is directed at the 
opposite direction of projectile’s motion. We have, Fz = —mg and 
Fp = —kv where k is a positive constant and v is the velocity of the 
projectile. Note that the negative sign for Fp makes the force positive 
(an upward force) when the body falls (v is negative) and negative 
(a downward force) if the projectile moves upwards (v is positive). 
So, the total force on the projectile is 


F = Fp + Fe = —kv —mg (2.50) 
Therefore, 
dv 
ma = —kv —mg (2.51) 
Let 
k 
p=—>0 (2.52) 
m 
The DE becomes 
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—=-pv-g (2.53) 


This DE is a separable DE that has a solution 


v(t) = (v + *) exp(—pt) (2.54) 


where Vy is the initial velocity of the projectile v(0) = vg. For long- 
time limit, we have 


Amt) 


Vr = lim v(t) = = Nee (2.55) 


Thus, the speed of the projectile with air resistance does not increase 
indefinitely while falling. In fact, it approaches a finite limiting speed 
or terminal speed 


g _mg 


lvr| = caer (2.56) 


The time-varying velocity of the projectile, expressed in the terminal 
speed, is 


v(t) = (Vo — vr) exp(—pt) + vr (2.57) 
The time-varying position of the projectile is the integration of 
(2.54): 
t 
y(t) | v(t)dt 
0 


= I ((v — vr) exp(—pt) + vr )dt (2.58) 
0 


1 
“iR (vo — vr) (1 — exp(—pt)) + vrt + yo 
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where we used the projectile’s initial height y(0) = yg which can be 
set to 0 for convenience. Thus, the projectile’s position as a function 
of time is 


1 
y(t) = vet + a — vr)(1 — exp(—pt)) (2.59) 
Ho _ 1 
VoA <UoB <Yc y(t) =vrt +5 (9 —vp)(1—exp(—pt)) 
| wa 
| 
| 
Yoo Hz 
VoB : 
| 
H ! 
YOA 4 
| 
| 
| 
| 
Top Tup+Tpown 


Figure 2.7 The heights as a function of time for three initial speeds. 


We can further examine the velocity and the position formulas of the 
projectile. It is interesting to compute the time Typ for the projectile 
to reach the highest point at which the projectile reverses its 
direction of motion and the height H the projectile has reached as 
shown in Figure 2.7. 


First, we know the projectile’s velocity at the max-height is 0, ze, 


g g 
v(Typ) = (v tr *) exp(—pTyp) — 0 (2.60) 
Solving this equation for Typ, we get 


98 


2.4 Acceleration-Velocity Model 


1 v 
Typ = —In (1 i sy) (2.61) 
p g 
Plugging p = - == = into (2.61), we get 


(2.62) 


Figure 2.8 The projectile’s velocity as a function of time. Velocity changes sign at 
ty or Typ when it reaches its highest point. 


Second, we can find the max-height. The most straightforward 
method is to plug the above Typ into the position function. But this is 
tedious. An alternate method is to re-formulate the original DE in 
terms of positions and velocity as follows, 


ace k 2.63 
m ay v—mg (2.63) 
Now, regrouping the LHS and recognizing v = a we get 
asia k 2.64 
m ay v—mg (2.64) 


Or, 
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mo = —kv —mg (2.65) 
mv 
ays kv +mg 
m v 
= (=) yen (2.66) 


I 
| 
aN 

=| 
nS” 
fo 
= 
+ 
Ss 
IS 
s 
Lael 
Neo 
Q 
Ss 


Thus, 
my, [(” T 
= —(— 1 d 
- el ( aa : 
0 (2.67) 
=72( (=m) + orn | 
0 — Ur 
where vp = — a was used. 
y(v) 
YH 


Ur Ureturn U9 
f 
f 
fl 
\ 
f 
fl 
i 
f 
I 
1 


Figure 2.9 The projectile’s height as a function of the velocity. The velocity 
changes sign at t, or yy where it reaches the max-height. 
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Many interesting observations can be made from this formula as shown 
in Figure 2.9: 


(1) We can find the two speeds v at y = 0 by solving 


V— Ur 


(v — v9) + vin 7 =0 (2.68) 


yl 


which has two roots for speeds v. The first, v = vo, is the speed at the 
projectile’s launch spot, as expected. The second, impossible to obtain 
analytically, is the projectile’s speed when it returns to the launch spot, 
labeled as v = Vyetyry in Figure 2.9. 

(2) We can find the projectile’s max-height H by setting v = 0, 


Hees awe = 
“9g Vo ee a 


== = (x + vr In (1 - ~2)) (2.69) 


T 
_m _mg “ve)) 
== (vo Cait ie 
Using (2.62), we get 
m 
H = 7 (Vo — 9Tup) (2-70) 


(3) We can find the terminal speed v = v; as we notice 


_ jj m 1 V-—UVr 
Snes Mn Ss eva ee Lene (2.71) 
> -—o 


Remarks 


(1) The time required to reach the max-height is 
fip=—l (1+ S22) = 5) (1 | 2.72 
i al i mg = p n Dr (2.72) 


(1a) If the resistance is huge, it takes less time to reach the 
max-height. For an extreme case k —> 00, we have 
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Ve cori | rrp ras) ae, 2.73 
jin Tor = fim pin(a+g)=2 279) 


(1b) If the resistance is tiny, the time to reach the max-height 
must be evaluated with care. For an extreme case k > 0, we 
have 


ea ed 
ko0 up = Jim Tine 
EG (2.74) 


which is consistent with the resistance-free case. 
(1c) If the initial speed is small, then 
; om kv 
lim Typ = lim —In (2 + 1) 
V9 0 V970 mg 


= Ne (2.75) 


which is also consistent with the resistance-free case because 
the initial speed is so small that the projectile does not have a 
chance to experience the air resistance. 


(1d) If the initial speed is huge, then 


2.4 Acceleration-Velocity Model 


| 

5 

S 
aS 
2|s 

i) 

+ 

a 
NYS 


lim Typ = 
Vg 


(2.76) 


Surprisingly, it is the same formula as that for small initial 
speed. But, we must not over-claim anything here. Our 
original assumption for air resistance kv is not applicable at 
very high speed in the first place. 


(2) The max-height is 
H=7( | (1+ 2)) 277 
ae ee ae mg au.) 


and similar observations can be made as above. For example, 
if the initial speed vg > 0, we find 
m mg kvo 
lim H = lim — (v ——lIn (1 + —°)) =0 (2.78) 
k mg 


V0 v0 k 


which makes good sense: If the initial speed vy = 0, you do 
not travel anywhere. 


(3) The time to travel down from the max-height to the launch 
spot is Tpgwy which can be calculated by integrating the 
velocity formula wrt time to travel the following distance, ie, 


Alternatively, one can find the total time needed to travel up 
and down by setting the total travel distance to be 0, ze, 
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1 
y(t) =vrt + ae —vr)(1—exp(—pt)) =0 (2.80) 


in which yg = Ois set for convenience. The above equation 
has two roots for y(t) = 0. The first root, t = 0, is the time 
the projectile starts to launch. The second root, Tr = Typ + 
Tpoww: is the time when the projectile returns to the launch 
spot, #e, the total time the projectile is in the air. Solving 


1 
vrTp + pv —vr)(1 —exp(—pTs)) =0 (2.81) 


produces T; which is not of an analytical form, in general. 
Thus, we can’t find the formula for Tpgwy. One can argue, 
e.g, by numerical analysis, that Tpgwy > Typ. The projectile 
takes longer to travel down than up. 


Example 1 

We will again consider the ball that is thrown from the ground level with 
initial velocity vy) = 49 m/s. But now we will take the air resistance p = 
0.04 into account and find out the max-height and the total time that the 
ball spent in the air. 


Solution 
We find out the terminal velocity 
g 9.8 
Vp = - > = —-— = -245 
p 0.04 


Substituting the values of yo = 0, v9 = 49 and v, = 245 in the equation of 
velocity and position we get 
v(t) = (vo — vr) exp(—pt) + vr 
= (49 — (—245)) exp(—0.04t) + (—245) 


t 
) — 245 


= 294 exp (- 25 


2.4 Acceleration-Velocity Model 


1 
y(t) = yo t+ vpt + piv — vr)(1 — exp(—pt)) 
1 
= 0+ (—245)t + — (49 + 245)(1 — exp(-0.04¢)) 


t 
= 7350 — 245¢ ~ 7350 exp (- =) 


The ball reaches max-height when its velocity is 0. That is 
v(t) =0 
t 
294 exp (- =) — 245 =0 
245 
tm = —25I1n (=) 
= 4.558 

Thus, the time required for the ball to reach the max-height is t,, = 4.558 
seconds with air resistance as compared to 5 seconds without air 
resistance. We apply the value of t,, in the position function to compute 
the max-height 


Vmax = y(tm) 
t 
= 7350 — 245t,, — 7350 exp (-2) 
~ 108.3 m 


Thus, with air resistance, the max-height is 108.3 m. In contrast, without 
air resistance, the max-height is 122.5 m. 


The time required for the ball to return to its original position is 9.41 
seconds, compared to 10.00 seconds from the previous example. 


Example 2 


A guy dives from a cliff of height H at an initial speed in vertical direction 
v, = 0 (for simplicity). During the first phase of his fall, he wraps his arms. 
During the second phase, he stretches his arms to slow himself down so 
that his touchdown speed at the water’s surface is vg. The air drag 
coefficients are k and fk during the first and the second phases, 
respectively. The air drag force is always proportional to the moving 
speed. At what height should the guy open his arm so that his touchdown 
speed is vp? Compute the total falling time. 
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Solution 


For Phase I (wrapped arms), assuming the starting point y = 0 and 
extending downward, we establish the following boundary value problem 


(BVP): 
dv _ i: 
ar =mg v 
vy = 0) =0 
vy =h) = 


We illustrate the concept as below: 


Figure 2.10 A diver leaps from height H at an initial speed v, with closed 
arms until reaching speed v,,at which point the diver opens his arms 
expecting a touchdown speed v,. 

The BVP can be converted to two definite integrals 


Vy dv hy 
ps d 
I ss mg —kv 7 i y 


Or 
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Or 


For Phase II (open arms), we have the following BVP: 


dv 

Mag =mg —Bkv 
vy = hy) = yy 
v(y = H) = vp 


The BVP can be converted to two definite integrals 


we get 


- _ bgF — hy) 


Vv Vr —v 
eg Ley (ahd 
Vr 


B Bv,— vr 


Solving these two AEs, one can find h, at which (height) the guy should 
open his arms. 


V1 gh, 
iInj22 1S 
ica = 
Vv Ve —v H-h 
(vp — v4) Hale F T BGC 1) 


B fv, - vr 


Obviously, it’s tedious to obtain the explicit expression for h,. In principle, 
one can find v, from the Phase I solution and plug it into the Phase II 
solution to find h,. 


Vr 


Next, we find the expression for finding the total travel time. 


For Phase I (wrapped arms), we have the following BVP: 
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dv _ k 
ma = mg —kv 
v(t =0) =0 


vt=t) =, 


The BVP can be converted to two definite integrals 


BL igen av = [ae 
0 


Thus, 


where v, was found previously. 


For Phase II (open arms), we have the following BVP: 


dv _ k 
ma mg — Bkv 
vt ==, 


v(t = tz) = vp 
The BVP can be converted to two definite integrals 
VE m ty 
, =|, 
Thus, 


ao en Pe —vUr 
pvp — Vr 


Therefore, the total time is 


oe hao Dt (Ae coce — Ur 


T=t,+t =-infe 
g "Bop — vp 


Example 3 


On a straight stretch of road of length L, there is a stop sign at either end at 
which you must stop, although there is no speed limit between the signs. 
We further assume the air resistance is uv when your travel speed is v 
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during the entire stretch. Your car’s natural maximum acceleration force is 
ma where m is the car’s mass and its maximum brake force is mb. The 
values of m, a,b, andL are given constants. Design a travel scheme to 
minimize the total travel time in this stretch. 


Solution 


The simplest way to minimize the total travel time is to apply maximum 
acceleration during Phase 1 and to apply maximum deceleration during 
Phase 2. 


u(t) 


0 tm tp 


Figure 2.11 The car’s speed as a function of time. The car applies maximum 
acceleration fromt = Otot =t,,and maximum deceleration from t = t,, to 
t = t,,+t, when the car comes to a full stop. The car’s total travel time is, thus, 
tmttp. 


First, let’s consider the problem in (t, v) dimensions. 


Phase 1: Accelerating the car to reach some strategic spot (ty, Vn) 


dt 


dv 
cme 
v(t =0)=0 


Solving this simple IVP, we get 
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Let vg = 7 we get 


v(t) = % (1 — exp (- a) 


a monotonically increasing function of time, /e, the car continues 


accelerating. 
Um = V, — exp (-—— 
m a Va m 


and 
Va Vm 
tm = -#in(1-) 
ae ar Va 
Phase 2: Decelerating the car from (t,,V,) to (tz,0). Note: for 


manipulation conveniences, we reset the clock. 


dv _ b 
ma, = —mb — uw 
vit =0) =vy_, 


Solving the above IVP, we get 
(t) mb i ( ig m) (“) 
v —-—+4lv — ] exp | —— 
LU aes faa 


b 
Let vz = at we get 


v(t) 


b 
—Vp + (Vm + vp) exp (- —t) 


Decelerating the car for t; amount of time and, then, reaching at full stop, 
Le, 


b 
0 = —v, + (Vm + Vp) exp (-<+) 
Vp 
Thus, 


Vp Vm 
te = 2in(1 +24) 
F ; n Ears 


The total travel time is T = t,, + tp. 


2.4 Acceleration-Velocity Model 


Second, we consider the problem in (x, v) dimensions to find the condition 
for the car to stop at the second stop sign, ie, (L — X,0). 


Phase 1 (Accelerating) 


dv _ 
mv =~ = ma — pv 
v(x = 0) =0 
V(x = Xm) = Vn 
Yielding relationship 
Y, a 
+ v1 (= - 1) =—-— 
Vm + Vg In z i Xm 


Phase 2 (Decelerating) 


dv _ b 
mv = —mb — pv 


v(x =0) =m, 
v(x =L—xm) =0 


Solving this simple IVP (ignoring the second condition, for now), we get 


b 
v—v, Inv + vy) = mera + Um — Vp In(Ypm + Vp) 
b 


Simplifying the above, we get 


Vm + Vp b 
= ] ( mt ) a 
(V — Vm) + vp In ve ie 
At (L — Xm, 0), the car stops at the second stop sign 
Vm + Vp b 
0- 1 ( Le ) =—-—(L—- 
( m) + Vp n 0+, =a Xm) 


Vm b 
Vm, — vpn + 1) = mo — Xm) 
Solving the following two equations, implicitly: 
v, a 
Um + v4 In(=- 1) = “a 


Vm, b 
Yn — Yo in (= + 1) a. 


by subtracting the two equations, we get 
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Va 
m Va Vp + Vm 
= in( ) 


For a very special case in which the acceleration force is equal to the brake 
force, ie, ma = mb and a = b, we get v,, by solving 


an((Z2) -1)=-() 


aL 
Vm = Vg }1+exp =e 
a 


Using the original parameters, we get 


Vm -* [1 +exp(-(4) =) 


One may make numerous analyses on this formula. For example, 


; _ ma by? Lh 
fim Ym = Jim i + exp(-(7) 7) 


ma 


ub 


whose root is 
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This is the max-speed one can achieve, ie, if the stretch is super long (L > 
co), the strategy for minimizing time is to accelerate your car to the max- 
speed and cruise until you need to decelerate to allow you to stop at the 
second stop sign. No surprise! 


2.4.4 Gravitational Acceleration 


According to Newton’s law of universal gravitation first published on 
July 5, 1687, the gravitational force of attraction between two point- 
masses M and m located at a distance r apart is given by 


GMm 


F= 72 


(2.82) 


where G is gravitational constant given as G=6.67x10711N- 
(m/kg)? in MKS units. 


Also, the initial velocity necessary for a projectile to escape from the 
Earth is called the Earth’s escape velocity and is found to be 


2GM 
vese = | — (2.83) 


where R is the radius of the Earth. 


Usually, one can compute the escape speed using two highly related 
methods. The first is by solving the following IVP that is more 
relevant 


dv = GMm 
"at +R)? (2.84) 
v(y = 0) = v% 


where v is the speed of the projectile at height y from the surface of 
the Earth. One can convert the DE into 
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dv GM 

dy (y + R)? 

i GM 

— O+R?°” 

vdv 

[, 0 +R” 

Leg ES GM GM 
-—v ==05 = 
2 2 yt+R R 


where 1% is the initial speed of the projectile. The last formula leads 
to the second method for solving this problem: energy conservation. 


The total energy, the sum of the kinetic energy and the potential 
energy, at launch from Earth’s surface 


1 GMm 

—mvp2z — —— 2.86 

5mv9 — (2.86) 
The total energy at any later time, or height, from the Earth’s surface 

1 , GMm ee 

gS yee een) 


According to the law of conservation of energy, assuming there are 
no other energies added to, or removed from, the projectile, the 
above two energies (2.86) and (2.87) must be equal, ie, 


1 ; GMm_1 , GMm aoe 
ih ar eae aes 288) 


which is the solution of the first method with a little cosmetic work. 


We can compute the explicit form of the speed as a function of the 
height 


1 
v= (vg + 20M ata (2.89) 
O"y+tR  R 
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If the projectile approaches y > o and its speed still maintains v > 
0*, it can escape. So, finding the escape speed will require solving 


1 
1 ( > , 2GM omy 
im | vg + —— -——_] = 
yoo\ ° "y+R  R (2.90) 
2GM 
vz — = 
R 
Thus, the escape speed is 
2GM 
Vesc = |—p— (2.91) 


vw =v; +2GM(+,-%) 


VU >VEsC 


Ug <VEsc 


y 


Figure 2.12 The speeds of the projectile after launching at three different initial 
speeds: V9 < Vgsc, Vo = Vesc and Vo > Vesc- 


Figure 2.12 illustrates the speeds of the projectile after launching at 
three different initial speeds: v9 < Vesc, V9 = VEsc and V9 > Vesc. At 
Vo < Vesc, the projectile does not have enough speed to escape; its 
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speed becomes zero before getting far enough. At v9 > Vgsc, the 
projectile has enough speed to escape; its speed is bigger than zero 
after getting far enough. At the critical case of v9 = Vgsc, the 
projectile’s speed at the most remote point just turns zero, /e, it can 
escape if it wishes to as there is no force there. 


Remarks 


(1) Escape speed wrt Earth’s gravity is 11.2 (km/s) or 40,320 
(km/h) or 25,054 (mph). Escape speed wrt Mars’ gravity is 
5.0 (km/s) or 18,000 (km/h) or 11,184 (mph). Escape speed 
wrt the Moon’s gravity is 2.4 (km/s) or 8,640 (km/h) or 
5,369 (mph). 

(2) When Newton's law of universal gravitation was presented 
in 1686 to the Royal Society, R. Hooke (1635-1703) claimed 
that Newton had obtained the inverse square law from him. 

(3) The first laboratory test of Newton’s law of universal 
gravitation between masses was conducted in 1798 by H. 
Cavendish (1731-1810), 111 years after the law was first 
published and 71 years after Newton’s death. 


Problems 


Problem 2.4.1 A car traveling at60 mph (88ft/s) skids 176 ft after its 
brakes are suddenly applied. Under the assumption that the braking 
system provides constant deceleration, what is that deceleration? For how 
long does the skid continue? 


Problem 2.4.2 Find the position function x(t) of a moving particle with the 
given acceleration a(t), initial position x(0) = x9 and initial velocity 
v(0) = vp. 
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a(t) = 50sin(5t) 
Vo = —10 
Xo = 8 


Problem 2.4.3 Find the position function x(t) of a moving particle with the 
given acceleration a(t), initial position x(0) = x, and initial velocity 
v(0) = v%. 


1 
a(t) = ae n>3 
Vo = 0 
Xp =0 


Problem 2.4.4 Suppose that a body moves horizontally through a medium 
whose resistance is proportional to its velocity v, so that v’ = —kv. 
(1) Show that its velocity and position at time t are given by 


v(t) = vg exp(—kt) and x(t) = x9 + (7) (1 — exp(—kt)) 


(2) Conclude that the body travels only a finite distance, and find that 
distance. 


Figure 2.13 The motion model for Problem 2.4.1 and Problem 2.4.5. 


Problem 2.4.5 Consider a body that moves horizontally through a medium 


3 
whose resistance results in the relationship v’ = —kv2. Show that, for 
given initial velocity vp and resistance constant k, 


4Vvo 
v(t) = —__—_a 
(Kt,/o + 2) 
(t) + aia (: : ) 
x(t) =x) +—,/v = —§$——————— 
ON ONS ket, f0g + 2 
Conclude that under the =-power resistance a body coasts only a finite 


distance before coming to a stop. 
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Problem 2.4.6 Consider shooting a bullet of mass m through three different 
big blocks. The resistance of the first block is proportional to the bullet 


speed; for the second block, it’s proportional to ba. and for the third block, 
it’s proportional to v?. If you fire at these blocks one by one with the same 
initial speed of v, for your bullets, compute the farthest the bullet can 
travel in each of these cases. Note that the gravitational force for this 
problem is negligible. 


Problem 2.4.7 In Jules Verne’s original problem, find the minimal launch 
velocity that suffices for the projectile to make it "From the Earth to the 
Moon". The projectile launched from the surface of the Earth is attracted 
by both the Earth and the Moon. The distance r of the projectile from the 
center of the Earth satisfies the IVP 

d*r GM, GMy 


dt2.—r2 Vigor? 
r(0)=R 
r'(0) = v% 


where M, and M,, denote the masses of the Earth and the Moon, 
respectively; R is the radius of the Earth and S = 384,400 km is the 
distance between the centers of the Earth and the Moon. To reach the 
Moon, the projectile must overcome the attraction of the Earth, /e, it must 
only just pass the point, between the Earth and the Moon, where the net 
acceleration from the two objects vanishes. Thereafter it is “under the 
control” of the Moon, and falls from there to the lunar surface. Find the 
minimum launch velocity vp that suffices for the projectile to make it 
“From the Earth to the Moon.” 


Figure 2.14 The projectile model for Problem 2.4.7. 


2.4 Acceleration-Velocity Model 


Problem 2.4.8 One pushes a toy rocket of fixed mass m straight up at 
an initial velocity of vo from the surface of Earth. Assume Earth’s 
gravitational constant to be gand the air frictional force on the rocket —kv 
where kis the frictional constant and vis the velocity of the rock (Figure 
2.6). Ignore the rocket “launcher” height. Please 


(1) compute the max height h,,_, the rocket can reach. 
(2) compute the time T,,,, for the rocket to reach max height. 


Problem 2.4.9 Suppose that a motorboat is moving at 40 ft/s when its 
motor suddenly quits, and that 10 s later the boat has slowed to 20 ft/s. 

(1) Assume that the resistance it encounters while coasting is proportional 
to its velocity. How far will the boat coast? 

(2) Assuming that the resistance is proportional to the square of the 
velocity, how far does the motorboat coast in the first minute after its 
motor quits? 


AO ft/s 20 ft/s 
ed > 


Figure 2.15 The motorboat sketch for Problem 2.4.9. 


Problem 2.4.10 The resistance of an object of mass m moving in the Earth’s 
gravitational field, with gravitational constant g,is proportional to its 
speed v(t). 

(1) Write down the EoM by Newton’s second law, in terms of speed of the 
object, with assumption that the object was initially thrown upward at 
speed vp, and air frictional constant k. 

(2) Naturally, the object will move upward in the sky until the point where 
it reverses its direction to move downward to the Earth. Find the time 
when the direction of the object has just reversed. Does this time (at which 
reversing occurs) depend on the initial velocity? How? 

(3) Eventually, the object will move at a constant speed, the Terminal 
Speed. Find this terminal speed. Does this terminal speed depend on the 
initial velocity? How? 


Problem 2.4.11 On a straight stretch of road of length L there is a Stop sign 
at each end. Assume you follow traffic laws and stop at these signs. Your 
poor car can accelerate at a constanta, and decelerate at another 
constant az. Compute the shortest time to travel from one end of the road 
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to the other if there is no speed limit in between. Do it again where the 
speed limit between the signs is v,,,. 


Figure 2.16 The moving car model for Problem 2.4.11. 


EN 


FG 


CZZZE 
Figure 2.17 The jumper model for Problem 2.5.2 and Problem 2.5.5. 


Problem 2.4.12 If a projectile leaves Earth’s surface at velocity vo, please 
derivate the formula for the later velocity as a function of the distance r 
from the projectile to the center of the Earth. The Earth’s radius R and 
gravitational constant G are given. Also, naturally, the velocity has to be a 
real number. Compute the condition at which the velocity will become 
imaginary. 


Problem 2.4.13 Suppose that a projectile is fired straight upward from the 
surface of the Earth with initial velocity v9 and assume its height y(t) 
above the surface satisfies the IVP 


2.4 Acceleration-Velocity Model 


GM 


y"= "Gane B exp(-y) 
y(0) = 0 
y'(0) = v% 


Compute the max-height the projectile reaches and the time (from launch) 
for the projectile to reach the max-height. In the above, G, M, vg and f are 
all given constants. 


Problem 2.4.14 A bullet of mass mis fired from the barrel of a gun at an 
initial speed vp to a medium whose resistance follows av + Bv? where a 
and Pf are constants and v is the bullet’s instantaneous speed. Compute the 
max-distance that the bullet can travel in this medium. If we double the 
initial speed while keeping the other conditions unchanged, compute the 
max-distance again. You may ignore gravity. 


Problem 2.4.15 Consider shooting a bullet of mass m through three 
connected (and fixed) media each of equal length L. The resistances are 
kv, kv?, kv in Medium-1, -2, -3, respectively. Compute the bullet’s entering 
speed to Medium-1 such that the bullet will pass through Medium-1 and 
Medium-2 and Medium-3 and, magically, stop precisely at the ending edge 
of Medium-3. You may neglect gravity. 


Problem 2.4.16 Consider shooting a bullet of mass m through a first 
medium whose resistance is proportional to the speed, through a second 


medium whose resistance is proportional to v3, and through a third 
medium whose resistance is proportional to v2. Compute in all three cases 
the farthest the bullet can travel with a given initial speed of vo. The 
medium, e.g, water in the ocean, in all three cases is huge. 


Problem 2.4.17 Consider shooting, at an initial speed vg, a bullet of mass m 
through a medium whose resistance is -a@(@+v7) where v is the 
instantaneous speed, a is the given resistance constant and f# is another 
given constant. You may assume the medium is infinite (for example, the 
ocean) and you may also neglect the gravity for this problem. Please 

(1) compute the farthest distances the bullet can travel in the medium; 

(2) compute the time the bullet is in motion. 
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Problem 2.4.18 An egg is dropped vertically to a fully filled swimming pool of 
depth H at an initial speed 0 at the surface. Three forces act on the egg: 
gravity, water buoyancy force, and the friction with water. Assume water 
density 1, egg density p > 1, egg mass m. The buoyancy force is given as : x 


1 X g where g is the usual gradational constant while the friction force is pv 
where pis a friction-related constant and v is the egg’s instantaneous speed. 
Compute the egg’s speed of impact at the pool bottom. You may express the 
solution in an implicit form if necessary. 


2.5 Windy Day Plane Landing 


2.5 Windy Day Plane Landing 


A flying plane at (a,0) approaches an airport whose coordinates are 
(0,0), which means the plane is a miles east of the airport. A steady 
south wind of speed w blows from south to north. While approaching 
the airport, the plane maintains a constant speed v9 relative to the 
wind and maintains its heading directly toward the airport at all times. 
It is interesting to construct a DE, and find its solution, for the plane’s 
trajectory. 


' 


\V 
AQ 


(0,0) (a0) 


Figure 2.18 A plane at (a, 0) approaches an airport at (0, 0) for landing with wind 
blowing at a constant speed in the y-direction. 


The plane’s velocity components relative to the airport tower are 


dx x 

oF = —V9 COSA = — Vo Progr: (2.92) 
dy _ _ y 

pe Oe SG eee (2.93) 


Very 


which is a system of two DEs with x and y as the DVs and t as the IV. 
We are not interested in time and a wise action is to eliminate the 
explicit dependence on time to build the following DE between x and 


0D, 
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(2.94) 


where we have defined k = = Recognizing (2.94) is a Homo DE, we 
0) 


make substitution u = ~ and get 


d 
ae ees eT 
dx 


: : d du 
and considering ~ =ut+x 7 We have 


whose solution is 


In(u+/1+u?) =-kinx+¢ 


The steps for proving 


du af 1 ; 
Via n(u+ +u?) +c 
Let u = sinhz and using u = sinhz = pet we get 


z=In(u+ 1+u?) 
Using the following two relationships 
d(sinh z) = coshz dz 
(cosh z)* — (sinhz)? = 1 
we get 


| du = coshz dz 
v14+u2 1+ (sinh z)? 
= [Sea 
~ J coshz a 
=Z+c 
=In(u+ 14u?) +c 
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(2.95) 


(2.96) 


(2.97) 


(2.98) 


(2.99) 


(2.100) 
(2.101) 


(2.102) 


2.5 Windy Day Plane Landing 


Applying the IC u(x = a) = “wo = 0, we getc = —klInaand 


In(u + 1+u?) 


x 
—kln—- 
a 


2.103 
ut Teu=(*) 
~ \a 
Thus, 


‘i= (@- 7 @') (2.104) 


Back substituting, we get 


y(x) =—2x sinh(7Inz) 


y(x) 


(0, a/2) 


(0, 0) 


(a, 0) 
Figure 2.19 The plane’s trajectories for three cases of the plane speed vs. the wind speed. 


yo =$(()"-@)") 


a (2.105) 
; w x 
= —x sinh (= In ~) 
Vo a 


which is the trajectory of the plane. 
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Additionally, we can derive the formula for the total distance the 
plane would have traveled between x = a and x = 0. 


The infinitesimal arc length the plane travels during [t, t + dt] is 


1/2 


d 2 
di Jae rae = (: rt (= ) dx (2.106) 
From (2.105), we get 


o =~ sinh (kIn ~) — kcosh(kin ~) (2.107) 


dp : 
where we have used rs (sinh x) = cosh x and the chain rule. 


Thus, 


ey = sinh? (k In ~) + k? cosh? (k In =) 


+ 2k sinh (k In ~) cosh (i In ~) one 


Using cosh? x — sinh? x = 1 and 2 sinh x cosh x = sinh 2x, we get 


dy\? x 
(=) = (1+ k2)sinh? (x In -) +k? 
- ae (2.109) 
+ksinh (2k In -) 
a 
Thus, the length is 
/2 
0 d 2\1 
= i (: + (2) dx (2.110) 
A dx 


We can estimate several special cases fork = 0 ork = 1ork > 1. 
dy 2 0 
Atk = 0, (2) = 0 and, thus, L = Je (1 + 0)1/2 dx| =a. 


Atk = 1, 
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a x? 


= 2.111 
VOO'= 5 5s ( ) 
or 
aad (2.112) 
dx a 
The integral 
5 1 
0 d 2 1 0 
Le | (1+(2) dx -E/ x2 + a2 dx 
a m aa (2.113) 
V2 +In(V24+1 
= pee eS =1.1478a>a 
where we used 
x 
| x% +a2dx = gvx" +a? 
a2 (2.114) 
+>In(x + vx? +a?) +C 
0 dy 21/2 
Atk > 1, the integral L = de (1 + (2) ) dx| diverges, ie, L > ©. 


At k < 1, we can, in principle, evaluate the integral 


(2.115) 


which is also finite. But, we are unable to get the closed form. 
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Remarks 
(1) Ifk = — = 1, meaning the plane flies at the same speed as 
0 


the wind, the plane’s vertical coordinate is y(x > 0) = < for 


x > 0, #e, the plane will reach at (0, “) and miss the airport. 
(2) Ifk = — > 1, meaning the plane flies slower than the wind, 
0 


the plane’s vertical coordinate is y(x > 0) > ~ for x > 0, Ze, 
the plane will get lost. 
(3) Ifk = ~ <1, meaning the plane flies faster than the wind, 
(0) 


the plane’s vertical coordinate is y(x — 0) > 0 and the plane 
lands properly. 


Problems 


Problem 2.5.1 On January 15, 2009, the US Airways Flight 1549 “landed” 
safely in the Hudson River a couple of minutes after departing from LGA. 
The air (straight line) distance between LGA and the landing spot on the 
river is M. We assume (I) the flight’s Captain Sullenberger flies the plane 
at a constant speed vy relative to the wind, after realizing the bird problem 
immediately after taking off; (II) the wind blows at a constant speed w and 
at a direction perpendicular to the line linking the landing spot and LGA; 
(III) the plane maintains its heading directly toward the landing spot. 
Compute the critical wind speed w, above which the plane would have 
been blown away. Compute the lengths of the flight trajectories for w < w, 
and w + Oandw = 0. 


h OU 


“ V% 


Me “elGA 
Figure 2.20 The aircraft model for Problem 2.5.1. 
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Problem 2.5.2 A man with a parachute jumps out of a hovering helicopter 
at height H. During the fall, the man's drag coefficient is k (with closed 
parachute) and nk (with open parachute) and air resistance is taken as 
proportional to velocity. The total weight of the man and his parachute 
ism. Take the initial velocity when he jumped to be zero. Gravitational 
constant is g. Find the best time to open his parachute after he leaves the 
helicopter for the quickest fall and yet “softest” landing at a touchdown 
speed < vp. 


Problem 2.5.3 A guy of body mass mjumps out of a horizontally flying 
plane of speed vy at height H. The horizontal component of the jumper’s 
initial velocity is equal to that of the plane’s and the jumper’s initial 
vertical speed can be regarded as 0. The air resistance is —av with the 
parachute open where a is a given constant and @ is the jumper’s velocity. 
Please compute the total distance, from when the guy was thrown off the 
plane to the landing spot, if the parachute is opened at the middle height 
point. For clarification, you compute the length of the trajectory the poor 
guy draws while in the sky, before hitting ground. You may express your 
solution implicitly. 


: F b dy\? 
(Hint: Curve length forx € [a,b] isL = So 1+ (2) dx) 


Problem 2.5.4 A guy of body mass mjumps out of a horizontally flying 
plane of speed vy at height H. The horizontal component of the jumper’s 
initial velocity is equal to that of the plane’s and the jumper’s initial 
vertical speed can be regarded as 0. The air resistance is a|?| with the 


n 1/2, 
parachute open where a is a given constant and |v| = (v2 + v2) ; is the 
magnitude of jumper’s velocity. Please compute the times taken for the 


jumper to reach land if the parachute is opened at heights sH and cH. 


Problem 2.5.5 A man with a parachute jumps out of a “frozen” helicopter at 
height H. During the fall, the man's drag coefficient is k (with closed 
parachute) and nk (with open parachute) and air resistance is taken as 
proportional to velocity. The total weight of the man and his parachute is 
m. Take the initial velocity when he jumped to be zero. Gravitational 
constant is g. The man opens the parachute t, time after he jumps off the 
helicopter. Please find the total falling time, and the speed he hits the 
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ground. Can you adjust the ty to enable the quickest fall, and lightest hit on 
the ground? 


Figure 2.21 The jumper model for Problem 2.5.3 and Problem 2.5.4. 
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2.6 ASwimmer’s Problem 


The picture (Figure 2.22) shows a river of width w = 2a that flows 
north. The lines x = 0, +a represent the river’s center line and banks. 


The river water speed vp increases as one approaches the river 
center and the speed can be proven to be 


Up(X) = V9 (: = =) (2.116) 


where x is the distance from the river center line, vp(x) is the water 
speed at location x and vg is the water speed at the center of the river. 


“hh te. 


Figure 2.22 A swimmer’s problem. 
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Remarks 


(1) Water speed at the center of the river reaches the maximum 
x=0, Ve = Vo(1-—0) = % 


(2) Water speed at either bank of the river is zero 
At left bank where x = —a, 
Ve =V,(1—-1) =0 
At right bank where x = a, 
Vp = vo(1-1) = 0 


The two cases where the speed of water is zero at the 
riverbanks are called the no-slip conditions, a well-known 
result in fluid mechanics. 


(3) The water speed profile formula can be derived from more 
basic laws of physics. The derivation is out of the scope of 
this problem and, thus, we use it without proof. 


The Swimmer’s DE 


Suppose that the swimmer starts at (—a,0) on the west bank and 
swims heading east at a constant speed v,, as shown in Figure 2.22. 
The swimmer’s velocity vector relative to the ground had horizontal 
component vs and vertical component vp. Thus, the swimmer’s 
instantaneous directional angle a is given by 


d te oP xe 
Spas ees Oh (2.117) 
dx Vs Vs a? 


Thus, we have an IVP that describes the trajectory of the swimmer: 


dy v% ‘ x? 
dx Us a? (2.118) 
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Solution 


Solving this problem, we have 


[a= [: agli (2.119) 


Finally, we obtain the equation for describing the trajectory of the 
swimmer as 


Vo a oe 
y= x-sat+tS (2.120) 


—a 0 a 


Figure 2.23 Swimmer’s trajectories under three relative speeds of the swimmer to water. 
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Remarks 


At the east bank of the river x = a, the swimmer’s drift is 


aye yes a? 2a _ Vo 4a 545 
UD An = Oa ge cae eae: Os fae aie 


(4) If a increases, the yp increases proportionally, ie, the wider 


the river, the longer the drift. 


(5) If the ratio “° increases, the yp increases proportionally, ze, 
Ss 


the faster the river flows, the longer the drift, for a constant 
swimmer speed vy. Conversely, the faster the swimmer 
swims, the shorter the drift, for a constant river water speed 
Vo. 

(2a) 7 70 = yp > O, ze, if the river stays calm, like a 
lake, drift hardly occurs. 

(2b) 1) 7 © => yp > ©, Le, if the river flows violently, like 
the Niagara River, drift will be huge. 

(2c) v5 9 © => yp > 0, ze, if the swimmer swims like a 
torpedo, drift hardly occurs. 

(2d) v; > 0 => yp > ®, Le, if the swimmer floats like a 
dead fish, river will take it anywhere. 


Problem 
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Problem 2.6.1 During the 2014 Stony Brook University Roth Quad Regatta 
boat race, students propelled their boats from one end to the other of a 
long pond (not a river) of length L. Since it is not a river, water movement 
and wind have little effect on the boats. Suppose your boat’s mass is M and 
each of your boaters’ mass ism (all boaters are equal in mass). The 
propelling force from each boater during the entire race is an equal 
constant fp. Water resistance is approximated to be proportional to the 
speed of the boat with a constant Wy regardless of the weight of the boat 


2.6 ASwimmer’s Problem 


plus boaters. Your boat is always still at the start, and the boaters are the 
only power source. 

(1) Establish the DE, for n boats for relating the boat’s speed with time 
and the given parameters. 

(2) Solve the DE established above to find the speed as a function of time. 
(3) Which leads to the shortest travel time with all other conditions fixed? 
One boater or as many as possible? 
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2.7 River Ferryboat-Docking Problem 


Combining the windy day plane landing problem and the swimmer 
problem, we can design a river ferryboat-docking problem. Study of 
this problem requires consideration of variable-speed flows that 
drag the boat at varying forces depending on the location of the boat. 


In reality, both the direction and magnitude of the flows, e.g., air for 
the plane landing problem or water for the swimmer’s problem or 
for the ferryboat-docking problem, change with time and location. 
To be more accurate, we may need to consider secondary effects 
such as flow changes induced by motions of other neighboring 
objects such as other passing boats or fellow swimmers. 


For mathematical simplifications, we only consider idealistic 
settings, or a first-order approximation. The following is a simplified 
ferryboat-docking problem. 


We set a 2-dimensional Cartesian coordinate system for a section of 
a river such that the y-axis lies at the river’s west bank and points 
north and the x-axis runs from west to east. The water is assumed to 
flow strictly northward at all times and its speed, denoted by w(x), 
varies depending on the x-coordinate of the location. 


A ferryboat tries to cross the river from a point (a,0)to dock 
at (0,0). It can do a lot of good things to cross optimally in time, 
energy, and safety but it does two simple things: moving at a 
constant speed vz, relative to water and keeping its head toward the 
docking point (0, 0) at all times. We attempt to figure out the boat’s 
trajectory. 


The boat’s velocity components relative to the riverbanks (not to the 
moving water) are 
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dx x 

Gig AEN orl area (2.122) 
ae —vg sina +w(x) =— vp ——= + w(x) (2.123) 
dt [x2 + y? 


which is a system of two DEs with x and yas the DVs andt IV. We 
can also introduce a dimensionless function f(x) to express the 
water speed that can be written as w(x) = vof (x). We may build the 
following DE between x and y 


ee OAC? eae 
dx x v6 x (2.124) 


The problem becomes the following IVP 


dy _y Aa 
ty ke) + (=) (2.125) 


yx =a) =0 
where we have defined a constant k = = 
B 


Now, let’s solve this DE. Let u = s Then, ~ =ut x and the DE 


x dx 
becomes 
du kf (x) 
=— dx 
Vitw x 
In(u+J1+u?) = -{ sa 


a 


where we used integration dummy variable z instead of x to avoid 
potential confusion. For writing convenience, we may define 


rey=-[ Puan [ a (2.127) 


a 
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We have 
1 
u(x) = 5 (exp(F(x)) — exp(-F(x))) = sinh Fx) 19) 
Back substituting, we get 
y(x) = x sinh F(x) (2.129) 
We can write F(x) in terms of the given variables and functions 
1 (*w(z) 
F(x) = mal dz (2.130) 
VB x Z 
Finally, the GS of the trajectory is 
_ (1 (*w) 
y(x) = x sinh —| dz (2.131) 
VB x Z 


For the windy day plane landing, w(z) = w, a constant and the plane 
speed is another constant vg, we have the following equation for the 
trajectory 


; 1 ¢¢w : wa 
y(x) = x sinh — | —dz = xsinh (—in“) 
x 


Z 


0 Yo x 
Wie (2.132) 
= —x sinh (= In ~) 

Vo a 
which is exactly what we have found before. 
For the ferryboat-docking problem, the water speed is 

een 2.133 
w(x) = 4v9 A ee (2.133) 


where vy is the max-speed at the centerline of the river and the 
factor “4” is there to enable it. You may check 


w(x =a) =0,wi& = 0) = 0,w(x = a/2) = v9 
Thus, 
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a tas Oy & a 
ae ae 5 (2.134) 

= k{ 4(=-5)dz= 2k (1 -—) 

vy SG 

Finally, the equation of the ferryboat trajectory is 
2Vo x2 

= xsi h(— L=- ) Z135 

y(x) = xsin Zz ( -) ( ) 


a) 


y(v) = asinh (= (1- 2)’) 


(0,0) (a, 0) 


Figure 2.24 The trajectories of a ferryboat. 


Problems 


Problem 2.7.1 A fighter jet taking off from one aircraft carrier C, wishes to 
land on another carrier C,, currently located precisely on the northeast of 
C,. The distance between the two carriers is L. The carrier C, moves east at 
a constant speed of v2 just after the jet took off. Wind blows from south to 
north at a constant speed of vy and its impact to the carriers is negligible 
while the impact to the jet must be taken into account fully. Obviously, 
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given the scale of flight distance (usually a thousand miles), the carriers 
and jet can be treated as mathematical points. Compute the shortest 
trajectory of the jet to land as it wishes. 


Problem 2.7.2 We set a 2-dimensional Cartesian coordinate system for a 
north running river, so that the y-axis lies on the river’s west bank 
(pointing from south to north), and the x-axis across the river, pointing 
from west to east. A ferryboat wants to cross the river from a point (a, 0) 
on the east bank to the west bank, and it hopes to dock at (0, 0). The water 
speed, depending on the location in the river, is measured by a function 
W(x) = ate 
further assume the ferryboat keeps facing the docking point (0,0) at all 
times during the trip, and it moves at a constant speed v9 relative to the 
water. Please 

(1) establish the DE for the boat’s trajectory; 

(2) solve the DE; 

(3) sketch the boat’s trajectory if the river flows much slower than the 
boat. 


where both wp, and a are positive constants. Now, we 
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2.8 Equation for Compound Interest 


Consider a situation when one owes a certain amount of money to a 
bank. 


We consider the following terms: 


> Z(t) isthe amount owed to the bank at time t; 
r is the interest rate which is a constant; 

dt is the period for the time interval [t, t + dt]; 
w is the payment rate which is also a constant; 
dZ is the change of debt to bank during time dt. 


VVV WV 


The change of the debt due to interest increment and payments 
decrement, from t to t + dt, can be expressed as 


(Balance change dZ) = (Interest) — (Payment) 
= Z(t) rdt — wdt 


Thus, 


aZ = (Zr —w)dt 


2.136 
Z'=Zr—w ( ) 


is the loan DE, for lack of a better name. 


To solve this loan DE, we use the method of separation-of-variables. 


nie eens (2.137) 
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Ww Zz 
In(z-—) =rt 
r/l,, 
2 
In wl=rt 
20-7 


Thus, the solution to the loan DE is 


W W 
Z(t) =—- (— — z) exp(rt) (2.138) 


w=rzy 


wW>rZzy 


t 
Figure 2.25 This figure shows the loan balance Z(t) as a function of time for three 
payment schedules: w < Zor, w = Zor, and w > Zor. It also shows the payoff time. 


Remarks 


(1) Att =0,Z(t = 0) =Z 
(2) Ifr = 0,Z # Zp (W/r would have become indeterminate) 
(3) If the periodic payment is greater than the interest amount, 


W > Zor (2.139) 
then, 
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W 
—— Zo > 0 (2.140) 


the loan will decrease. Naturally, it will reach a critical time 
when the loan balance is zero, ie, the loan is paid off. Now, 
let’s compute such payoff time 
W (— ) ( t) iG 

- Zo )exp(rt) = 
= (- - zo) exp(rt) 

r 
w 


a (2.141) 


Tr 
Ww 
r 


exp(rt) =p 


We define a function T(w,r) as the payoff time 
1 TZo 
= —-In(1-—-— 2.142 
T(w,r) z n( > ) ( ) 


If one pays more frequently but the total amount is fixed, ie. 
paying biweekly, weekly, or daily instead of monthly, the 
loan balance will decrease faster as shown in Figure 2.25. 


If periodic payment amount is doubled while all other terms 
stay unchanged, the new payoff time will be 
1 TZo 
=—— —— 2.143 
T(2w,r) =—=In (1 xa) (2.143) 
Obviously, 


T(2w,r) In ( — 72) 1 
TW,T) In (1-2) *2 ere 


Thus, doubling the payment amount will not half the payoff 
time. 
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Next, we use two figures to make even more elaborate 
observations of the payoff time T(w,r) as a function of the 
periodic payment amount w and the interest rate r for a loan 
of, 6.g,, Zo = 500,000 (name your favorite currency). 


Figure 2.26 shows the relationships of payoff times vs. the 
periodic payment amount for three different interest rates: 
r = 2.0%, 3.0%, 4.0%. Obviously, the higher the interest rate, 
the longer the payoff time for the same periodic payment 
amount w. For each interest rate, there is always a critical w 
value at which T(w,r) > co, which means you will never pay 
off at a given interest rate, if your periodic payment amount 
is below a threshold. 


160 


' 
r= 2.0% \r= 3.0% ir= 4.0% 
' 


40 


10000 15000 20000 25000 30000 35000 40000 45000 
w 


Figure 2.26 Payoff times vs. the periodic payment amount for three different interest 
rates: r = 2.0%, 3.0%, 4.0%. 


Figure 2.27 shows the relationships of payoff times vs. the 
interest rate for three different periodic payment amounts: 
w = 10,000,20,000,30,000. Obviously, the higher the w value, 
the shorter the payoff time for the same interest rate. For 
each w value, there is always a critical interest rate at which 
T(w,r) > 0, which means you will never pay off at a given 
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periodic payment amount, if your interest rate is above a 
threshold. 
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w = 30000: 


Figure 2.27 Payoff times vs. the interest rate for three different periodic payment 
amounts: w = 10,000, 20,000, 30,000. 


(4) If the periodic payment is precisely equal to the interest 


amount, 1é., 


w 
ae Zo = 0 (2.145) 
the loan balance is 
w 
z(t) = 7 = 20 (2.146) 


which remains constant forever. 
(5) If the periodic payment is smaller than the interest amount, 


then 
(— 2) <0 (2.147) 


the loan balance will blow up and the loan will never be paid 


off. 
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Problems 
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Problem 2.8.1 A person borrowed Z, amount of funds from a bank which 
charges a fixed (constant) interest rater. The periodical payment the 
borrower makes to the bank is Qot, where Qy is a constant, and t is the 
time. 

(1) Establish the DE governing the time-varying loan balance Z(t) with 
other parameters. 

(2) Solve the DE to express Z(t) explicitly as a function of t. 


Problem 2.8.2 Mr. and Mrs. Young borrowed Z amount of money from a 
bank at a daily interest rater. The Youngs make the same “micro- 
payment” of D amount to the bank each day. 

(1) Set up the DE for amount x owed to the bank at the end of each day 
after the loan starts. 

(2) Solve the above DE for xas a function of t, Z, and r. 

(3) Obviously, if D is too small (paid too little), the Youngs will never pay 
off the loan. Find the critical D at which the loan will not change. 

(4) The Youngs wish to pay off the loan in N days. What do they have to 
pay each day? Write it as a function of Z, N, andr. 

(5) The Youngs wish to pay off the loan in N/2 days. Find the daily 
payment D as a function of Z, N, andr. 


Problem 2.8.3 Mr. A borrowed Z, from a bank at a fixed interest rate r. Mr. 
A pays the bank fixed amount W periodically so that he can pay off the 
loan at time 7: Please 
(1) derive a formula for 7in terms of Zp, W, and r. In other words, find the 
exact form for function T = T(Z),W,r), and compute 

(a) T, =T(Z,W,r > 0) 

w 

(b) T, = 7 (Zo,W.r = x) 

(Hint: lim In(1+x) =x) 
x-> 

(2) compute the amount Mr. A must add to his current payment W to pay 
off at T/2 instead of 7? 


Problem 2.8.4 Mr. Wyze and Mr. Fulesch each borrows Zy from a bank at 
the same time. Wyze got it at a fixed interest rater and will pay it off at 
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time T with a fixed periodic payment Wp. Fulesch’s rate changes with 
time according to rp = =r(1 +t) so Fulesch’s rate is only 1/5 of Wyze’s at 


the start. For example, if Wyze’s rate is 6.0%, Fulesch’s starting rate is only 
1.2%. If Fulesch also pays Wg periodically, his debt drops faster than 
Wyze’s initially before it drops slower and, then, grows. Compute the time 
when both loaners owe the bank the same amount, again. The first time 
when they owe the same is when they just got the loans. 


Problem 2.8.5 Given that a loan of Zp with a fixed interest rate r would be 
paid off at time T with a fixed periodic payment Wy. Now, one pays a new 
periodic payment (1 + a@)W 5, compute the new time to pay off the loan. 
Compute total interests paid to the bank in both cases. 


Problem 2.8.6 One borrows Z,) from a bank at a fixed rate r. Now, we 
assume the time to pay off the loan with fixed periodic payment W is T,. 
Please 

(1) derive a formula for the new payoff time if the periodic payment is 
doubled while all other terms remain unchanged; 

(2) derive a formula for the new periodic payment if the interest rate is 
doubled while all other terms remain unchanged. 


Problem 2.8.7 One borrows Z, dollars from a bank at a fixed rate r. Now, 
we assume the time to pay off the loan with fixed periodic payment W is T. 
Please 


(1) derive a formula for the new payoff time if the periodic payment is nW 
while all other terms remain unchanged; 
(2) derive a formula for the new periodic payment if the interest rate is br 
while all other terms remain unchanged. 


Problem 2.8.8 One borrows Z, from a bank at a fixed interest rate r. We 
assume the time to pay off the loan with a fixed periodical payment Wp is 
Ty. Now, if the payment is changed to aW) while all other terms remain 
unchanged, derive a formula for the new payoff time T, in terms of the 
given parameters. 
(1) If a > 1, which of the following is true? 

(a) T, > Tp 

(b) T1 = To 
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(c) T1 <To 
(2) If 0 < a < 1, which of the following is true? 
(a) T; >To 
(b) Ty =T 
(c) Ty <Tpo 
(3) Ifa < 0, compute 7;. 
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Linear DEs of Higher Order 


3.1 Classifications of Linear DEs 


In classifications of DEs, we have categorized them into 32 
different groups by their properties. For higher-order DEs, we 
will consider linear Homo and InHomo DEs with constant 
coefficients and variable coefficients. Thus, we have four 
different groups. The solution method for each group is usually 
applicable only to this particular group since a general method 
for solving all types of DEs does not exist. In fact, for higher- 
order nonlinear DEs, only a few peculiar cases may be solvable, 
analytically. Many DEs resort to numerical means for their 
solutions. 
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Linearity 


Coefficients 


Constant y"+y=0 y"+y2=0 
Variable y+ P(x)y=0 y"+P)y* =0 


Based on the coefficients and the “external” term, we will study four 
types of linear DEs, namely, 


Type 1A. The general 2nd.0 c-coeff linear homogeneous DE (Homo 
DE) 


y" +ay'+by=0 (3.1) 


Type 1B. The general 2nd.0 c-coeff linear inhomogeneous DE 
(InHomo DE) 


y"+ay'+by=c #0 (3.2) 
Type 2A. The general 2nd.0 v-coeff linear Homo DE 


y" + P(x)y' + Q@)y = 0 (3.3) 
Type 2B. The general 2nd.0 v-coeff linear nHomo DE 
y" + P(x)y' + Q@)y = R(x) (3.4) 


Generally, Type 1A is the easiest to solve while Type 2B is the 
hardest because one has to deal with v-coeff and the InHomo term. 


For linear Homo DEs, the superposition principle, widely used in 
physics and systems theory, is a powerful tool to search for the GS’s 
of linear DEs. The superposition principle states that, for all linear 
systems, the net response at a given space and time caused by two or 
more stimuli is the sum of the responses that would have been 
caused by each stimulus individually. 
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Superposition principle contains two key elements: the additivity 
and homogeneity. 


The additivity can be expressed as 

F(xt+y) = F(x) +F(y) (3.5) 
The homogeneity can be expressed as 

F (cx) = cF(x) (3.6) 

A linear function satisfies the superposition properties (3.5) and 
(3.6). 
Theorem 1 
For a general 2nd.0 linear Homo DE 

y" + P(x)y' + Q@)y = 0 (3.7) 


if y,(x) is a solution and y2(x) is another solution, then, the linear 
combination of y, and yz 


y(x) = Cyy1 (x) + Coy2(x) (3.8) 
is also a solution. Further, if y,; (x) and y2(x) are linearly independent, 
then, the linear combination is the GS. 

Corollaries of Theorem 1 
If y1, V2, --) Yn are the n solutions to the DE 
yd PCy beer ye = 0 (3.9) 


then, the linear combination of yj, yz, ..., Yn is also a solution to the 
DE. If y4, y2, ..-, Yn are n linearly independent (LI) solutions of the DE, 
then, their linear combination is the GS to the DE. 
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Proof of Theorem 1 


Let 


Ve = C11 + Coy2 (3.10) 


be the linear combination of y, and yz where C, and C, are constants. 
Since y, and y, are the solutions to the DE (3.7), they satisfy 


yi + P(x)y, + Q(x)y1 = 0 (3.11) 
yo + P(x)y2 + Q(X) y2 = 0 (3.12) 
C, X (3.11) gives 
Cry! + CyP(x)yz + C1 Q(x)y1 = 0 (3.13) 
Since 
Cyyy = (Ciy1)' 
ij ” 3.14 
Cryy = (Cyy1) ( ) 
we have 
(Cyy1)" + P(x) (Cy)! + Q(x) (Ciy1) = 0 (3.15) 
Similarly, Cz x (3.12) gives 
(Coy2)" + P(x)(Coy2)' + Q(x) (Coy2) = 0 (3.16) 


Adding DEs (3.15) and (3.16) generates 


((Cyyi)" + (Coy2)") + PO) CCryi)’ + (Coy2)") 
+Q(x)(Ciy1 + Coy2) = 0 


(Ciy, + Coy2)"” + P(x) (Cy, + Coy2)' 
+ Q(x) (Cry + Coy2) = 0 


(3.17) 


That is 
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ye tP@)yG + WH) ye = 0 (3.18) 


Therefore, ye = Cyy1 + Czyz is also a solution to the original DE. 


Example 1 
Check whether y, = cos wx and y, = sin wx are solutions of the DE 
y"+w*y=0 (3.19) 
where w is a constant. Verify whether yg = Cyy, + Cyy2 is also a solution. 
Solution 
Check y,: 
yy = —w sinwx 
yy’ = —w? cos wx 
yi +w*y, = 0 
Thus, y; is a solution to the given DE. 
Check yz: 
Ys = WCOS WX 
ys = —w* sinwx 
yz + wy, = 0 


Thus, y, is a solution to the given DE. 


Check ye: 
Vo = Cy, + Coy2 = Cy cos wx + Cy sin wx 
Thus, 
Yq = —wWC, sin wx + WC cos wx 
ye = —w*C, cos wx — w7C sin wx 
Thus, 
yg + w*yg =0 


Therefore, yg is also a solution to the DEy” + wy = 0. 


Example 2 

Given y, = sin wx, y2 = 5 sin wx. Both are solutions to the DE 
y"+0*y =0 

Find the third solution. 


Solution 
According to Theorem 1 
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¥3 = Cyyi + Coye 
= C, sinwx + 5C2 sinwx 
= (C, + 5Cz) sin wx 
= C3 sin wx 
where C3 = C, + 5C, 


Problems 


Problem 3.1.1 Show that y = Sis a solution to y’ + y? = Oonlyifc = 1. 


Problem 3.1.2 Show that y = cx? isa solution to yy” = 6x* only ifc = 1. 


Problem 3.1.3 Show that y, = 1 and y, = vx are solutions to yy” + (y’)? = 
0, but their sum y = y, + y2 is nota solution. 


Problem 3.1.4 Let y, be a PS to the InHomo DEy” + py’ + qy = f(x) and 
let y, be a solution to its associated Homo DE y"” + py’ + qy = 0. Show 
that y = y, + yp is a solution to the given InHomo DE. With y, = 1 and 


Ve = C1 cosx + Cz sinx in the above notation, find a solution to y” +y = 
1 satisfying the IC y(0) = y’(0) = -1. 
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3.2 Linear Independence 


Definition 


For functions y, and yp, if y; is not a constant multiple of y., then, y, is 
linearly independent (LI) of y2. That is, if one can find two constants 
c, and cz that are not zero simultaneously to make cy,y, + c2y2 = 0, 
then, y,; and y> are called linear dependent (LD). 0.W,, they are LI. 


For the two-function case, if = #constant, then, they are LI. 
2 


Example 
Determine if y,, yz are LI 
¥1 
V1 y2 Yo LI 
sinx cosx tan x Y 
sin 2x sinx 2cosx Y 
2 sin x sinx 2 N 
2 exp(x) exp(x) 2 N 
exp(2x) exp(x) exp(x) Y 
exp(ax) exp(bx) exp((a — b)x) Y(a#b) 


More generally, a set of functions {f, (x), fo(x), ..., f,()}, defined on 
some given interval, is said to be LI if 


>. (cif) = (3.20) 
i=1 


implying that c; = 0 Vi < n. Otherwise, the set is linearly dependent. 


Let’s now define the differential operator (D) 
d 


= — 3.21 
dx ( ) 
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Example 1 
v= (iy -ibey 
a dx Mes 
d d’y 
vy=(G) Bay 
y dx dxz ” 
d ne d"y 
ay (=) dx” y 


So now, our n" order DE 


yO + PyCe)y OY +--+ PrCxdy = 0 
can be written as 
D'y + Pi(x)D" ty +--+ P,(x)y =0 
(D” + P,(x)D"-1 + +--+ P,(x))y = 0 
Definition 
A linear differential operator L is defined as 
L=D"°+P,(x)D™ 14+--+ P(x) 


so that (3.24) can now be written as Ly = 0. 


Example 2 
Find the linear differential operator L in y'"’ + y =0 
Solution 
2 
y 
i =0 
dx? +? 
2 
(= + 1) y= 0 
L=D*+1 
Example 3 


Find the linear differential operator L in y"’ — 5y’ + 6y =0 
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(3.22) 


(3.23) 


(3.24) 


(3.25) 


3.2 Linear Independence 


Solution 


L=D*-5D+6 
Superposition properties of linear differential operator 
(ly + La)y = Ly + Loy (3.26) 
C(Ly) = L(Cy) (3.27) 


The above two DEs (3.26) and (3.27) imply that the differential 
operator L are truly linear, satisfying superposition properties. 


Theorem 2 


For an n“ order linear DE Ly = 0, if y1, y2,..., Y, are n LI solutions to 
the DE, then, the linear combination 


n 
ve= > Cr (3.28) 
i=1 


is the GS to the DE. 
Proof 
Since V1 <i<n,y; is asolution to Ly = 0, 
Ly; = 0 (3.29) 
Multiplying both sides of (3.29) by C;, we have 
C,Ly; = 0 (3.30) 
By the linearity of L, we get 
L(y) =O V1isis<n (3.31) 


Summing over i, we have 
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n 
Y L(G) = 0 (3.32) 
i=1 
Le, 
n 
i >. Givi =0 (3.33) 
i=1 


By the definition, we reach Lyg = 0. 
LI for More than Two Functions 


For more than two functions, we have defined the relationship of LI. 
The methods at the beginning of the section for determining the LD 
of two functions are valid only for two functions. However, a set of 
functions that are mutually pair-wise LI does not necessarily indicate 
they are LI as a whole. We need to determine the dependence 
properties of more than two functions. 


Example 4 
Given y, = sinx, y, = cosx and y3 = sinx +cosx, prove that they are 
mutually pairwise LI 


Solution 

It is easy to verify that 
a = tan x 
y2 
22 =1+cotx 
M1 
= =tanx+1 
2 


These prove that they are mutually LI 


Remarks 

Despite the fact they are mutually pairwise LI, intuitively we think they are 
not LI as a whole since we can easily find that y3 = y; + yz. From the 
definition to be introduced below, we find that they are indeed LD. 
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For a formal definition of the LI for more than two functions, we 
have to expand the definition for two functions from a new direction. 
For any two LI functions y, and yz, we know that we cannot find a 
constant c such that 


V1 
—="C 
2 


for all x where y, and y, are defined. Let’s now write this definition 
in a balanced fashion. Consider the equation 


(3.34) 


Ci + C2V2 = 0 (3.35) 


If we can find a non-zero vector [C,,C,]’ that satisfies (3.35), we 
know we can find a constant C that satisfies (3.34). Note that the zero 
in (3.35) means the zero function that is 0 everywhere y, and y2 are 
defined. Thus, we know that the LI of y, and yz means that the only 
solution to (3.35) is [C,,C,]? = [0,0]’. Now we can generalize this 
definition to n functions for a formal definition for arbitrary number 
of functions. 


Definition 


A set of n functions y,, yo, ..-, Yj, defined on a given interval, is said to 
be LI if 


CyVy + Coy2 +++ Cyn = 0 (3.36) 


has only one solution: [C,, C,...,C,]’ = [0,0,...,0]". The zero on the 
RHS of (3.36) is the zero function defined where yj, ..., y, are defined. 


It is very difficult to verify directly from the above original definition 
if a set of functions is truly LI. In practice, several other approaches 
can be derived. One of them is that of the Wronskian method. 


Let’s now introduce the Wronskian of n functions. 
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Definition 


The Wronskian of n functions yj, v3, ..., yy, is the determinant (3.37) 


V1 V2 ie Yn 
V4 Y2 oo Mn 
Wr In) =] a ee (3.37) 
aia yore ae ay at coe 


The Wronskian was introduced by a Polish mathematician Jozef 
Maria Hoene-Wronski (1776-1853) in 1812. 


Theorem 3 
For a set of n functions yj, Yo, ..., Yn, if the Wronskian of the set 


W (1, -) Yn) # 0 (3.38) 


then, they are LI. Conversely, if y1,¥2,..-,¥, are LD, then, the 
Wronskian of the set 


W (1) ++» Yn) = 0 (3.39) 
In summary, if the Wronskian of a set of functions is nonzero for a 


given interval, the set is LI on that interval. However, if a set of 
functions is LD, then, the Wronskian of the set of functions is zero. 


Example 5 
Check if y; = exp(,x) and yz = exp(12x) (1, # 12) are LI. 
Solution 
exp(7,x) exp(1)x) 
W192) = | ae ae 


r, exp(%4X) 1) exp(1)x) 
= exp(1,X) «Tz exp(T2x) — exp(T,X) - 7 exp()x) 
= (%- 1%) exp((7) = r)x) 

Since r; # 12, we know that W(y,,y2) # 0. Thus, y,and yz are LI. 


Example 6 
Check if y, = exp(rx) and yz = x exp(rx) are LI. 
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Solution 
_ | exp(rx) x exp(rx) 
WOOL ¥2) = rexp(rx) exp(rx) + rx exp(rx) 
= (1 + rx) exp(2rx) — rx exp(2rx) 
= exp(2rx) #0 
Thus, y, and yz are LI. 


Example 7 
Check if y,; = sin wx and yz = cos wx are LI, where w + 0 is a constant. 


Solution 
sin wx COS WX 
WOvY2) = @COSWx —Wwsinwx 
= —w sin? wx — w cos? wx 
= —w(sin? wx + cos? wx) 
=—-w #0 
Thus, y; and yz are LI. 


Remarks 


If the Wronskian is non-zero, the functions are LI. But, if the 
Wronskian is zero, it does not necessarily imply that the functions 
are LD. For example, for y, = x? and y, = x|x|, though they are 
LD on either [0, +00) or (—09, 0], we cannot find a set of non-zero 
[C,, C.]" such that (3.35) holds for the entire real axis. This means 
y, and y2 are LI when considered as a function on (—©9, +00), but 
the Wronskian gives for x € [0, +0) 


2 2 


x 


x (3.40) 
2x 2x 


W (1, ¥2) = 


and for x € (—00,0), we have 


che (3.41) 


2 2 
WO, = a 
(V1, Ya) Bes cio 


These two mean W(y,, y2) = 0 Vx. This example indicates that 
the Wronskian being zero does not give sufficient information 
about the LI of the functions. 
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Problems 
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Problem 3.2.1 Define two operators with given constants @1, @2, 81, B2: 
L, =D? +a,D+ By 
L, = D* +a,D + Bp 
Applying these two operators to a function x(t), we get L,L2x(t) and 
L,L,x(t). Check if L,L.x(t) = L2L,x(t). Check it again if we define the two 
operators as: 
L,x(t) = Dx(t) + tx(t) 
Lox(t) = tDx(t) + x(t) 


Problem 3.2.2 Check the LI of the following three functions 
exp(x), cosh x, sinhx 


Problem 3.2.3 Check the LI of the following three functions 
0, sinx, exp(x) 


Problem 3.2.4 Check the LI of the following three functions 
2x, 3x*, 5x — 8x? 


Problem 3.2.5 Check the LI of the following three functions 


x2, x3, x3 — x2 


Problem 3.2.6 Determine if f(x) and g(x) are LI. 
f)=n g(x) =cos?x + sin? x 


Problem 3.2.7 Let y, and y, be two solutions of A(x)y"” + B(x)y’ + 
C(x)y = 0 on an open interval / where, A, 8 and Care continuous and 
A(x) is never zero. 
(1) Let W = W(y1, y2), show that 
dw 
A(x) T= yi Aye’) — y2(Ayr') 
Then, substitute for Ay,’ and Ay,’ from the original DE to show that 


dw 
A(x) aa —B(x)W(x) 


3.2 Linear Independence 


(2) Solve this 1st.0 DE to deduce Abel’s formula 


W(x) = K exp (- | ao ax) 


Problem 3.2.8 Prove directly that the functions f(x) = 1, f,(x) = x, fo(x) 
= x?,...,f,(x) = x" are LL 


Problem 3.2.9 Show that the Wronskian of the following nth.O InHomo DE 
x + Pi(t)x-YD +--+ P(x = f(b) 

is a function of P,(t) only, and find the expression of the Wronskian in 

terms of this P;(t). 


Problem 3.2.10 Suppose that the three numbers 7,72 and 13 are distinct. 
Show that the three functions exp(r,x), exp(72x) and exp(73x) are LI by 
showing that their Wronskian 
1 1 1 
Ww= exp((% +1 + T3)X) % 1% 13) #0,Vx 
ey ae 
y 


Problem 3.2.11 Compute the Vandermonde determinant 


T; YT: wee G 
Vel. 5 : 
rit pct is: nt 


Problem 3.2.12 Given that the Vandermonde determinant 


Ty T2 eee ™ 
ret rit oo riot 


is non-zero if the numbers 7,1», ...,% are distinct. Prove that the functions 
f(x) = exp(,x),1 <i<nareLl. 
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3.3. Homogeneous DEs 


The word “homogeneous” is over-used, even in mathematics. There 
are a number of distinct cases: homogeneous functions, 
homogeneous type of 1st.0 DEs, and homogeneous DEs. To get its 
precise meaning, we must put it in mathematical context. 


A function f(x) is said to be Homo of degree n if, for any constant c, 
Flex) Serre) (3.42) 


A linear DE is Homo if the following condition is satisfied: if y(x) is a 
solution, so is cy(x) where c # 0 is aconstant. 


3.3.1 DEs with Constant Coefficients 


Consider a 2nd.0 c-coeff DE, 
ay" +by'’+cy =0 (3.43) 


where a # 0, b and c are constants. Let’s try out a solution. Without 
proper preparation, we propose a trial solution (TS) to the DE (3.43) 
as exp(rx). Thus, 


y(x) = exp(rx) 
y'(x) = rexp(rx) (3.44) 
y" (x) = r? exp(rx) 


Plugging these into (3.43), we have 


ar” exp(rx) + br exp(rx) + c exp(rx) = 0 (3.45) 
That is 


(ar? + br +c) exp(rx) = 0 (3.46) 
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an AE. As the proposed solution, it cannot be trivial, ie, exp(rx) # 0. 
To satisfy the AE (3.46), we must set 


ar* +br+c=0 (3.47) 


This is called the characteristic equation (C-Eq) of the original DE 
(3.43). Solving this C-Eq, we obtain two roots 


—b+vb2 —4ac 
(2 (3.48) 
; 2a 
So, through “back substitution”, we get the solutions of the DE, 
yi @) = exp(rx) has 


Y2(x) = exp(72x) 
Since a + 0, there are three possible cases for r, and r, depending on 
the discriminant b? — 4ac: 


(1) b? — 4ac > 0 

(2) b? — 4ac = 0 

(3) b? — 4ac < 0 
Case 1:4 = b* — 4ac > 0 


The C-Eq (3.47) has two distinct real rootsr, #7, and the two 
solutions are 


yi (x) = exp(1x) 
Y2(x) = exp(72x) 


which are LI and, thus, the GS for the DE is 
y(x) = C; exp( 4x) + Cz exp(12x) (3.50) 
Check 


Since r,; and r, are the roots of the AE (3.47), we have 
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eae ae (3.51) 


aré +br,+c=0 
Plugging the TS’s exp(™x) and exp(72x) into the DE (3.43), we have 


a(exp(17,x))” + b(exp(7,x))’ + c exp(,x) 
= ar? exp(r,x) + br, exp(7,x) + c exp(7,x) 
= (ar? + br, +c) exp(1,x) (3.52) 


From (3.51), we know formula (3.52) yields 0. Thus, exp(7,x) is a 
solution to the DE. Similarly, exp(7,x) can be proven to be another 


solution. 
Example 1 
Find the GS to the following DE 
y" — 5y' + 6y =0 (3.53) 
Solution 
Step 1: Selecting the TS y = exp(rx) and we get 
y' =rexp(rx) 


y" =r? exp(rx) 
Step 2: Plugging the TS into the DE, we have 
r? exp(rx) — 5r exp(rx) + 6 exp(rx) = 0 
(r? — 5r + 6) exp(rx) = 0 
We get the C-Eq 
r?—5r+6=0 
(r —2)(r-3) =0 
N2 = 2,3 
Step 3: Because r, # r, and both are real, we conclude it is Case 1 
Step 4: Compose the GS 
y = C, exp(2x) + Cz exp(3x) 
Step 5: Check 
y = C, exp(2x) + Cz exp(3x) 
y' = 2C, exp(2x) + 3C, exp(3x) 
y" = 4C, exp(2x) + 9C, exp(3x) 
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y" —5y’ + 6y = 4C, exp(2x) + 9Cp exp(3x) — 5(2C, exp(2x) + 3Cz exp(3x)) 
+6(C, exp(2x) + Cz exp(8x)) 
= C,(4 — 10 + 6) exp(2x) + C,(9 — 15 + 6) exp(3x) 
=0 
Thus, the GS is 
y(x) = C, exp(2x) + C, exp(x) 


Case 2:4 = b* — 4ac = 0 
The C-Eq (3.47) has two equal real roots 


=m =r=-~ (3.54) 


It is clear that exp(7,x) = exp(7x) and they are not LI. In order to 
get the GS, we must recover the missing LI solution using the so- 
called Reduction of Order method. 


A 2nd.0 DE whose C-Eq has two identical roots r must be of the form 
(3.55) which is slightly simplified to save writing. 


y" —2ry'+r?y =0 (3.55) 
After finding one solution y,(x) = exp(rx), we may try a LI solution 
to be of the form y2(x) = v(x)y, (x). If v(x) is not a constant, y, (x) 


and y(x) are LI. All we need to do is to find a non-consistent v(x) to 
form y>(x) for the original DE. 


y2(x) = v(x) exp(rx) 

yo(x) = v'(x) exp(rx) + v(x)r exp(rx) 

ys (x) = v" (x) exp(rx) + 2v'(x)r exp(rx) 
+ v(x)r? exp(rx) 


(3.56) 


Plugging these terms into the DE, we get 


yh! (x) — 2ryh(x) + r?y9(x) = v(x) exp(rx) =0 (3.57) 
Thus, 
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v(x) =0 
whose solution should be 
v(x) = Ay + Anx 
Thus, 
Y2(x) = v(x)y1 (x) = (Aq + Anx)yi(X) = Ary (x) + Aaxyy (x) 
Since A,y,(x) is a multiple of y, (x), we just need to write 


Y2(x) = xyz (x) (3.58) 


Therefore, our second solution may take the form of (3.59): 
Y2(x) = x exp(rx) (3.59) 
Thus, the GS is 
y = C, exp(rx) + C,x exp(rx) (3.60) 
Sometimes, we also write it in the form of (3.61): 


y = (C, + C,x) exp(rx) (3.61) 


Example 2 
Find the GS to the following DE 


y"—2y'+y=0 (3.62) 
Solution 
Selecting a TS y = exp(rx), we get 
y' =rexp(rx) 


y" =r? exp(rx) 
Plugging the TS into the DE, we have 
r* exp(rx) — 2r exp(rx) + exp(rx) = 0 
(r? — 2r + 1) exp(rx) =0 
Thus, we get the C-Eq 
r?—2r+1=0 
(r—1)? =0 
mM2=1,1 


168 


3.3. Homogeneous DEs 


V1 = exp(x) 
and we have 


Yo = x exp(x) 
Thus, the GS is 
y = C, exp(x) + C,x exp(x) 


Example 3 
Suppose the C-Eq of the given DE is 


(r—a)? =0 (3.63) 
Find the GS to the DE. 


Solution 
(r — a)? = 0 means that the C-Eq has three identical roots, thus, we have 
the following 

Yi = exp(ax) 

Y2 = x exp(ax) 

y3 = x? exp(ax) 
and the GS is 

y = (Cy + Cox + C3x?) exp(ax) 


Case 3:A = b? — 4ac < 0 


The C-Eq (3.47) has two complex roots 
%,2 =a + ip (3.64) 
~? and p = V |b2-4ac| 
2a 2a 


where a = are both real numbers. Now we can 


form our solutions 


Y1,2 = exp((a@ + if)x) (3.65) 


It is easy to check that, for 6 # 0, y, and y, are LI. There is no need 
to bother using the Wronskian for two functions. 


Vi= exp((a + iB)x) 
yo exp((a — if)x) (3.66) 
= exp(2iBx) # constant 
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So the GS is 


y = C, exp((a@ + if)x) + Cz exp((a — if)x) (3.67) 


Since the DE is raised in a real domain, we also want to write the 
solutions using real coefficients. The trick here is to manipulate the 
constants in (3.67). We can rewrite (3.67) as 


y = exp(ax) (C, exp(iBx) + Cz exp(—iBx)) (3.68) 


From the most well-known Euler’s formula 


exp(+tifx) = cos Bx tisin Bx (3.69) 
we have 
y = exp(ax) (C,(cos Bx +isin Bx) 
+ Cz (cos Bx — isin Bx)) 
= exp(ax) ((C; + Cz) cos Bx (3.70) 
+ (iC, — iC) sin Bx) 
Let 


Cy = Cy + C2 (3.71) 
C2 = iC; = iC, 


we write the GS in real form 


y = exp(ax) (c, cos Bx + cz sin Bx) (3.72) 


Example 4 
Find the GS to the following IVP 


y" —4y'+5y =0 
| y)=1 (3.73) 
yO) =5 
Solution 
After discussing many examples, we are now able to find the C-Eq directly 
from the DE. 


r?—4r+5=0 
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(r-—2)?+1=0 
This C-Eq has two roots 2 + i. Thus, the GS is 
y(x) = exp(2x) (c, cos x + cz sin x) 
To find the PS, we apply the IC. First, we have 
yO) =e, =1 
For y’, we have 
y'(x) = 2 exp(2x) (c, cosx + cz sin x) + exp(2x) (—c, sinx + c, cos x) 
and 
y'(0) = 2c, +c, =5 
Plugging c, = 1 into the above equation, we get 
C2 =3 
So, the PS to the IVP is 
y(x) = exp(2x) (cos x + 3 sinx) 


Example 5 
Find the GS to the following DE 


(D? + 6D + 13)*y = 0 (3.74) 


Solution 
The C-Eq of the given DE is 
(r? + 6r +13)? =0 
That is 
((r + 3)? +4)? =0 
and gives 
T=%=-34+2i 
73 =% =—-3-2i 
Thus, the GS to the given DE is 
y(x) = exp(—3x) (c, cos 2x + d, sin2x) + x exp(—3x) (cz cos 2x 
+ dz sin 2x) 


Summary 


For 2nd.0 c-coeff Homo DEs 


ay" +by'+cy=0 (3.75) 


we Select a TS 
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ar? +br+c=0 


—b + v b2 — 4ac (3.76) 
T- EE 
oe 2a 
and the C-Eq 
A= b? 
“Age T1712 LI Solution GS 
A>0 1 #1 exp(r,x), exp(1,x) C, exp(r,x) + Cp exp(7,x) 
Real roots PMA), EXD U2 1 €XPUW 2 ©Xp("2 
A ieee (rx) (rx) (Cy + Cox) exp(rx) 
7 Real root CAP ERD 1 2 p 
m% =a + ip ; 
m =a—ip exp((a + if)x) C; exp((a + iB)x) 
ie F +C, exp((a — if)x) 
Complex exp((a ae ip)x) _ ‘ be 
roots = exp(ax) (A cos Px + B sin Bx) 
Theorem 4 


Ifa c-coeff Homo DE has n repeated and identical roots ry = rz = ++: = 
T,, = r, then, there are n LI solutions 


exp(rx) ,x exp(rx),...,x"~1 exp(rx) (3.77) 
The GS for such DE is 
y = Cy exp(rx) + Cox exp(rx) + +++ C,x"1 exp(rx) (3.78) 
Equivalently, 
y = (Cy + Cox + + C,x"*) exp(rx) (3.79) 
Proof 


Suppose we have a DE in the form of 
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(D-1r,)"y =0 (3.80) 


3.3. Homogeneous DEs 


We prove that the functions in (3.77) are the solutions to the DE 
(3.80) by mathematical induction. 


First, we have that for y, = exp(,x) 


(D-1)y1 = Dy, — 11 


d 
= x xP) — 7, exp()x) (3.81) 
= 7, exp(x) — 7, exp(x) 
=0 


This means that y, is a solution to (D — r,;)y = 0 and, also, a solution 
to (D—1,)"y = 0. 


k- 


Now supposed for k < n, yy = x*~1 exp(7x) is a solution to 


(D-1r,)ky =0 (3.82) 
and it is a solution to (3.80). For k + 1, we prove 


Vert = x* exp(ryx) (3.83) 
is also a solution. 
Dat) yes 


= (D—™)* (Dy x41 — Yer) 
= (D —1,) (x*r, exp(7,x) + kx*-1 exp(r,x) 


— 1x* exp(7x)) (3.84) 
= (D —1,)*kx*-1 exp(,x) 
=k(D- 1) y_ 
=0 


This means y;,, is a solution to 
(D-1r,)ktly =0 (3.85) 


To prove that the functions in (3.77) are LI, we can use the 
conclusion of Problem 3.3.17 and directly apply the definition of LI 
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on them. The detail of this part of proof is left as a homework 
problem for you. 
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Example 6 
Find the GS to the following DE 


y"t+y"+y'+y=0 (3.86) 


Solution 
The DE can be written in terms of differential operator as 
(D3? +D2+D+1)y=0 
Thus, the C-Eq is 
r+rtrtg arr4tl+(r4+)1) 
= (r7+1)(r+ 1) 
=0 
whose roots are 7,23 = i, —i, —1. Thus, 
exp(—x), exp(ix), exp(—ix) 
are solutions to the original DE and they are LI. Thus, the GS is 
y(x) = C, exp(—x) + C, cosx + C3 sinx 


Example 7 
Find the GS to the following DE 
gy) = 6y) +4 y® =0 


Solution 
The DE can be written in terms of differential operators 
(9D> —6D*+D?)y =0 


So, the C-Eq is 
9r> — 6r4+ +73 = 73 (9r? — 6r + 1) 
= 7r3(3r—1)? 
=0 


Wire 


1 : 
whose roots are 7,7 3.4,5 = 0,0, 0,5, . Thus, the GS is 


1 
y(x) = Cy + Cx + Cyx? + (Cy + Cgx) exp (5+) 
Example 8 


Find the GS for the following DE 
(D? —5D+6)(D- 1)? (D? +1)y=0 (3.87) 


3.3. Homogeneous DEs 


Solution 
The C-Eq is 
(r? —5r + 6)(r —1)2(r? +1) = (r — 2)(r — 3) (r — 177? +1) 
=0 


y(x) = C, exp(2x) + C, exp(8x) + (C3 + Cyx) exp(x) + C5 cosx + Cg sinx 


3.3.2  DEs with Variable Coefficients 


The general 2nd.0 linear v-coeff DE is 


a2 (x)y" + ay (x)y't+aq(x)y = f(x) (3.88) 


where az(x) #0 and the coefficients ag(x), a,(x), a2(x) are, in 
general, functions of x. If the RHS f(x) # 0, this is a 2nd.0 linear v- 
coeff InHomo DE and will be studied in the following section. 


Usually, linear DEs of higher orders with v-coefficients are not 
solvable analytically even though they are linear. There are, 
however, several special types of v-coeff DEs that are solvable and 
the following is an incomplete list 


Example 1 
The nth.O Cauchy-Euler DEs 
N 


> a,x"y™ =0 (3.89) 


These DEs are called the Cauchy-Euler DEs or, simply, called the Euler’s 
DEs. Sometimes, they are also known as Equidimensional DEs because of 
the particular equidimensional structure of the DEs. This class of DEs is 
attached to two greatest mathematicians of the 18th century, Augustin- 
Louis Cauchy (1789-1857) and Leonhard Euler (1707-1783). Cauchy is a 
French mathematician with more than 800 research articles while Euler is 
a Swiss mathematician and physicist who published more during his 
lifetime. 
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Example 2 


Consider the Euler’s hypergeometric DE 
d’y dy 

—~x)— = a = 3.90 
x(1 x) 7a t (c (a+b + 1)x) = + aby 0 ( ) 
where a, J, and c are constants. The Euler’s hypergeometric DE can be 
converted into the so-called Q-form as 


d7u 
aa = 3.91 
dz + Q(z)u(z) = 0 ¢ ) 
where 
z*(1—-(a—b)*)+z(2c(at+b+1) —4ab) + c(2 -c) 
= 3.92 
Q(@) aT (3.92) 
Example 3 
Bessel’s DE 
d*y dy 
2 cee 2. Vn = 3.93 
xo a txt a*)y =0 ¢ ) 


where a is an arbitrary complex number. The canonical solutions of the DE 
are the Bessel functions, defined initially by the Swiss mathematician D. 
Bernoulli (1700-1782) and generalized by the German mathematician F. 
W. Bessel (1784-1846). When the complex constant a is an integer or half 
integer, the Bessel functions are called cylinder functions or spherical 
Bessel functions, respectively. 


All of these DEs have been thoroughly studied and the Cauchy-Euler 
DEs are much more manageable. A special case is the 2nd.0 Cauchy- 
Euler DEs 

azx*y" + axy'+agy = 0 (3.94) 


We may use this special case to demonstrate the solution methods 
and, in fact, higher order DEs can also be solved in a similar fashion. 
The real geist of the solution methods is to transform the coefficients 
of the DEs from variables into constants. 


First, we propose a trial solution, 
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y(x) = x" (3.95) 
Thus, 
ON (3.96) 
y"(x) = AA — 1)x4-? 
Then, the original DE becomes 
a2A(A — 1)x4-+a,Ax? + apx? = 0 (3.97) 
Or 
(a,A(A — 1) +.a,A + ap)x+ = 0 (3.98) 
Since x* + 0, we must have 
azA(A-—1)+ajA +a) =0 (3.99) 
Le, 
azd? + (ay — a2)A +a) = 0 (3.100) 


which is the C-Eq whose roots are used to compose the GS to the 
original Cauchy-Euler DE. 


As usual, there are three cases for the roots of this AE (3.100) and, as 
such, there are three cases for the GS to the DE. 


Case 1:4 = (a, — az)* — 4azQ > 0: 


The AE (3.100) has two distinct real roots A; # A, € Rand the DE 
has two LI solutions x1 and x22. The GS is 


y(x) = 4x44 + cpx%2 (3.101) 
Case 2:4 = (a, — az)” — 4azd, = 0: 
The AE (3.100) has two identical real roots 

hye (3.102) 


205, 
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and the DE has two linearly dependent (actually, identical) solutions 
x” andx"’. We must recover the missing LI solution using the 
Reduction of Order method. 


Using the one solution y, (x) = x", we try a second solution 


y2(x) = v(x)y1 (x) = v(x) x" (3.103) 
Thus, 
y3(x) = v' (x) x" + v(x)rx7t 
ye =v" Oa toe Ox) rx (3.104) 
+ v(x)r(r — 1)x"-? 


Plugging these terms into the DE, we get 


gx? yy’ (x) + ayxyz(x) + aoy2(x) = 0 (3.105) 
Thus, 
v(x) =Inx (3.106) 
Thus, 
y2(x) = x" Inx (3.107) 
The GS to the DE is 


y(x) = cyx42 + cox44 Inx = (cy + Cp In x) x1 (3.108) 
Case 3:A = (a, — az)? — 4azQ < 0: 
The AE (3.100) has two complex roots 
A, =atip 


Saae (3.109) 
One can write the solutions as 
yz (x) = ror 
= xX iB (3.110) 


= x* exp(if In|x|) 
Thus, 
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yz (x) = x*(cos( In|x]) + isin(@ In|x])) (3.111) 
Similarly, 
y2(x) = x*-# = x%(cos(B In|x]) — isin(P In|x])) (3.112) 
Thus, the GS to the DE is 
y(x) = x*(c, cos(B In|x|) + cz sin(B In|x])) (3.113) 
where c, and cz are two complex constants. 


A more general method, substitution, is to transform the v-coeff DEs 
into c-coeff DEs whose solution methods are well known. 


Using substitution 
x = exp(t) (3.114) 
we have 
dy _dtdy dtdy_ ildy 


=-—_ "= =" (3.115) 
dx dtdx dxdt xdt 


dy dy 
SD, ea 3116 
“ax dt” ANS) 


Similarly, 


ce -52 +5 (2) (3.117) 


=-gt eae 
=a toe 


y 


a? 45 
where we used prea 
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Thus, 
yey ey ay (3.118) 
This approach can be further generalized to higher orders so that 
xy’ =y 
xy" =y-y (3.119) 
x3y'" = Vy —3y + 2y 


With the formulas in (3.119), we transform our original DE into 
az(—y+ ¥)+ay + agy = 0 
a2y + (a, — az)y + agy = 0 


which is now a c-coeff DE and all methods discussed before for c- 
coeff DEs can be adopted. 


(3.120) 


Example 4 
Find the GS to the following DE 
x?y"+xy'-y=0 (3.121) 
Solution 
Method 1: TS method. 
y(x) = x4 
we have 
y' (x) = Ax 


y"(x) = AA —1)x*-? 
The DE becomes (A(A — 1) + A — 1) x4 = 0 with the following C-Eq 
AA-—1)+A-1=0 
whose roots are A, , = +1 and the GS is 
y(x) = xt +c)x7} 
Method 2: The S-method to replace IV. 
x = exp(t) 
We generate a new DE 
y"-y=0 
whose GS is 
y(t) = c, exp(t) + cz exp(—t) 
Back substitution leads to 


y(x) = ox +c,x7} 
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Example 5 
Find the GS to the following DE with one given PS y,(x) = x 


x2y" — x(x + 2)y' + (x+2)y =0 (3.122) 
Solution 
Given the PS, we assume the GS with an undetermined function u(x) 
y(x) = ux) yy (x) = u(x) x 
Thus, 
y'(x) =utu'x 
y"(x) = 2u’ +xu" 
Plugging into the original DE, we have 
x?2(2u' + xu") —x(x + 2)(utu'x) +(x + 2)ux =0 
Simplifying the above, we have 
uv =u’ 
This DE is now solvable by the SOV method, 
u' = C, exp(x) 
Integrating the above, we have 
u = C, exp(x) + Cz 
Back substituting leads to the GS 
y(x) = (C; exp(x) + C,)x 


In general, one can obtain the GS to the following v-coeff DE 


y" +a,(x)y’ + ag(x)y = 0 (3.123) 
if one solution y,(x) is known, by the reduction of order method. 
One may propose the second solution as 


y(x) = yi (x)u(x) (3.124) 
Thus, 
DO a alec a (3.125) 
yuyu ryyu +yyut yyu 
=2y,u'+yu"+y,'u 
where we omitted the (x) in y,(x), y’(x) and u(x) for writing 
convenience. Plugging the above into the original DE, we have 
2yyu' + yyu" + yy'u + ay (x) Qu’ + yyw) 
+ Ap (x)y,u = 0 
yiu" + (2yz + ay (x) yy) 
+ (yy + ay (x) yz + Ag (x)¥1)u = 0 
Since y, (x) is a solution, we have 


(3.126) 
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yi +a )yi + aoa) = 0 (3.127) 
Thus, 
yu" + (2y; + ay(x)yi)u’ = 0 
<= -(a.69 + 21 
a 1 
In(u’) = -{ Ge + 22) dx+c, (3.128) 
1 


2 
| 


"= (C, exp (- | ie +2 2) ax) 


where C, and c, are integrating constants. Integrating the above, one 
obtains u(x) and, then, the second solution y, (x)u(x). 


Example 6 


sinx 


Find the GS to the following DE with one given PS y, (x) = 


x 


xy" +2y'+xy =0 (3.129) 
Solution 
We first convert the DE into 
2 
Ww za! x = 0 
rrQyrero 
and obtain the coefficients a, (x) = -. Using y,(x) = ae we get 


i cosx 
a,(x) + gat =2 
M1 


sinx 


Thus, using u’ = C, exp (- f (a:(x) +2 %) dx), we get 


cos x 
u' = C, exp (-2{ dx) 


sinx 
= C, exp(In(sin x)~?) 
= C,(sinx)~? 
Thus, 
1 
U= Cy | Gane + Cz 
cosx 
a sinx Z 
The GS is 
cos x sinx 
yx) = (Cr Sine 2) 
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1 
= Pu cosx + C, sinx) 


Problems 


Problem 3.3.1 Use the quadratic formula to solve the following equations: 
(1) x7 +ix+2=0 
(2) x? —2ix+3=0 


Problem 3.3.2 (a) Use Euler’s formula to show that every complex number 
can be written in the form r exp(i9), where r > 0 and -1 <6 <7. 

(b) Express the numbers 4, —2, 3i, 1+ i and —1+ iVv3 in the form of 
r exp(id). 

(c) The two square roots ofr exp(i@) are +Vr exp (). Find the square 
roots of the numbers 2 — 2i¥3 and —2 + 2iv3. 


Problem 3.3.3 Compute the Wronskian of the three LI solutions (x1, x2, x3) 
of the following 3rd-order DE. 
t3x'" + 6t?7x" + 7tx' +x =0 


Problem 3.3.4 Find the highest point of the solution curve in 
y" +3y'+2y =0 
y(0) =1 
y'(0) =6 


Problem 3.3.5 Find the third quadrant point of intersection of the solution 
curves with different IC 
y"+3y'+2y=0 
¥1(0) = 3,¥,(0) = 1 
y2(0) = 0,y,(0) = 1 


Problem 3.3.6 Find the PS to the following IVP 
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By" + 2y" -0 


y(0) =-1 
y'(0) =0 
y"(0)=1 


Problem 3.3.7 Find a linear c-coeff InHomo DE with the given GS 
y(x) = (A+ Bx + Cx”) cos 2x + (D + Ex + Fx”) sin 2x 


Problem 3.3.8 Find the PS to the following IVP 
yP=y 
y(0) =1 
y'(0) = y"(0) = 0 


Problem 3.3.9 Find the PS to the following IVP 
y = yl ae y" +y’ ae 2y 
y(0) = y'(0) = y"(0) = 0 
y'"(0) = 30 


Problem 3.3.10 The DE 
y" + (signx) y =0 

has the discontinuous coefficient function 

sign x = he eee 

—1, x<0 

Show that this DE nevertheless has two LI solutions y, (x) and y2(x) defined 
for all x such that 
e Each satisfies the DE at each point x # 0 
e Each has a continuous derivative at x = 0 


¢ yi (0) = y2(0) = Land y; (0) = y,(0) = 0 


Problem 3.3.11 Find the GS to the following DE 
D3(D — 2)(D + 3)(D? + 1)y = 0 
where D = d/dx 


Problem 3.3.12 Find the PS to the following IVP 
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y"—2y'+2y=0 
y(0) =0 
y'(0) =5 


Problem 3.3.13 Find the PS to the following IVP 


y+ 9y' =0 
y(0) =3 

y'0)=-1 
y"(0) =2 


Problem 3.3.14 Find the GS to the following DE 
(D — 1)3(D — 2)2(D — 3)(D? + 9)y(x) = 0 
where D = d/dx. 


Problem 3.3.15 Find the GS to the following DE 
y"-y'-15y=0 


Problem 3.3.16 Find the GS to the following DE 
9y" —12y'+4y =0 


Problem 3.3.17 For a Homo DE with repeated real roots, please 
(1) find the GS to the DE (D —1r,)"y(x) = 0 where D = < is the usual 
derivative operator, r, is a real constant and k;, is a positive integer; 
(2) compose the GS to the following Homo DE 

(D— 1) (D — 7) (D — mH) = 0 
where 11,72, ..-,% are known distinct real constants while k,, Kz, ...,k, are 
known positive integers. 


Problem 3.3.18 Find the GS to the following DE 


(x<- a) y@) =x 


where x > 0,@ = constant and n = positive integer. 


Problem 3.3.19 Find the GS to the following DE 
(ax?D? + bxD +c)y =0 
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where D = d/dx, and a,b and c are constants. 


Problem 3.3.20 Find the GS to the following DE 


x?y" + xy'-—9y =0 


Problem 3.3.21 Find the GS to the following DE 
ax*y" + bxy'+cy =0 


Problem 3.3.22 Find the PS to the following IVP 
ee — 2xy'+ 2y =0 
y@) =3, y@)=1 


Problem 3.3.23 Find the GS to the following DE 
(x + 2)*y" —(x+2)y'+y=0 


Problem 3.3.24 Find the GS to the following DE 
x?y" — 2xy' — 10y = 0 


Problem 3.3.25 Find the GS to the following DE 
3,,1 


x3y'"+x2y" —xy'+y =0 
where x > 0. 
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3.4 Inhomogeneous Linear DEs 


Theorem 1 


If y, is a GS to Ly = 0 and yy is a PS to Ly = f(x), y = Yc + yp is the 
GS to the InHomo DE Ly = f(x). 


Proof 
Since yc is a GS to Ly = 0, we have 

Lyc = 0 (3.130) 
and yp is a PS to Ly = f (x) gives 


Lyp = f(x) (3.131) 
Then, 
Loc + yp) = Lyc + Lyp 
=0+4 f(x) (3.132) 
= f(x) 


Therefore yc + yp isa GS to Ly = f(x). 


There are many methods for finding the PS and each has its own 
merits and drawbacks, depending on the properties of the DEs in 
hand. These methods include the MUC and VOP that we will discuss 
immediately, as well as the method of Laplace transforms that we 
will discuss in a later chapter. 


3.4.1 Method of Undetermined Coefficients 


If the RHS f(x) = acoskx + bsinkx, it is reasonable to expect a PS 
of the same form 
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yp = Acoskx + Bsinkx (3.133) 


which is a linear combination with undetermined coefficients A and 
B. The reason is that any derivative of such a linear combination of 
coskx and sinkx has the same form. Therefore, we may substitute 
this form of yp in the given DE to determine the coefficients A and B 
by equating coefficients of coskx and sinkx on both sides. The 
technique of finding a PS to an InHomo DE is rather tricky and 
tedious; one must remember a few rules. 


Let’s consider a few examples. 


Example 1 
Find the PS to the following DE 
y" + 3y' +4y = 3x42 (3.134) 
Solution 
Since f(x) = 3x + 2, let’s guess that 
yp = Ax +B 
Therefore 


yp =A, yp =0 
Substituting these in the given DE, we have 
yp + 3yp + 4yp =0+3A 4+ 4(Ax + B) 


=3x+2 
A= 2 B= : 
4’ 16 
Therefore, we have a PS 
3 1 
yp 4% 36 
Example 2 
Find the PS to the following DE 
y" —Ay = 2 exp(3x) (3.135) 
Solution 
Since any derivative of exp(3x) is a constant multiple of exp(3x), we select 
the TS 
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yp = Aexp(3x) 
Thus, 
yp = 9A exp(3x) 
Substituting it into the given DE, we have 
9A exp(3x) — 4A exp(3x) = 2 exp(8x) 
2 


A== 
5 


Therefore, we find a PS to the given DE 


2 
yp = =exp(3x) 


Example 3 
Find the PS to the following DE 


By" +y' —2y = 2cosx (3.136) 


Solution 
Though our first guess might be yp = Acosx, the presence of y’ on the 
LHS shows us that we will have to include a term of sin x as well. Selecting 


the TS 
yp = Acosx+Bsinx 
we get 
yp = —Asinx + Bcosx 
yp = —Acosx — Bsinx 


Substituting these into the given DE, we have 
3(—A cosx — Bsinx) + (—Asinx + Bcosx) — 2(Acosx +B sinx) 


= 2cosx 
Equating the terms of cos x and sin x, we have 
aes +B=2 
—-A-5B=0 
Solving the above two simultaneous equations we have 
5 
A=-> 
13 
a 1 
~ 13 
Thus, the PS is 
5 i" 1. 
Yp = — zg cosx + Fz sinx 


Next, let’s introduce a few rules for a few common cases. 
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Rule 1 
If f(x), f'() and f(x) do not satisfy Ly = 0, ze, f(x) is not the 


solution to Ly = 0, the TS yp can be a linear combination of all terms 
in f(x). 
Meaning of the Rule 


Suppose that no term appearing in either f(x) or any of its 
derivatives satisfies the associated Homo DE Ly = 0. We select a TS 
yp using the linear combination of all such LI terms and their 
derivatives. Then, we determine the coefficients by substitution of 
this TS into the InHomo DE Ly = f(x). 


Necessary Conditions 


We check the supposition made in Rule 1 by first using the C-Eq to 
find the complementary function y, and, then, write a list of all terms 
appearing in f(x) and its successive derivatives. If none of the terms 
in this list duplicates a term in y,, we proceed with Rule 1. 


Example 4 
Find the GS to the DE by the MUC 


y" — 3y' —4y = 15 exp(4x) (3.137) 


Solution 
Let’s find the GS to the Homo DE 

y" —3y'-4y =0 
whose C-Eq is 

r?—3r—4=0 
Nh. =4,-1 
Therefore, 
Yo = C, exp(4x) + C, exp(—x) 

Given f(x) = 15 exp(4x), we select a TS yp = A exp(4x) so that 

yp = 4A exp(4x) 

yp = 16A exp(4x) 
Plugging this back into the DE, we have 
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LHS = yp — 3yp — 4y 
= 16Aexp(4x) — 3(4A exp(4x)) — 4(A exp(4x)) 
= (16 — 12 — 4)A exp(4x) 
=0 
While 
RHS = 15 exp(4x) 
Thus, LHS # RHS VA. 


No matter what value we opt for A, we will never be able to find the 
solution. So, after reading the Rule mentioned above and the fact that 
exp(4x) term in yc(vc = C, exp(4x) + Cz exp(—x)) also appears in 
f (x)(15 exp(4x)), we cannot use the term A exp(4x) as the TS, as 
the PS should be LI with all terms present in f(x) (that is the PS 
should not be a constant multiple of the terms present in f(x)). So, 
now, the question is how to solve the DE. Consider Rule 1A. 


Rule 1A 


If f(x) is a solution to Ly=0, one may compose the TS by 
multiplying the solution with x. 


Example 4a (continued) 
Selecting a new TS to the DE y” — 3y’ — 4y = 15 exp(4x) 


yp = Ax exp(4x) (3.138) 
we get 
yp = Aexp(4x) + 4Ax exp(4x) 
yp = 8Aexp(4x) + 16Ax exp(4x) 
Plugging these into the DE, we have 
LHS = yp — 3yp — 4yp 
= 8A exp(4x) + 16Ax exp(4x) — 3(A exp(4x) + 4Ax exp(4x)) 
— 4Ax exp(4x) 
= 5A exp(4x) 
= RHS = 15 exp(4x) 
This gives 
A=3 
Therefore, we have a PS 
Yp = 3x exp(4x) 
and the GS 


191 


Chapter 3 Linear DEs of Higher Order 


192 


y = C, exp(4x) + Cz exp(—x) + 3x exp(4x) 


Example 5 
Find the PS to the following DE 


y" + 4y = 3x3 (3.139) 


Solution 
We can find the solution to the Homo portion of the above DE as 

Vo = C1 cos 2x + Cp sin2x 
The function f (x) = 3x? and its derivatives are constant multiples of the 
LI functions x3, x”, x and 1. Because none of these appears in yc, we select 
aTS 

yp = Ax? + Bx? +Cx+D 
Therefore 

yp = 3Ax24+2Bx+C, yp =6Ax+2B 
Substituting the above in the DE, we have 
(6Ax + 2B) + 4(Ax? + Bx? + Cx +D) = 3x3 

Equating the coefficients of the like terms, we have 


4A =3 
4B =0 
64+4C =0 
2B+4D=0 
These give 
3 9 
A= B=0, ia. D=0 
Therefore, we have the PS 
_3.3_9 
Yp =-X — 3X 


Example 6 
Find the general form of a PS to the following DE 
y!" + 9y' = xsinx + x? exp(2x) (3.140) 
Solution 
The C-Eq is 
r3+9r=0 
rT, = 0, T = 3i, 73 = —3i 


So, the GS to the Homo DE is 
Yo = C, + Cz, cos 3x + C3 sin 3x 


3.4 Inhomogeneous Linear DEs 


The derivatives of the RHS involves the terms 
cosx,sinx,xcosx,xsinx 

and 

exp(2x) , x exp(2x) , x” exp(2x) 
Since there is no duplication with the terms of the GS, the TS takes the 
form 

yp = Acosx + Bsinx + Cx cosx + Dx sinx + E exp(2x) + Fx exp(2x) 

+ Gx? exp(2x) 
Upon substituting yp in the DE and equating the coefficient terms we get 
seven equations determining the seven coefficients A, B,C,D,E,F andG 


Rule 2 (The case of duplication) 


If f(x) contains P,, (x) exp(rx) cos kx or P,(x) exp(rx) sin kx, the TS 
is 


yp(x) = x5((Ag +Ayx +++ Ap,x™) exp(rx) cos kx 
+ (By + Byx +++ Byx™) exp(rx) sin kx) 


where P,, is a polynomial of order m and s is the smallest non-negative 
integer which does not allow duplication of the above solution as the 
solution to the Homo DE. We, then, determine the coefficients for y, by 
substituting y, into the InHomo DE. 


f(x) Yp(*) 


P(x) = By +byx ++ Dm x™ OAR ee ane 
m > "0 1 m 


acoskx + bsinkx x*(Acoskx + B sinkx) 


exp(rx) x°(A exp(rx)) 
exp(rx) (acoskx + bsin kx) exp(rx) (A cos kx + B sinkx) 


P.,(x) exp(rx) exp(rx) (Ag + Aqx + °° +A, x™) 


P,,(x)(acoskx + bsinkx) (Acoskx + Bsinkx)(Ag + Ayx +2 +Amx™) 
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The above table lists the functions that can be chosen as the TSs for a 


given RHS. 
Example 7 
Find the PS and GS to the following DE 
yl +y" = 3 exp(x) + 4x? (3.141) 
Solution 
We have the C-Eq 
re+r2=0 
Ty = 1 =0, T3=—-1 
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The complementary solution is 
Vc(xX) = Cy + Cox + Cz exp(—x) 
We now select our TS 
Aexp(x) + B+ Cx + Dx? 


f@) yp 
3 exp(x) exp(x) 
4x? x5(B + Cx + Dx?) 


Since we have C, and C,x in complementary solution, we will have 
duplication in B + Cx + Dx? terms in yc. Therefore s # 0. If we choose 
s=1,Bx+ Cx? +Dx? will still duplicate the x term. Now let s = 2, 
Bx? + Cx? + Dx* will not duplicate any terms in y,. Therefore, we have 
s = 2. The part Aexp(x) corresponding to 3 exp(x) does not duplicate 
any part of the complementary function, but the part B + Cx + Dx” must 
be multiplied by x? to eliminate duplication. Thus, we have 

yp = Aexp(x) + Bx? + Cx? + Dx* 

yp = Aexp(x) + 2Bx + 3Cx? + 4Dx3 

yp = Aexp(x) + 2B + 6Cx + 12Dx? 

yp’ = Aexp(x) + 6C + 24Dx 
Substituting these back to the given DE gives 
Aexp(x) + 6C + 24Dx + Aexp(x) + 2B + 6Cx + 12Dx? = 3 exp(x) + 4x? 

2A exp(x) + (2B + 6C) + (6C + 24D)x + 12Dx? = 3 exp(x) + 4x? 

Equating the like terms, we have 


2A =3 
2B+6C =0 
6C + 24D = 0 
12D =4 


Solving the above simultaneous equations gives us 


3.4 Inhomogeneous Linear DEs 


ree B=4 C= : pee 
39" mae , 7, 3? ~ 3 
APS is 
_3 (x) + 4x? 4 ee 4 
Ye = 5 exp(x x 3% 3% 
So, the GS is 


3 4 1 
y=C, + Cox + C3 exp(—x) + 5 exp) + 4x2 — rom + 3x 
Example 8 
Determine the appropriate form for the complementary solution and the 
PS if given the roots of the C-Eq and f(x). The roots arer = 2,2,2 and 
—2 + 3iand f(x) = x? exp(2x) + x sin3x. 


Solution 
Being given the roots of the C-Eq, we can compose the complementary 
function as 

ye(x) = (Cy + Cx + Cx”) exp(2x) + exp(—2x) (C, cos 3x + Cs sin 3x) 


To form the PS, we examine the sum 
(A + Bx + Cx?) exp(2x) + exp(—2x) ((D + Ex) cos 3x + (F + Gx) sin 8x) 


To eliminate duplications with terms of y(x), we multiply the first part 
corresponding to x? exp(2x) by x3, and the second part corresponding to 
x sin 3x by x. Thus, the TS is 


yp(x) = (Ax? + Bx* + Cx) exp(2x) 
+ exp(—2x) ((Dx + Ex”) cos 3x + (Fx + Gx?) sin 3x) 


Example 9 
Find the GS to the following c-coeff InHomo DE 

y!" + 9y' = xsinx + x? exp(2x) (3.142) 
Solution 
First, let’s find the GS. We have the C-Eq 

r3>+9r=0 

rT, = 0, T = 3i, 73 = —3i 

The GS is 


Yo = Cy + Cz, cos 3x + C3 sin 3x 
Let’s now find the PS from observing the RHS. We compose our trial. 


195 


Chapter 3 Linear DEs of Higher Order 


yp = A,sinx + Az cosx + A3x sinx + Ayx cosx + As exp(2x) 
+ Ax exp(2x) + A7x* exp(2x) 


Example 10 
Solve the following InHomo DE 
x2y" + xy'—-16y =x*+x74 Vx >0 (3.143) 
Solution 
Let x = exp(t). Then, 
_W 
at 
ee aed 
dt2 dt 
The original DE becomes 
d? dy ad Z 
Cie ay ees Same 
dt? dt dt dt? 


= exp(4t) + exp(—4t) 
The GS for the new Homo DE is 
Yc(t) = C, exp(4t) + C, exp(—4t) 
The TS is 
Yyp(t) = At exp(4t) + Bt exp(—4t) 
yp(t) = (A + 4At) exp(4t) + (B — 4Bt) exp(—4t) 
yp (t) = (8A + 16At) exp(4t) — (8B — 16Bt) exp(—4t) 
Thus, plugging into the DE, we get 
yp (t) — 16yp(t) = 8A exp(4t) — 8B exp(—4t) 
= exp(4t) + exp(—4t) 
Thus, A = =and B = —<and 


1 
yp(t) = 5 t(exp(4t) — exp(—4t)) 
The GS to the DE is 
1 
y(t) = C, exp(4t) + C, exp(—4t) + g ttexp(40) — exp(—4t)) 
Back substituting, we get 


1 
y(x) = Cyx* 4+ Cox74* + ginx (x* —x7*) 
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3.4.2 Variation of Parameters 


Consider an example y” + y = tan x. Since f(x) = tan x has infinitely 
many LI derivatives sec? x, 2 sec? x tan x, 4 sec? x tan? x + 2 sec* x, ..., 
we do not have a finite linear combination to use as a TS and we do 
not have corresponding rules to follow for solving DEs of this type. We 
have to introduce a new method, Ze, VOP. 


For Ly = f(x), the Homo DE Ly = 0 has n solutions yj, yo, ..., Yn. 


(1) The GS to Homo DE is ye = Cyy, + Coy2 +++ + Cy Vy 
(2) Let’s propose to change the Cj, C5, ...,C,, in the complementary 
function to variables u(x), uz (x), ...,Un(x) for composing a 


TS to the InHomo DE 
Ye (x) = us Cr)yy + Upe)y2 +o + UnOYn 
=) udyi) 
i=1 
V1 (3.144) 
— (Uy U2 rene Un) fs 
Yn 
Say 
Example 1 
Consider a 2nd.0 InHomo DE 
y" + P(x)y' + Q@)y = f(x) (3.145) 
Compose a formula for the PS for the above DE. 
Solution 


1) Assume the solutions to the Homo DE are y, and yp. This gives us 


yi + P(x)y1 + Q(x) = 0 
ii : 3.146 
by + P(x)ys + Q(X)y2 = 0 eo) 
2) Compose a TS y, as 
Yp = Uy (X)y1 + U(X) ¥2 (3.147) 


Therefore we have 
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Yp = (Uyy1 + Ugy2)’ 
= Uy, + Uy] + Uzy2 + Ugy2 
= (uyyi + Usy2) + (Ury1 + U2y2) 


In the above process, we introduced two “free” parameters wu, (x) 
and u2(x). With such, we can impose two constraints. Let’s force the 
following condition (although one may impose many other 


conditions). 
U1 + UZy¥2 = 0 


Therefore, we have 


Yp = Uy1 + Uzy2 
Yp = (U1 + Uzy2)' 
= Uy] + Uy! + Ugy2 + Ugy2’ 
yp = (Uy yy + Uzy2') + (ui y1 + U2Y2) 

From (3.146) we have 

yy =—P(x)y, - OG) 

yz = —P(x)y2 — Q(X) ye 
Substitute these into u,y;' + uzy3' 


Uy + Ugy2’ 
= uy (—P(x)y1 — Q(x) y1) + u2(—P (x) ¥2 — Q()y2) 
= —P(uyy; + Uzy2) — Quy, + U2V2) 
= —Pyp — Qyp 
Finally, plugging back (3.152) into (3.150) 
yp = —Pyp — Qyp + U1 ¥4 + Upy2 
yp + Pyp + Qyp = uy; + Ugy2 


But, according to (3.145), we have 
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(3.148) 


(3.149) 


(3.150) 


(3.151) 


(3.152) 


(3.153) 
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yp + Pyp + Qyp = U1 + U2Y2 (3.154) 
Yp + PYp + QYp = f(x) (3.155) 
Thus, 
uiyi + Uzy2 = f(x) (3.156) 
Writing (3.148) and (3.156) in a matrix form, we get 
Ut) = (rea) 
' ' rJ= 3.157 
(4 yi) Uz f(x) ( ) 


One may easily generalize the above derivation for the higher-order 
DEs. 


y™ + PyyO-D 4. + Py = f(x) 


Vo = C1 V1 Fo Fn Vy 
Vp = UyzYy To + UnVy 


val Be et Uy 
v1 Yoo In uy (3.158) 
yerd (na) : yod : 
0 
~\ 0 
f (x) 


Next, let’s derive a formula for wu; and wu; and, ultimately, for yp. 
From (3.148), we have 


(3.159) 


and plugging (3.159) into (3.156) gives 
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I y I I I 
f@)=-y1 (=u) + Y2U2 
V1 
= uz V1 “| 
yi! 2 
uz 
= —W(y1y2) (3.160) 
V1 
where W (yj, yz) is the Wronskian. Thus, we have 
s(x) =< 2OFCOD 
: W (1, Yo) 
ty (t 
pee ens (3.161) 


W(y1(t), Yo (t)) 


The above indefinite integral used the integrating variable t to 
reduce confusion and it can be considered as a definite integral 
integrating from some arbitrary point to x. This arbitrary point adds 
a constant to w(x) but it does not impact the PS. The same scheme 
can be used for both u(x) and u(x). 


Plugging wu; back to (3.159), we have 


, _  Y2(x)f x) 
Coe) (3.162) 
and 
Gy ee (3.163) 


W(y4 (t), V2 (t)) 


To summarize, we have 
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n= - [| —2@F0 
W (yx (t), y2(t)) 
—p ntore) Cte) 
Uz (x) = 


W(y,(t), 2(t)) 
Plugging (3.161) and (3.163) into (3.147), we find the PS 


yp (x) = uy (*) yi (x) + Us (X) 2 (x) 
—_ y2(t) f(t) n@Qfo 

“1. | aot 2) | TaD) 

yo(x)y1(t) — yi (X) 2 (t) 

d 

| ae W (y(t), Wind) fom 


yp(x) = [ Ke t)f (t)dt (3.165) 
where 


y2(x)y1(t) — yi (X) 2 (t) 
W(y41 (t), Yo (t)) 


is called the Xerne/ in mathematics. The kernel is also called Green’s 
function in physics. This function, depending only on the Homo 
portion of the DE, is the impulse response of an InHomo DE with 
specific ICs or BCs. The basic concept was introduced by G. Green 
(1793-1841) in the 1830s and it has been extended to other fields 
where it is given other names: correlation function in many-body 
theory and propagatorin quantum field theory. 


K(x,t) = (3.166) 


Summary 


The methods of finding the PS yp(x) of an InHomo DE depend highly 
on the nature of the source term of the original DE. This is obvious 
for the MUC although VOP is much more general; one may find the 
PS by VOP as well as the MUC. As illustrated by the Venn diagram 
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(Figure 3.1), the PS that can be found by the MUC can also be found 
by the VOP although the latter may be much more cumbersome 
algebraically. However, PS that can be found by VOP is not 
guaranteed to be found by the MUC. Therefore, when finding the PS 
to an InHomo DE, the first thing one should do is to analyze the 
source term for selecting an effective method. 


Consider a 2nd.0 c-coeff DE 
y" t+ay'+by = f(x) (3.167) 


fx) = wl 


Figure 3.1 This Venn diagram illustrates the logical relationships of the 
sets for source term f(x) and the applicable methods. 


Step 1: Find the C-Eq for the Homo portion 
Ly =0 (3.168) 
That is 
r*+ar+b=0 (3.169) 


Step 2: Find the two solutions y, and yz and compose the comple- 
mentary solutions y, of the Homo DE. 


Yo(X) = C11 (X) + C2y2 (x) (3.170) 
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Step 3: Compose the TS to the InHomo DE Ly = f(x) 

Yp(x) = uy (x) yi (x) + uz (x) y2 (x) (3.171) 
where u(x) # uz(x) and are functions of x. 
Step 4: Solve the equation to find u, and uz 


Uiyi + Uzy2 = 0 
Uzy, + Uzy2 = f(x) 


OR: Solve the matrix below to find u, and uz 


& ¥4) ~ is) (3.173) 


OR: We can find the values of u, and wu, from the formulas given 
below 


(3.172) 


Uz (x) = - _— 2wOf@O 
W (y(t), y2(t)) 
_(* nuOfr© (3.174) 
U2(x) = 


W(y1 (0), ¥2(t)) 
where W (yj, yz) is the Wronskian of y, and y>. 


Step 5: Find yp by substituting the values of u, and wz in the equation 
below 


Yp = Wy + U2y2 (3.175) 
Or: Find yp by using the equation below 


o= [2 (x)y1(€) — yi(X) y2(t) 


d . 
W(y1 (0), y2(t)) F(t)dt (3.176) 


Now find the GS 
yx) = 11 + Co¥2 + UY, + U2V2 (3.177) 


Example 2 
Find the GS to the following DE 
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y" — 3y’ — 4y = 15 exp(4x) (3.178) 
by VOP. 


Solution 
Step 1: The C-Eq is 
r?—3r—4=0 
Tr, =4, ™m=-1 
The solution to the Homo DE is 
yi = exp(4x), yo = exp(—x) 

Step 2: The complementary solution is 

Yo = cy, exp(4x) + cz exp(—x) 
Step 3: Composing the TS 

yp = u, exp(4x) + uz exp(—x) 
Step 4: Find u, and uz 


exp(4x) u;, + exp(—x) u, = 0 (3.179) 
4 exp(4x) uy, — exp(—x) us = 15 exp(4x) (3.180) 
5 exp(4x) u, = 15 exp(4x) (3.179) +(3.180) 
uy, =3 
u,(x) = | 3dx = 3x 
—5us exp(—x) = 15 exp(4x) (3.180)—4(3.179) 


uy = —3 exp(5x) 
Uz (x) = [cs exp(5x))dx = — Zexp(5x) 
Step 5: We now find the PS 
yp(x) = 3x exp(4x) — =exp(4x) 
We can find yp(x) directly using the formula 


"ae i "COO = vy) 
. Wn, ¥2(0)) 


yi (x) = exp(4x) 
a(x) = exp(—x) 


yilt) y2(| _|exp(4t) — exp(-t) 


f(t)dt 


Wel =F ys] 7 l4exp(4t) —exp(—p| = “5 exPGY 
wie [eae F (tat 


= [On -rG@rn0) Prat 
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15 exp(4t) 


= | (exp(—x) exp(4t) — exp(4x) exp(—t)) (—5 exp(3t)) 


=-3 [eco exp(5t) — exp(4x))dt 


= —3 exp(—x) ( exp(5x)) + 3x exp(4x) 


=— = exp(4x) + 3x exp(4x) 
which is the same as the y, found earlier. Note: we neglected the constant. 
Step 6: We now find the GS to the problem 
YX) = Vo(X) + Yp(*) 
= C, exp(4x) + C, exp(—x) + 3x exp(4x) — =exp(4x) 
= C3 exp(4x) + C, exp(—x) + 3x exp(4x) 


where 


3 
fee Ore 


This GS is the same as we obtained using the MUC. 


Example 3 
Find the GS to the following DE 

y"+y =tanx 
Solution 


Method 1: VOP (detailed steps). 
Here we have f(x) = tan x. The C-Eq to the Homo DE is 
r?+1=0 
NY. = Hi 
Yo(X) = Crys (x) + Coy2(x) 
= C, cosx + Cz, sinx 
Thus, 
yi(x) = -sinx, y3(x) = cos x 
Plugging these into 
Uy + UZy2 = 0 
Uy; + ugy2 = Ff) 
Solving for u;(x) and us (x), we have 
u, = —sinx tanx 
= cos x — secx 
us = cosx tanx 
= sinx 
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Therefore 
u,(x) = [Gos t —sect)dt 
= sin x — In|secx + tan x| 
U(x) = [ sineat 
=—cosx 
Yp(X) = Uyy1 + U2y2 


(sin x — In|sec x + tanx|) cosx — cosx sinx 
—cosxIn|secx + tan x | 


Method 2: VOP (using formula). 
y1(x) = cosx 
y2(x) = sinx 
y2(x)yi Ot) — yi) y2 (0) 
w[t] 
_ sinx cost — cosx sint 


1 
sin(x —t) 


yp(x) = | K(x, t)f (edt 


K(x,t) = 


x 
= sin(x — t) tant dt 


= —cosxIn|secx + tan x | 
Finally, we have the GS 
y(x) = Vo(X) + ye(X) 
= (C, — In|secx + tan x|) cosx + C, sinx 


Remark: While computing f secx dx, we usually introduce substitution 
u = secx + tan x with which we have 

du = secx (secx + tanx)dx 
or 


du 
— =secx dx 
u 

Thus, 


du 
[ secxdx = [ =Inlul +¢ = Infsecx + tana] + ¢ 
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Problems 


Problem 3.4.1 Find the G.S of the following DE 
y" — 2y' — By = exp(4x) 


Problem 3.4.2 Find the GS to the following DE 
yr" = y — i: 


Problem 3.4.3 Find the GS to the following DE 


wee 


yy" — y = 4exp(x) 


Problem 3.4.4 Find the GS to the following DE 
y bey yl" = y" = y’ = 2y = 18x> 


Problem 3.4.5 Find the PS to the following DE 
y ty ty ty=xe8+x? 


Problem 3.4.6 Find the PS to the following DE 
yi" +y"+y'+y =1+ exp(x) + exp(2x) + exp(3x) 


Problem 3.4.7 Find the GS to the following DE 
yO + wy" = (x? + 1) sin(wx) 


Problem 3.4.8 Find the GS to the following DE for conditions w # wy and 
W = Wo 
y" + wy = exp(iwx) 


Problem 3.4.9 Find the GS to the following DE 
y'" + 9y = cos 3x 


Problem 3.4.10 Find the GS to the following DE 
y"+2y'+y = 5(sinx +cosx) 
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Problem 3.4.11 Find the GS to the following DE 


mw 


yl" +y"+y'+y =1+4+cosx + sin 2x + exp(—x) 


Problem 3.4.12 Find the GS to the following DE 


x?y"" — Axy' + 6y = x3 


Problem 3.4.13 Find the GS to the following DE 
xy" + 2x5y! —12x4y =1 


Problem 3.4.14 Find the GS to the following DE 
x?y" + 2xy' — 6y = 72x> 


Problem 3.4.15 Find the GS to the following DE 
4 
4x2y" — Axy' + 3y = 8x3 


Problem 3.4.16 Find the GS to the following DE 


x7y" + xy’ +y =Inx 


Problem 3.4.17 Find the GS to the following DE 
xy" 4 x2y" + xy’ -y=1ltxtx? 


Problem 3.4.18 Find the GS to the following DE 


2,1 


x?y" + xy! — 4y = x2 4x77 


Problem 3.4.19 Given the three LI solutions of the Homo portion of y® + 
ay?) + ByD + yy = f(x) as y,(x), y2(x), y3(x), find the GS for the 
InHomo DE in terms of a, B, y, and the given functions. 


Problem 3.4.20 Use any method of your choice to find a PS xp(t) for the 
following DE 
ax. 5 
a x(t) = f@ 


where w is a constant and 


(1) f© = exp(iwt); 


3.4 Inhomogeneous Linear DEs 


(2) f©® = exp(wt); 

(3) f(t) isa general function. 
You may express the PS xp(t) in terms of the given f(t) in some integral 
form if you do not have enough information to integrate it. 


Problem 3.4.21 For a 2nd.0 linear c-coeff InHomo DE 
y"-— (i tm)y' + nny = f(x) 

where r, and r, are two different real constants while f(x) is a real 
function, find 

(1) the two LI solutions y,(x) and y,(x) for the Homo portion of the DE 

in terms of 7, and 1p; 
(2) the PS yp(x) = u(x) yx) + Uz(*)¥2(x) by VOP; 
(3) the GS for the original DE. 


Problem 3.4.22 For a given Homo DE 

d*y dy 

qx TPM a+ Q(x)y = 0 
one solution is given as y;(x) #0. Find the GS to this DE by finding 
another LI solution y2(x) = Z(x)y,(x). Note that y, (x), P(x) and Q(x) are 


known functions while Z (x) is not. 


Problem 3.4.23 Find the PS to the following DE 
y"+y =cotx 


Problem 3.4.24 Find the PS to the following DE 
yi ty +y'+y = f@) 
where f (x) is a well-defined function. 


Problem 3.4.25 Find a PS to the following DE 
y" + 9y = sinxtanx 


Problem 3.4.26 Find a PS to the following DE 
y" + oy = sin wx tan wx 


Problem 3.4.27 Find a PS (with constants a, b) of the following DE 
y" + a*y = tan bx 
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Problem 3.4.28 For InHomo DE 
y"+y =2sinx 
Find 
(1) the two LI solutions to the Homo portion of the DE; 
(2) the PS yp(x) by VOP; 
(3) the GS for the original DE. 


Problem 3.4.29 You can verify by substitution that yo = C\x+C,x1 is a 


complementary function for the 2nd.0 InHomo DE 

x2y" + xy’ —y = 72x5 
Before applying VOP, you must divide this DE by its leading coefficient x? 
to rewrite it in the standard form 


resulting in f(x) = 72x3. 
LQ) = y" + P@@)y' + Q@)y = f(x) 
Now, find u, and uz by solving 
ee +Uzy¥2 =0 
U1 + Uzy2 = f ) 
and thereby derive the PS 
yp = 3x5 


Problem 3.4.30 Find the GS to the following DE using two methods, 
x" — 3x' —4x = 15 exp(4t) + 5 exp(-t) 

(1) The MUC; 

(2) VOP. 


Problem 3.4.31 Find a PS to the following DE 
x’ + Py (t)x" + Po(t)x' + P3(t)x = f(t), 
whose complementary solution is given as 
X¢(t) = cyx1(t) + C2x2(t) + 3x3 (Ct). 
Your solution should be expressed in terms of the given functions. 


Chapter 4 
Systems of Linear DEs 


4.1 Basics of System of DEs 


Given below is the general form of a 1st.0 DE 
f@,x,x') =0 (4.1) 
where t is the IV and x is the DV. 


The general system of two 1st.0 DEs with two DVs x, and xz is 


He X4,X2,X4, Xz) = 0 


Gt, X41, Xz, X14, x5) =0 (4.2) 


where t = Time, the IV, x, = Function of t =1st DV, and x2 = Function 
of t =2"4 DV. 
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Example 1 
Xz + 2x2 + 3x, + 4x3 = f(t) 
' oo (4.3) 
Xy tx. +x,4+%x5=9(t) 
is a coupled system of ODEs. 
Example 2 
The following two DEs 
Xytxptxy =f 
‘s ae ay (4.4) 
Xp +x, +x! = g(t) 


are coupled because x, and x2 are mixed in the second DE although there is 
no X> in the first DE. 


Example 3 
While DEs 


is + 3x, + 5x1’ = f(t) (45) 


Xp + 2x5 + 4x3) = g(t) 
are two independent (uncoupled) DEs because x, and xz are in no way 
related by the above two DEs. Solving the two DEs, independently, should 
yield solutions to the two DEs. 


Generalization 


A generalization of (4.2) to n“ order, m DEs and m DVs can be 
written as 


Fie aay Noha rsh 
re, oes aie cole wae HD) =0 

PG Mig ts wa th; Re Roy patty Ss 
sie Xp Many Ons a tl) =0 

5AM (ore ape ce ce cyan: Map Nohy pie Re s 


. ' ”" (n)\ _ 
Xm Xa Xap Xm’) = 0 


PAW: 


4.1 Basics of System of DEs 


Matrix format 


Example 4 
A DE.Syst 


ia = 41X14 + Ay2X2 + by (C) 
X2 = Ap1Xy + Ag2X2 + by (t) 
can be expressed in the following matrix form 
x1) (411 12) (%4 Ge) 
(3) ~ (a. fa (x,) = b2(t) 
If we define the following 
T T 
X(t) = (x1(¢),x2(t)) and B(t) = (6, (4), ba(t)) 


the DE.Syst can be converted into matrix format 


X'(t) = AX(t) + B(t) 


A system of DEs (DE.Syst) is more compact and, sometimes, more 
convenient to solve, when expressed in matrix format. 


(4.6) 


(4.7) 


(4.8) 


where X(t) is the unknown vector, B(t) is the source vector (and is called 
by at least five other names, eg., the external force vector, the right-hand 


side, etc), and A is the matrix. 


Problems 


Problem 4.1.1 Convert the following DE.Syst into matrix format 


fu = 4x, — 7x2 
X5 = 2x4 — 5x2 


Problem 4.1.2 Convert the following DE.Syst into matrix format 


xy = —xX, + 5xp + 3x3 4+sint 
XZ = X24 x3 
X_ = —2x,—2x3-t 
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4.2 


4.2.1 


214 


First-Order Systems and Applications 


One Block and One Spring 


Example 1 

One spring and one block without external force: 

Consider a system of a block of mass m and a spring with constant k that 
expands and stretches from the natural length of the spring. The 
displacement of the center of mass of the block from its naturally resting 
spot is assumed to be x. 


x 


Figure 4.1 A block-spring system with mass m and spring constant k. 


Solution 
Given the force on the block by the spring is F = —kx, we can compose the 
block’s equation of motion 
mx" = —kx 
according to Newton’s 2nd law F = ma = mx”. 
Thus, 
7 k 
x" =—-—x 
m 


i k a 
Defining w? = |, aS a positive constant, we have 


x" = —w?x 


x" + wx =0 
So, the C-Eq is 
r?7+w?2=0 
Thus, 
N12 = tiw 
The GS is 
x(t) = C, cos(wt) + Cz sin(wt) 


4.2 First-Order Systems and Applications 


Applying the ICs 
x(0) = Xo 
Leo) = Vo 
we get C; = X) and C, = < Thus, the PS is 


v 
x(t) = x9 cos wt + — sin wt 
w 


Example 2 
In this example, we study the motion of the block under the influence of an 
external force f(t) applied on the block. 


f(t) 


Figure 4.2 A block-spring system with an external force f (t). 


The EoM is 
mx" = —kx + f(t) 
k t 
Pe io) (4.9) 
m m 
f(t) 


Let w? = ~ and A(t) = Then, we have 


“m* 
x" + w?x = A(t) (4.10) 
which can be solved using the VOP learned previously 


x(t) = x-(t) + x(t) (4.11) 


Obviously, one can compose a much more sophisticated system by 
tangling it with more springs or more blocks or both. Let’s consider a 
setup with two vibrating blocks. 
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4.2.2 Two Blocks and Two Springs 
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Example 1 
We move Block 1 by x; and, thus, Spring 1 is extended by x. 
We move Block 2 by x2 and, thus, Spring 2 is extended by (x2 — x). 


x4 x2 
ky ky 


m4 M2 


Figure 4.3 A system of two blocks connected by two springs. 


Solution 
Force on Block 2 is 
—k2(%2 — 1) 
Force on Block 1 is 
kx, + ka (Xz — X4) 


The H.Syst is 
eee = kx, + ky (x2 — x4) 
MyXq = —k2 (x2 — x4) 
Simplifying the first DE yields 
" ky 2 
xy = 7X + (X%2 — x4) 


k k k ee 
Let w? = a wi = mand wr, = a (coupled frequency), one can simplify 


the Homo system as 
—_ 2 2 
ie = —WyX + 12 (x2 — x3) 
mW 2 
x) = —W3(X2 — X41) 


Example 2 
We study the motion of the two blocks under the influence of a force f(t). 
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x4 x2 


k k 
i \ a fo) 


My 


Figure 4.4 A system of two blocks connected by two springs and an external force 
on block-2. 


Solution 
The force on mz is —k2(x2 — x) + f(t) while the force on m, is still 
hy x1 + ky (x2 — x4) 
The InHomo system now becomes 
ee = —ky (x2 — x1) + fo) 


MyXq = —ky xy + ky (x2 — x4) 
This gives 
" ky 2 
1 = "m2 + —— (x2 — X41) 
ka IO 
xy = —-— (x, — x4) + — 
2 27 %4 My 
sea )+ Bt 
~~ im, XQ — X41 (t) 
where B(t) = Be 
Let w? = =, ws = = and wr, = “ (coupled frequency), we have 


% = —wix, + Wi (X2 — x,) 
x3 = —w3 (x2 — x,) + B(t) 


4.2.3 Kirchhoff Circuit Laws 


Kirchhoff’s circuit laws relate the current and voltage in the lumped 
element of electric circuits. German physicist G. Kirchhoff (1824- 
1887) first introduced the laws in 1845 after extending the works of 
German physicist G. Ohm (1789-1854) and of Scottish physicist J. C. 
Maxwell (1831-1879). The laws are simply called Kirchhoff’s laws or 
Kirchhoff’s rules. 
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The left-hand loop of the network has 


dl, 
Ey =L— + (hy — Ia)Ra (4.12) 
The right-hand loop of the re has 
1 
oO + laRi — Ch ~ 2)R2 = 0 (4.13) 
Inductor Capacitor 


Figure 4.5 An example of Kirchhoff circuit. 


Circuit Element Voltage Drop 
Inductor at 
dt 
Resistor RI 
C ' 1 
apacitor z Q 


Table: Voltage drops across common circuit element. 


Since ~~ ae = I, differentiation of (4. . and substitution of yields 


ud dQ dl, 
4.14 
Cdt + (Ry +R) SS ar Pa a =0 (4.14) 
This gives 
dl, -R, ah, 1 


f= 4 td” 
dt R,+R,dt C(R, +R)” or 


And from (4.13) we have 


218 


4.2 First-Order Systems and Applications 


dii-..0 Ros. < Rie SBS 


gee ee apn ee 4.16 
dt Lo Eee cate) 
Substituting - into (4.15), we get 
dl. R R R E i 
Bee (-Zh nes =*) ___—__1, 
dt R,+R,\ L L L) C(R, +R) 
dl, R3 1 (RZ 1 R, Eo 
— = —-———___}, + —_|[— -=]h+ — (4.17 
dt L(R, +#Ro)* Re +Ro\L oC}? re ee ) 
From (4.16) and (4.17), we have 
eae 2 
d a - i iB (i) 
dt\In) R3 1 (2 =) ie 
Eg 
de 
Ty URS = es 
R, +R, L 


Since, L, C, Eg, Ry and R, are all constants, the above DEs can be 
condensed as 
dl 
—=AI+E 4.19 
Ts +: (4.19) 
where vector J = (J,,/,)’ and A and E are matrices with constant 
elements. 


Problems 


Problem 4.2.1 For the setting with typical assumptions that the springs are 
massless, and the surface the two massive blocks are placed is frictionless, 
please 

(1) construct the DE that governs the motion of the two blocks; 

(2) find the GS for the blocks if we break the middle spring; 


219 


Chapter 4 Systems of Linear DEs 


220 


(3) find the GS for the blocks if k, = kz = k3 for all cases, you may assume 
arbitrary IC. 


Figure 4.6 The block-spring system for Problem 4.2.1. 


Problem 4.2.2 Two particles each of mass m move in a plane with co- 
ordinates (x(t), y(t)) under the influence of a force that is directed toward 
the origin and has an inverse-square central force field of 


k 
Show that 
y kx 
mx =—- Pr 
Ge 
my" =— 73 


where r = /x? + y?. 


Problem 4.2.3 Suppose that a projectile of mass m moves in a vertical plane 
in the atmosphere near the surface of the Earth under the influence of two 
forces: a downward gravitational force of magnitude mg, and a resistive 
force Fp thatis directed opposite to the velocity vector v and has magnitude 
kv?(where v = |v| is the speed of the projectile). Show that the EoMs of the 
projectile are 
ibe = —kvx' 
my" = —kvy' —mg 


Problem 4.2.4 Two massless springs with spring constants k, and kz are 
hanging from a ceiling. The top end of the spring-1 is fixed at the ceiling, 
while the other end is connected to a block-1. The top end of the spring-2 is 


4.2 First-Order Systems and Applications 


connected to block-1, while the other end is connected to block-2. The mass 
for block-1 is m,, and that for block-2 is mg. Initially, we hold the blocks so 
that the springs will stay at their natural lengths. At time t = 0, we will 
release both blocks to let them vibrate under the influence of the spring and 
gravity with gravitational constant g. Find the motion of the blocks. 


Problem 4.2.5 Three massless springs with spring constants k,,k, and 
kz are hanging on a ceiling. The top end of spring-1 is fixed at the ceiling 
while the other end is connected to block-1. The end of spring-2 is 
connected to block-1 while the other end is connected to block-2. The top 
end of spring-3 is connected to block-2 and the other end is connected to 
block-3. The mass for blocks are m,,mz and m3. Initially, we hold the blocks 
so that the springs will stay at their natural lengths. At time —0, we release 
the blocks to let them vibrate under the influence of the spring and gravity 
with gravitational constant g. Find the motion of the blocks. 


Problem 4.2.6 One end of a massless spring with spring constant & is 
attached to a ceiling and the other end to a small ball of mass m. Normally, 
the spring stretches down alittle, due to gravity, but stays perfectly vertical. 
Now, someone moves the ball up a little and the spring recoils to its natural 
length of Lo. If the ball is moved a little from its natural spot, without 
stretching or squeezing the spring, the spring stays on a line 
about 6, degrees from the vertical line. After being released, the ball starts 
some magic motion. Compute its motion with a viable approximation that 
sind ~ @ fora small angle 0. 


Figure 4.7 The pendulum system for Problem 4.2.6. 
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4.3 


PIP: 


The Substitution Method 


Example 1 
Find the GS to the following two coupled DEs with ICs, ze, Homo system 
Xy =X, — Bx, 
Xj = —xX, + 3x2 (4.20) 
x1 (0) = x,(0) =2 


Solution 
Step 1: Solve for one of the two DVs x, or x2 from the given DEs. 
The second DE can be written as 


X, = 3x2 —-X3 (4.21) 


Differentiating it gets 

xy = 3x, —x4 
Plugging x, and x; into the first DE, we get 

(3x2 — x2)’ = (3x2 — x2) — 8x2 
Therefore 
3x3 — x3) = 3x2 — x5 — Bx, 

Thus, we get a 2nd.0 DE for x2 

xy — 4x5 — 5x2 =0 (4.22) 


Step 2: Solving the resulting single-variable, decoupled, DE by the C-Eq 
method, we have 
r*—4r—5=(r—5)(r+1)=0 
whose roots are r = 5 andr = —1. Thus, the solution for x, is 
Xz = C, exp(5t) + C2 exp(-t) 
Step 3: Back substitution to solve for the other DVs. From (4.21), we get 
xy = 3x2 —-X4 
= 3(C, exp(5t) + C, exp(—t)) — (C, exp(5t) + C, exp(—t))’ 
= 3C, exp(5t) + 3C, exp(—t) — (5C, exp(5t) — C, exp(—t)) 
= —2C, exp(5t) + 4C, exp(—t) 
Thus, we have the GS 
xX, = —2C, exp(5t) + 4C, exp(—t) 
ie = C, exp(5t) + Cy exp(—t) 
Step 4: Use the IC’s to determine the integration constants. 
x,(0) = 2 = —-2C, + 4C, 
Co =2=(¢€,4+C, 


4.3. The Substitution Method 


This gives C, = 1 and C, = 1. Thus, the PS is 
fe = —2 exp(5t) + 4exp(—t) 
X_ = exp(5t) + exp(—t) 


Solution Steps: 


Step 1 
Step 2 
DV DE. 
Step 3 
Step 4 


Express one DV by the other DV and its derivatives. 
Decouple the two DEs by substitution, /e, obtaining a single- 


Solve the resulting single-DV DE. 
Back substitution to solve for the other DV. 


Example 2 
Find the GS to the following Homo system 
x' = 4x -— 3y 
yo Oe TY (4.23) 
x(0) = 2 
y(0) =—1 


Solution 
Step 1: Solve the first DE for y in terms of x and x’, or solve the second DE 
for x in terms of y and y’. 


There is no written rule on which variable is better to eliminate first. This depends 
highly on experience and mathematical perception. Fortunately, very often, it does 
not matter which order to take. 


From the first DE x’ = 4x — 3y, we get 


_4 ie 
aa I i 
and 
1 a: , 1 uW 
y = igit 3% 
Step 2: Plugging y and y’ into the second DE, we get 
4 , 1 "= 6 (5 1 ‘ 
Bk — Bk" = 6x gx 3% 
or 


x" +3x'—10x =0 


223 


Chapter 4 Systems of Linear DEs 


224 


Step 3: Solving the resulting single-dependent-variable DE by the C-Eq 
method, we have 
r?+3r—10=0 

Solving this C-Eq gives 

YT 2 = —5,2 
The GS for x(t) 

x(t) = C, exp(—5t) + C, exp(2t) 

Step 4: Back substituting to solve for y(t), 


“he 
YE gt 37 


a $C exp(—5t) + Cz exp(2t)) — = exp(—5t) + C, exp(2t))’ 


4 1 
= z(4 exp(—5t) + Cy exp(2t)) — zt 5G exp(—5t) + 2C exp(2t)) 


2 
= 3C, exp(—5t) + 3 exp(2t) 
The GS is 
x(t) = C, exp(—5t) + C, exp(2t) 
2 
y(t) = 3C, exp(—5t) + 3 exp(2t) 
Step 5: Applying the ICs 
x(0) =2=C,4+C, 
2 


to generate C,; = —1 and C2 = 3. Thus, the PS is 
f = — exp(—5t) + 3 exp(2t) 
y = —3 exp(—5t) + 2 exp(2t) 


Example 3 
Find the GS to the following InHomo system 
nae =3 (4.24) 
2x'-y=1 
Solution 
Step 1: From the first DE, we get 
x=3-2y’ 


x! = (3 _ 2y')’ = —2y" 
Step 2: Substituting the above to the second DE, we get 
4y"+y=-1 


4.3. The Substitution Method 


Step 3: Solving the above single-DV DE. The Homo portion’s C-Eq roots are 
m2 = £5iand its GSis 


t t 
th=C =+C,sin= 
yet) CES 2 SIN> 


Its PS can be obtained by the MUC via the TS 


yp(t) =A 
and, easily, we found A = —1. Thus, the GS is 


t t 
Hn=C 5+C,sinz—-1 
y(t) 1 COS 5 2 sin 5 
Step 4: Back substituting into x = 3 — 2y’, we get 
t t 
x(t) = —C, cos + Cy sins +3 
Finally, the GS for the InHomo system is 


t t 
yt)=C, cos5 + Cy sin5 — 1 


t t 
x(t) = -C, Coss + Cy sin5 +3 


Problems 


Problem 4.3.1 Solve the following DE system 
ie —y"+x = 2exp(-t) 
x" + y" -x= 0 


Problem 4.3.2 Solve the following DE system 


x'=—y 

y' =10x-7y 
x(0) =2 
y(0)=—-7 


Problem 4.3.3 Solve the following DE system 


x’=x+2y 

y' = 2x -—2y 
x(0) =1 
y(0)=2 
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Problem 4.3.4 Find the GS to the following DE.Syst with the given masses 
and spring constants. 

lea = —(ky + kz)x1 + k2x2 

MpXq = kyx1 — (kz + k3)x2 
where m, = mz = 1,k, =1,k, =4andk3 =1 


Figure 4.8 The block-spring system for Problem 4.3.4. 


Problem 4.3.5 Find the GS to the following InHomo system 
eel 
xX} = 2x, +x. +t? 


Problem 4.3.6 Find the GS to the following Homo system 
eo 
y' = —9x + 6y 


Problem 4.3.7 Solve the following Homo system 


x’ =x-2y 

y=x-y 
x(0) =1 
y(0) = 2 


Problem 4.3.8 Solve the following Homo system 


x' =3x+4y 
y' =3x+2y 
x(0) =1 
y(0) =1 


Problem 4.3.9 Solve the following Homo system 
x= 2% 
y' =3x+3y 
z=4x+4y+4z 
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4.4 The Operator Method 


In this operator method (O-method) we introduce a new operator 


d 
pene (4.25) 
dt 


Linear Properties of the Operators 


(1) D(x + y) = Dx + Dy (4.26) 
(2) D(ax) = aDx (4.27) 


Combining the above two properties, one can construct the following 
D(ax + By) = aDx + BDy (4.28) 


where a and f are constants. 


Example 1 
Solve the following Homo system by the O-method. This problem was 
solved earlier by the S-method. 
Xy =X, — Bx, 
| xb = —x1 + 3x2 (4.29) 
x1 (0) = x,(0) =2 


Solution 
Let’s rewrite the DEs by using the operator 
foe = x1 — 8x2 
Dx2 = —X1 + 3x2 
That is 
(D — 1)x, + 8x, =0 (4.30) 
x,+(D—3)x, =0 (4.31) 
Applying operator (D — 1) to (4.31) and subtracting it by (4.30), we get 
((D — 3)(D — 1) -8)x, =0 
(D*? —4D —5)x2 =0 
whose C-Eq is 
r?—4r-—5=0 
7, =5,7,=-1 
Thus, the GS for xz is 
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Xz = C, exp(5t) + C2 exp(-t) 
Substituting xz into (4.31) to solve for x,, we get 
xX, = —2C, exp(5t) + 4C, exp(-t) 
Applying the ICs, we get C, = land C, = 1. 
Finally, the PS for the Homo system is 
xX, = —2 exp(5t) + 4 exp(-t) 
is = exp(5t) + exp(—t) 


Example 2 
Solve the following Homo system by the Operator Method 
x'=4x-—3y 
y' = 6x -—Ty 
x(0) =2 (4.32) 
y(0) =—1 
Solution 
We can rewrite the Homo system by using the time-differential operator 
ee =4x—-—3y 
Dy = 6x —7y 
Thus, two DEs can be written as 
(D-4)x+3y=0 (4.33) 
ie —-(+7)y=0 (4.34) 


Operating on the two DE by 3 x(4.33)+(D + 7) x (4.34), we get 
((D + 7)(D — 4) + 18)x = (D? + 3D — 10)x =0 
whose C-Eq is 
r?+3r—10=0 

%1=2 

%=—-5 
This gives 

x = C, exp(2t) + Cy exp(—5t) 

Back substituting into (4.33) to solve for y. 


2 
y= ra exp(2t) + 3C, exp(—5t) 


The GS is 
x = C, exp(2t) + C, exp(—5t) 


2 
y= Fi exp(2t) + 3C, exp(—5t) 
Plugging the IC, we have 


4.4 The Operator Method 


x(0) =(,+C, =2 
2 
Le = 3% +3G=-1 
This gives 
C, =3 
eB =-1 
The PS is 
ke = 3 exp(2t) — exp(—5t) 
y = 2 exp(2t) — 3 exp(—5t) 


One application of solving DE.Syst is that one can consider solving DEs 
of higher order by converting them into a system of 1st.0 DEs. 


Given a function f(y", vy", y’,y,x) =0 
Let 
v=y 
ya , (4.35) 
y3 =) 
V4 — y"" 


Thus, the DE becomes 


f O43, Vo YX) = 0 (4.36) 


Coupling with the DVs introduced earlier, we can form a DE.Syst, 


f (4,3, Yo ¥1,x) = 0 


Yi =Y2 (4.37) 
¥2 = 3 
y3 = V4 


Solving this DE.Syst can help solve the original DE of higher order. 
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Problems 


Problem 4.4.1 Define two operators 
L,=D?+D+1 
L, =D? +2D 
Applying these two operators to a function x(t), we may get L,L2x(t) and 
L2L,x(t). Check if L,L.x(t) = L2L,x(t). What if we define the two operators 
as follows, check it again? 
L,x(t) = Dx(t) + tx(t) 
Lox(t) = tDx(t) + x(t) 


Problem 4.4.2 Find the GS to the following Homo system 
x'=x+2y+z 
y'=6x—-y 


td 


Z=-x-2y-Zz 


Problem 4.4.3 Find the GS to the following InHomo system 
(D2 + D)x + D*y = 2 exp(-t) 
(D? —1)x + (D? —D)y =0 


Problem 4.4.4 Solve the following Homo system 


x' =3x4+9y 
y' =2x+2y 
x(0) = y(0) =2 


Problem 4.4.5 Find the GS to the following InHomo system 
eae ennee es 
X5 = 2x, 4x24 t? 


Problem 4.4.6 Find the GS to the following InHomo system 
x’ =y+z+exp(—t) 
yl a=x+zZ 
zi=xt+y 
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Problem 4.4.7 Solve the following Homo system by (1) S-method and (2) 
the operator method 

x=xty 

{Fe =6x-y 


Problem 4.4.8 Find the GS to the following InHomo system 
he + 2)x + (D —3)y = exp(—2t) 
(D —2)x+ (D + 3)y = exp(t) 


Problem 4.4.9 Find the GS to the following InHomo system 
+13y' —4x =6sint 
2x’ -—y"+9y =0 


Problem 4.4.10 Solve the following Homo system by (1) the S-method and 
(2) the operator method 


arene 
y =2x+y 
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4.5 The Eigen-Analysis Method 


All systems of linear DEs can be expressed in terms of matrices and 
vectors, which are widely used in linear algebra and multivariable 
calculus. 


For example, we can express the system of three 1st.0 DEs below in a 
matrix format: 


X4\' 11 Ay2  A43\ (X41 Ah®© 
(=) = (2 Az2 eas |(z2} 4 f2(t) (4.38) 


X3 431 432 33/ \X3 f(t) 
by a general (dimensionally implicit) notation 
X'(t) = AX(t) + F(t) (4.39) 


where 


x4 Q41 A142 43 fit) 
X(t) = ().4 = (es 22 eas) FO =| fe) ] (4.40) 
x3 431 432 33 f3(t) 


where X is the vector of DVs, A is the coefficient matrix, and F(t) is 
the InHomo term or the source term or the RHS. 


As in the discussions of single DEs, if F(t) = (0,0,0)7, it is a Homo 
system. O.W., it is an InHomo system. Similar to solving single DEs, a 
Homo system is much easier to solve than InHomo system. We discuss 
a method that requires analysis of the eigen properties of the 
coefficient matrix and we call this method, for lack of widely accepted 
name, eigen-analysis method (E-method). 


For a Homo system: 
X' = AX (4.41) 


we Select a TS 
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X =Vexp(’t) (4.42) 
where V is a vector and Ais a scalar and both are determined by the 
matrix A 

X' = VAexp(At) (4.43) 
Plugging it into the above Homo system, we get 

Va exp(At) = AV exp(At) (4.44) 
or 
(A —ADV exp(At) = 0 (4.45) 


Since exp(At) # 0, we must have (A — ADV = 0. Considering V = 0 
gives only trivial solution, we are only interested in the case where 
det(A — AI) = 0 (4.46) 


That is, A is the eigenvalue (e-value) and V is the associated 
eigenvector (e-vector) of the matrix A. Thus, the GS to a Homo system 
can be written as 


X= ay cV; exp(A;t) (4.47) 


Now, for three different cases of the e-values, we have three different 
solution methods. 


Case 1: Non-repeated real e-values. The above linear combination can 
be used to compose the GS. See Example 1 below. 


Case 2: Repeated real e-values. Composing the second or third or 
more solutions is a much trickier process which is demonstrated by 
Example 3. 


Case 3: Non-repeated complex e-values. The above linear combination 
for composing the GS holds except when the term involving exp(/,t) 
or the e-vector V; or both is complex. See Examples 4 and 5 below. 
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For an InHomo system, we need to find a PS and, then, add it to the 
solution to the Homo portion of the system. To find the PS, we can use 
the MUC, as well as VOP. A few examples will demonstrate the 
procedure. 


Example 1 
Find the GS to the following Homo system 
xy! _ (4 -3)(* 
‘© = ie 5) 6) (4.48) 
Solution 
The e-values of coefficient matrix 
_ (4 -3 
Am ( =a) 


can be found by solving 
det(a—an=det(*7* 73) 
6 -7-2 


= (4-A)(-7 -A) +18 

= 1? +32-10 

=(A-2)YA+5) 

=0 
which are A, = 2 and Az = —5. 
For A, = 2, we can find the e-vector V, via 

AV, = AV, 

(; =) V, =2V; 

as V,; = (3,2)". Similarly, for A, = —5, the e-vector is V2 = (1,3)". 
Thus, the GS to the Homo system is 


() = cy (5) exp(2t) +c, (3) exp(—5t) 


Example 2 
Find the GS to the following Homo system 
ie =3x+4y 


aay (4.49) 


Solution 
The original Homo system can be written as X' = AX where 


w-@ 


We can easily find its e-values by 
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det(A — AN) = det|? F A 


4 
=0 
2a 
with A, = —1, Az = 6. Next, we find the associated e-vectors. 


For A, = —1, we get 
Thus, the e-vector is 
So, we get 
For Az = 6, we get 
Thus, the e-vector is 
So, we get 
X= (3) exp(6t) 


Finally, the GS is 
1 4 
X=C, (a) exp(—t) + Cy ts) exp(6t) 


Example 3 
Find the GS to the following Homo system. 
xy! _ 1 -3)/(* 
()=G 7b) oy 
Solution 


The A matrix has two identical e-values 
A, = 4, Az = 4 
The associated e-vector V, for the e-value A, is 


oe () 


X,() = Vs expt) = (_7,) exp(4e) 
To find the GS for the Homo system, we need to find another solution 
X>(t) that is LI of X,(t). We may propose a TS by imitating our solution 
method for a single DE 


and the solution is 
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X2(t) = t Vz exp(t) 
which fails instantly because one cannot find such a vector V3. 
A more suitable TS can be 
X(t) = (tV, + V2) exp(t) 
= tV, exp(At) + Vzexp(At) 


and its derivative is 
X3 = (V,) exp(At) + (Vyt + V2)A exp(t) 
Plugging them into the original Homo system, we get 
X3 = (V,) exp(t) + (Vyt + V2)A exp(At) = ACV, t + V2) exp(At) 
(A — ADV, exp(At) = V, exp(At) 

(A-ADV, = Vy 
The vector V, satisfying the above system can be used to compose X>(t). 
Additionally, since (A — ANV, = 0, we have 

(A -—AD(A -ADV, = (A-ADV, = 0 

(A -AD?V, =0 
The vector V, satisfying the above system can also be used to compose 
X2(t). 
Now, with two LI solutions X,(t) and X,(t), we can compose the GS for the 
original Homo system as 

X(t) = C,X,() + C2X2(t) 

where C, and C, are usual constants. 
We may find V2 using two approaches. The first approach is to solve the 
following 

(A-ADV, = Vy 


(= 3 )e=(5) 


which has infinitely many solutions for V2 and we can, for example, set it as 


or 


0 
"= (1/3) 
The second approach is to solve the following 
(A -AD?V2 =0 
We notice 
_an2zy. — (73 —3)\(-3 -3 _(0 OV, _ 
ASAD ma Ce gle ea o)¥2=0 


which means any solution V, will satisfy the above linear system. For 
convenience, we may select the following possibly the simplest solution 


=() 


4.5 The Eigen-Analysis Method 


Finally, we have the two LI solutions 


X,(0) = (2) expe) 


X(t) = (@ t+ (‘)) exp(4t) = en io exp(4t) 


So, finally, the GS for the original Homo system is 


1 t 
X= GX, + GX, =C,(~ ) exp(4t) + C2 (_ ne i) exp(4t) 

Example 4 
Find the GS to the following Homo system. 

x\" 1 —2)/% 

G) - 6 2) OD 
Solution 
We can find the e-values by 

7 = 1-A —2 \_ 42 _ 
det(A — Al) = det ( ; yet +1=0 


whose roots are complex numbers A, = Fi. 
Next, we find the associated e-vectors. 
For A, = —i, we get 


OT? a) Gi) = @) 


Thus, (1 + i)v,_ — 2v4, = 0, we may select 


ae (a +o) 


So, we get 


HO) =(q 42) cio 


CT) a2 )JGD=@) 


Thus, (1 — 1)v2_ — 2v2, = 0, we may select 


Ma = @ —o2) 


For A, = i, we get 


So, we get 
a : 
X00) = (¢q yp) ev) 
Finally, the GS is 


X(t) =C, (a ae) exp(—it) + C, (a sai) exp(it) 


(4.51) 
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which may be converted into a trigonometric format. If one wishes to do so, 
the Euler’s formula, exp(it) = cos x + isin x, is needed. 


Example 5 
Find the GS to the following Homo system. 
X\" 71-2) (% 
() =G 1)G) (4.52) 
Solution 


We can find the e-values by 
7 o. 1-A -2)\_ 7) _ 4,2 = 
det(A — AN) = det ( i a 4) =(A-1)7+4=0 


whose roots are complex numbers 

A, =1-2i, A, =1+42i 
Next, we find the associated e-vectors. 
For A, = 1 — 2i, we get 


CO aa) = @) 


Thus, (i)v¥1q — V;p = 0, we may select 


So, we get 


X,@) = G ) exp((1 - 2i)t) = G ) exp(o) exp(—2it) 


For A, = 1 + 2i, we get 
1—-(1+2i) —2 V2a\ _ (0 
( 2 1-(+ 2) (us) = (0) 


Thus, (i)v2q + V2p = 0, we may select 


So, we get 
X(t) = G ,) exp((1 + 2i)t) = CG ) expe) exp(2it) 
Finally, the GS is 
X(t) = Cy G ) exp(t) exp(—2it) + C, é ) expe) exp(2it) 
= exp(t) (aG ) exp(- 2it) + Cy Cc ,) exp(2it)) 


Again, one may convert to express it in terms of trigonometric functions but 
it is highly unnecessary. 
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Example 6 
Find the GS to the following InHomo system. 


G)=G 3@)+@) (453) 


Solution 
First, we solve the Homo system 


)=G DG) 


1-9 


This Homo system can be solved by any of the three methods discussed 
earlier while the E-method is demonstrated here. 


det(A — al) = det (5 4 12) =G-a?-4=0 


It can be written as 


where 


whose roots, or A’s e-values, are 
Ay = 3, Az =-1 
For A, = 3, we get the e-vector by solving 


@ An-@ 
n-() 


For A, = —1, we get the e-vector by solving 


(2 2)%=(9) 


and the e-vector is 


and the e-vector is 


So, the GS to the Homo system is 
X= i) =(, (1) exp(3t) + C, ee) exp(-t) 


The InHomo term 
ro=(8)=Qe+Qe 


Xp(t) = Et? a Ext + Eo 
where E>, E,, Ey are vectors. The derivative of the above is 
Xp(t) = 2E,t + Ey 


The TS is 
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Plugging them into the original system, we get 
2Eyt + Ey = A(Ept? + Eyt + Ey) + (9) t2 + (2) t 
Matching the coefficients of the polynomial of t, we have 


a, + (7) = (9) 


2E, = AE, + (5) 
E, = AE, 


ie 
Fo april ab) 


Solving the above, we get 


Then, the GS to the original InHomo system is 
x) =(;) 
X2 


=(C, (3) exp(3t) + Cp (+) exp(—t) 
Tyee 1 Wyss 
#3 ( ie eer + 35( se) 


Example 7 
Find the GS to the following InHomo system 


X'= le SK + (5) exp(—t) 


Solution 
The coefficient matrix of the system is 


a=({ ay 


1-A 3 
1 -1- 


whose e-value equation is 
— —| — 2 _ = 
det(A — AN) = det ( = -4=0 
whose roots, or A’s e-values, are 
A, = 2, Az = —2 
For A, = 2, we get the e-vector by solving 


Gi uO 
n=() 


For A, = —2, we get the e-vector by solving 


and the e-vector is 


(4.54) 
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and the e-vector is 


So, the GS to the Homo system is 
_ (*1) _ 3 -1 & 
X= es) =C(, G) exp(2t) + C, ( 1 ) exp( 2t) 
The InHomo term is 
F(t) = (1) exp(—t) 
0 
The TS is 
Xp(t) = E exp(—t) 
where E£ is a vector. The derivative of the above is 
Xp(t) = —E exp(-t) 
Plugging them into the original system, we get 
1 
—E exp(—t) = ACE exp(—t)) + ta) exp(—t) 
Matching the coefficients of the terms of exp(—t), we have 
= 1 
—E = AE +(5) 
Or 
_(-1 
(A+ DE = ( : ) 
recalling J is the identity matrix 


69 


Ci ayaa (a) 


Solving the above, we get 
E 1/0 
3 Cy) 


APS to the original InHomo system is 
1/0 
Xp(t) = —3(;) exp(-0) 
Then, the GS to the original InHomo system is 


X(t) =C, G) exp(2t) + C; Ga) exp(—2t) — 5(°) exp(—t) 


Or 


In general, for the following InHomo system 
X' = AX + B exp(at) 
we may select a TS 
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Xp(t) = E exp(at) 

such that 

Xp(t) = a E exp(at) 
Plugging into the original InHomo system, we have 

a E exp(at) = AE exp(at) + B exp(at) 
Matching coefficients, we have 
aE=AE+B 
or 
(A-—aNDE =-B 

As long as (A — aI ) is not singular, ie, a is not an e-value of A, we have 

E=—(A-—al)"1B 
The PS is 

Xp(t) = (-(A — al) “*B) exp(at) 

However, if a is an e-value of A, the problem is much subtler. 


Example 8 
Find the GS to the following InHomo system. 
,_(1 3 1 = 
X =( 2) % + (9) exrc 2t) (4.55) 
Solution 


Method 1: The S-method. 
We may construct the following 
X= X, + 3x2 + exp(—2t) 
te =X, —-X, 

From the second DE, we get 

Xy =X, +X2 

x, =xytx5 
Inserting them to the first DE, we get 

x3’ — 4x2 = exp(—2t) 

whose GS can be obtained using the C-Eq method and the MUC as 


Xo(t) = C, exp(2t) + C, exp(—2t) — zt exp(—2t) 
Plugging it into the second DE, we get 
x,(t) = 3C, exp(2t) — C, exp(—2t) — exp(—2¢) + zt exp(—2t) 
The GS’s can be expressed in the following vector form 


(72) = G (2) expat) + G (7!) exp(-21) - aa) exp(-2t) 


+ a2) t exp(—2t) 
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Method 2: The E-method and the MUC. 
Using the E-method, we find the GS to the Homo system 
_ (41) _ 3 —1 = 
X= (2) =(C, Oo) exp(2t) + C2 ( 1 ) exp( 2t) 
The InHomo term is 
F(t) = (7) exp(—2t) 
0 
and exp(—2t) is a part of the solution to the Homo system. 
The TS is 
Xp(t) = E exp(—2t) + Gt exp(—2t) 
where E£ and G are vectors. The derivative of the above is 
Xp(t) = —2E exp(—2t) + G exp(—2t) — 2Gt exp(—2t) 
Plugging them into the original system, we get 
—2E exp(—2t) + G exp(—2t) — 2Gt exp(—2t) 
= ACE exp(—2t) + Gt exp(—2t)) + @ exp(—2t) 
Matching the coefficients of the terms of exp(—2t) and those of t exp(—2t), 
we have 
ee +G = AE +(*) 


0 
—2G =AG 
Solving the above, we get 


a= na) 


One PS to the original InHomo system is 
1/1 Lid 
Xp(t) = - Zz (0) exp(—2t) + 4 (ua) t exp(—2t) 
Then, the GS to the original InHomo system is 
ae 3 -1 1/1 
X(t=Cy () exp(2t) + Cz ( 1 ) exp(—2t) — 7 (9) exp(—2t) 


+ =(2,) t exp(—2t) 


4 
Example 9 
Find the GS to the following InHomo system. 
x\' (1 -1)/% sint 
(5) 7 ( 3 )G) - ee ) (4.56) 
Solution 


We use the E-method. The coefficient matrix is 
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and its e-value equation is 
1-A -1 
det(A — AD = det 
et(A— al) =det(T 7" 3 
whose roots, or the A’s e-values, are 
A, = 2, Az =2 
For A, = 1, we get the e-vector by solving 


Gr 4J4=G) 
a Ge) 


cs) exp(2t) 


) = -4044=0 


and the e-vector is 
So, the first solution is 


The second solution is 
(V,t + V2) exp(2t) 
where V, satisfies the following equations 
(A-A,D?Vz =0 
& 2_(-1 -1)(-1 -1)\)_/ 0 0 
Goa = WG c= (6 0) 


Essentially, any Vz will work. For convenience, we select 


aoe jC) 


So, the GS to the Homo system is 


Xt) =Cy (a) exp(2t) + Cz (4) t+ ()) exp(2t) 
The InHomo term 
F(t) = (2) sint + (9) cost 
The TS is 
Xp(t) = E, sint + E, cost 
where E, and E, are vectors. The derivative of the above is 
Xp(t) = E, cost — E,sint 


Plugging them into the original InHomo system, we get 
E,cost — E,sint = A(E,sint + E, cost) + (3) sint + C) cost 
Matching the sin t terms, we get 
- 1 
-E,=AE,+ Gs 
Matching the cost terms, we get 
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E, = AE, +(1) 


Combining these two equations, we get 


We know 


Finally, 


1 —4 0 
(, 9 ) Ee 7 (3) 
Using the Cramer’s rule that may be found in a linear algebra book 
( a22 ei) 
Ce aoe — A7@21 41 
a a 
te Gee) 
we get 


Thus, 


Thus, we have 


Thus, the PS is 


1 9, . ly 
Xp(t) = 35 ( 4 )sint ara 3 ) cost 
Then, the GS to the original InHomo system is 
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X(t) = Xc(t) + Xp(O) 


=C, (%) exp(2t) + C; (4) t+ ()) exp(2t) + x Gy) sint 
- x ea) cost 


To corroborate, we re-solve the InHomo system using the S-method. The 
original InHomo system can be written as 
x’ =x—-—ytsint 
ie =x-+3y+cost 
From the first DE, we have 
y=x-—x'+sint 
y'=x'-x" +cost 
Plugging them into the Second DE, we get 
x" —4x'+4x =—-3sint 
Solving the above 2nd.0 InHomo DE, we get 
Xc(t) = Cy exp(2t) + C, t exp(2t) 
The TS is 
xp(t) = Asint + Bcost 
We have 
xp(t) = Acost —Bsint 
xp(t) =—Asint —Bcost 
Plugging into the InHomo DE and matching coefficients for sin t and cost, 


we get 
4B + 3A=—-3 
3B—-—4A=0 
Thus, 
9 12 
oe ee OS 
Thus, 
9. 12 
Xp(t) = — 5g Sint - 55 cost 
The GS is 
9 12 
x(t) = C, exp(2t) + C,t exp(2t) — ze sint — 55 60S t 


Taking the derivative wrt t of the above, we get 
9 12 
x'(t) = 2C, exp(2t) + Cz exp(2t) + 2Cz t exp(2t) — 75 00S t+ ze sint 
Plugging back, we get 


4 3 
y(t) = —C, exp(2t) — C, exp(2t) — C,t exp(2t) + ze sint = 75 08 t 
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If we wish to express it in vector form, it is 


Go) = ) ase as te tt ()) exp(2t) + (a) sin t 


1 12 
— xe ( 3 ) cost 
One may express the GS for the Homo system as 


Xc(t) = Cy (=) exp(2t) +C, (@) t+ (°)) exp(2t) 


One may express the PS to the InHomo system as 


Xp(t) = ae) sint — at) cost 


Example 10 
Find the GS to the following InHomo system. 


GGG) Ce) (4.57) 
Solution 
We use the E-method. The coefficient matrix is 
A=(7 3) 


The e-value equation is 


= = 2-Aa 1 in gee eee oe 
det(A AD) = det ( i 5 pze@ az -1=0 
whose roots, or the A’s e-values, are 

Ay2 = 1,3 


For A, = 1, we get the e-vector by solving 


and the e-vector is 
_(-1 
va ( 1 ) 
For A, = 3, we get the e-vector by solving 
-1 1 _ (0 
( 1 4) V2 = (0) 


and the e-vector is 


So, the GS to the Homo system is 
-1 1 
XH)=C, ( ) exp(t) + Cz () exp(3t) 


1 
The InHomo term 
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F(t) = co) = (7) t+ (5) exp(t) 


The TS is 
Xp(t) = Go + Gyt + Ep exp(t) + Ey t exp(t) 
where Go, G1, Eo, Ey are vectors. 


The term E,t exp(t) was chosen because V,exp(t) was part of the 
complementary solution to the Homo system. The term E, exp(t) was 


chosen because & 


multiple ofV,, 7. e, Eo t V,, in general. 


The derivative of the above is 
Xp(t) = G, + Ep exp(t) + EF, exp(t) + E,t exp(t) 


) exp(t) is an InHomo term and because Ey is not a 


Making Xp(t) satisfy the original system Xp(t) = AXp(t) + F(t), we get 


G, + Ep exp(t) + E, exp(t) + E,t exp(t) 
= A(Gp + G,t + Ey exp(t) + E,t exp(t)) + ( 
a 
+ () exp(t) 


Matching the corresponding terms, we get 
Gy = AGo 


0= AG, + ({) 


0 
1 


Eo +E, = AEy + (5) 


E, = AE, 
Solving the above four equations, we get 4 vectors 


Then, the GS to the original InHomo system is 
x() = 6, (jexwe) +6 (Lexan +5(4)+5(4)e 


—5 
= ; (5) exp(t) + a2) t exp(t) 
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To corroborate, we re-solve the InHomo system using the S-method. 
x' =2x+y+texp(t) 
be =x+2y+t 
From the Second DE, we have 
x=y'—-2y-t 
xi =y"—-2y'-1 
Plugging into the first DE, we get 
y" —4y' + 3y =1-2t + exp(t) 

Solving the above 2nd.0 InHomo DE, we get 

yc(t) = C, exp(t) + C2 exp(3t) 
The TS is 

yp(t) = Ap + Ayt + Et exp(t) 
and 

yp(t) = A, + E exp(t) + Et exp(t) 

yp (t) = 2E exp(t) + Et exp(t) 

Plugging into the original DE, we get 
2E exp(t) + Et exp(t) — 4(A, + E exp(t) + Et exp(t)) 
+ 3(Ap + Ait + Et exp(t)) = 1 — 2t + exp(t) 

Matching t®: —4A,+3A)=1 
Matching t?: 3A, =—2 
Matching exp(t): —2E =1 
Solving these, we get 


Gute 5 
og 
Re 2 
a 83 
R= 1 
~ 2 
Thus, 
(t) = 2 2 ms t 
ye(t) = —g— gt — 5b exp(t) 
The GS is 


5-2 1 
y(t) = C, exp(t) + C, exp(3t) — a" 3¢ - 5t exp(t) 


Plugging back, we get 
4 1 1 1 
x(t) = —C, exp(t) + C, exp(3t) + 5 + 3¢ — 3 exp) + zt exp(t) 
If we wish to express it in vector form, it is 


249 


Chapter 4 Systems of Linear DEs 


250 


FG) = Game 40(}) ewes +5(4)+3( 2)! 


= 5(3) exp(t) + en t exp(t) 


One may express the GS for the Homo system as 
ne —1 1 
Xc(t) = Cy ( 1 ) exp(t) +C, () exp(3t) 


One may express the PS to the InHomo system as 


we =E(4) +4(2)e-2Qowo +F() een 


Example 11 
Find the GS to the following InHomo system. 


trey _ (2 4 exp(t) 

xoO=(Q 2 )xo+ (OP?) (4.58) 
Solution 
We use the E-method. The coefficient matrix is 


a=(i et 


2-Aa 

1 
whose roots, or the A’s e-values, are 
Ay2 = —2,3 


The e-value equation is 


det(A — A) = det ( _1 )=@+DA-3)=0 


The e-vector for 2, = —2 is 
V, = a.) by solving G “) V, = —2V, 
The e-vector for Az = 3 is 
VY, = (*) by solving c i )Vy = 3V, 
1 1 -1 
So, the GS to the Homo system is 
X(t) =C, ce) exp(—2t) + C, (*) exp(3t) 
The InHomo term 
F(t) = ‘ee =- (9) t+ (.) exp(t) 
The TS is 
Xp(t) = Go + G,t + E exp(t) 
where Go, G,,E are vectors. The derivative of the above is 
Xp(t) = G, + E exp(t) 
Making Xp(t) satisfy the original system Xp(t) = AXp(t) + F(t), we get 


G, + E exp(t) = A(Gp + G,t + E exp(t)) — (9) t+ (3) exp(t) 
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Matching the corresponding terms, we get 
Gy = AGo 


0=AG, -(7) 


E = AE +(o) 


Solving the above 4 equations, we get the vectors 


b= (7) 


Then, the GS to the original InHomo system is 
x(t) = C, (7!) expt-20) + ¢2 (*) expan +5(G}) +5 (2, 
1/2 
—= (4) exp) 


Example 12 
Find the GS to the following DE.Syst 


xy! 5 5 2\ /% 
(2) = (-' —6 -s) (») (4.59) 
Z 6 66 5 Zz 
Using the operator notation, we can write the Homo system as 
D-5 -—-5 —2 x 
( 6 D+6 5 (>) =0 
—6 -6 D-—S/ Zz 
D-5 -—-5 —2 6 D+6 5 
( 6 D+6 5 )=(p=s —5 = | 
—6 -6 D-—-5 —6 -6 D-—-5 


6 D+6 5 
=(s0-5 ~30 1) 


0 D D 


Solution 


U 


D+6 5 
—30 + (D + 6)(5 —D) -2+56-9)) 
D D 
D+6 5 
DED — 1) 13-50) 
D D 
D+6 5 
D D 


D(-D-1) 13-5D 


U U 
ER I ORE PE 


ooncooncon 
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6 D+6 5 
> (: D D 
0 0 D(D + 1)+13-—5D 
6 D+6 5 
> (‘ D D 
0 0 D?—4D +13 
Thus, 
(D? — 4D + 13)z(t) = 0 
whose C-Eq is 
r*—4r+13=0 
2 =2+43i 
Thus, 
z(t) = c, exp(2t) cos(3t) + cz exp(2t) sin(3t) 
z'(t) = (2c, + 3cz) exp(2t) cos(3t) + (2c2 — 3c,) exp(2t) sin(3t) 
From the second and third rows of the matrix, we have 
y'+z'=0 
y'(t) 


—2'(t) 
(—2c, — 3c,) exp(2t) cos(3t) + (—2cz + 3c,) exp(2t) sin(3t) 


So, 
y(t) = [ '@ae =— [e@a: =-z(t)+c3 
= —Cc, exp(2t) cos(3t) — cz exp(2t) sin(3t) + c3 
From the second row of the matrix, we have 


AE 
x(t) = e(-y' — y(t) — 5z(0)) 


1 1 
= paca + C2) exp(2t) cos(3t) — 5 Cea — C2) exp(2t) sin(3t) — cs; 
Then, the GS is 
1 1 
x(t) = ra + Cy) exp(2t) cos(3t) — 5 (C1 — C2) exp(2t) sin(3t) — c3 


y(t) = —c, exp(2t) cos(3t) — cz exp(2t) sin@t) + c3 
z(t) = c, exp(2t) cos(3t) + cz exp(2t) sin(3t) 


Example 13 
Find the GS to the following DE.Syst X'(t) = AX(t) for 
(: 0 7 
A=|2 2 0 4.60 
3 3 3 oo 


252 


4.5 The Eigen-Analysis Method 


Solution 
The Eigen equation for this Homo system is 
( —A 0 0 
det} 2 2-Aa 0 =0 
3 3 3-A 
whose e-values are 
A123 = 1,2,3 
and the solution should be 
X(t) = c,V, exp(A,t) + coV> exp(Azt) + c3V3 exp(Ast) 
where V;,23 are the corresponding e-vectors of A,23. Now, let’s calculate 
them. 
For e-value 2, = 1, we have 


1-A, 0 0 0 0 0 
( 2 2-A, 0 )n=(2 HF 0)n=0 
3 3 3-~A, 3 3 2 
For e-value Az = 2, we have 
1—A, 0 0 -1 0 0 
( 2 2-A,z (0) )n=(2 0 0)r=0 
3 3 3-Az 3 3 1 
For e-value A; = 3, we have 


p= je. ~ 26 0 2 0 
( Begs - 0 Jn=(2 -1 0) rs =0 
3 3. “BA af Sa of 


Thus, the solution vector is 


2 0 0 
X(t) = cy, (-+) exp(t) + cz (=) exp(2t) +c3 (0) exp(3t) 
3 


3 1 
Example 14 
Find the GS to the following DE.Syst X’(t) = AX(t) for 
( 2 2 -s) 
A=|({5 1 -5 4.61 
—-3 4 O eS 


253 


Chapter 4 Systems of Linear DEs 


Solution 
The Eigen equation for this Homo system is 


2-A 2 -3 
aer( 5 1-aA =5 \=0 
-3 4 O-A 
whose e-values are 
Ay23 =1,1,1 
and the multiplicity of the e-value is 3 and 


2 Say A SS er or Ss 
(s ; -5)( 5 ; -5)( 5 j -5) 
SB Ady NER ae Ns ol, 
00 0 
(: 0 q 
000 

(A—1D?V3 = 0 


The vector V3 is arbitrary and, for simplicity, we select 
1 
0 


Vo = (A =a 1DV3 — 


(A — 113 


For V3, we have 


Thus, 


| 
aN 


V, = (A-1DV, 


BON ON 


ll 
| 
w 


Therefore, the GS is 


X(t) 


1 
(av +0,V,t+v2) +c; (=v? +V2t+ vs) exp(t) 

1 1 1 
c,20(1)+c.{ 20{1}e+[ 5 
1 1 —3 

1 1 1 

+c3;{10}1]t?+|{ 5 |t+]0 exp(t) 
1 -3 0 


The coefficient c,20 can be combined. 
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Problems 


Problem 4.5.1 Solve the following Homo system 
i744) —_(1 —3 
XO=(3 7)xO 


Problem 4.5.2 Solve the following Homo system 


x’ =4x-3y 
y' =3x+4y 
x(0) = 2 
y(0) = 3 


Problem 4.5.3 Solve the following InHomo system 
in fl <2 3 ne 
rO=( xO+( oe 


Problem 4.5.4 Solve the following InHomo system 


GO) =( 2)G)+@Qexc2 
Problem 4.5.5 Solve the following InHomo system 
(G) =G 2)G)+G) 
Problem 4.5.6 Solve the following Homo system 
x'-—4x+2y =0 


y'+4x-4y+2z=0 
z'+4y—4z=0 
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4.6 Examples of Systems of DEs 


There are broad applications of DE systems. Many DE systems, linear 
or nonlinear, Homo or InHomo, first-order or higher-order, can find 
applications in science, engineering, and finance. Examples include 
electric networks, predator-prey, home heating, liquid rheostat, 
biomass transfer, etc. The list is simply too long to compile. 


4.6.1 Predator-prey DEs 


A prey-predator model involving two competing and, sometimes 
cooperating, species can be expressed by the following system of two 
1st.0 nonlinear DEs with ICs 


~ = ax +b 
Fe + bxy 
dy 
<= 4.62 
rane +exy ( ) 
x(t = 0) =Xo 
y(t = 0) = ¥o 


where x(t) and y(t) are the populations of the two species at time t. 
This DE system was initially introduced by the US mathematician A. J. 
Lotka (1880-1949) for the theory of autocatalytic chemical reactions 
in 1920 and was independently investigated by the Italian 
mathematician V. Volterra (1860-1940). Thus, this model is also 
called Lokta-Volterra DE System. In fact, this Lokta-Volterra model is 
a special example of the Kolmogorov model, a general framework for 
modeling the dynamics of ecological systems with predator-prey 
interactions, competition, disease, and mutualism. 


Obtaining analytical solutions to many DEs and their systems is a 
dream mostly unrealizable while approximate solutions can be 
obtained by a series of approximation methods including the power 
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series methods, successive approximation methods, and multiple 
methods originating from the perturbation theory. These 
approximation methods are still limiting for realistic applications. 
Since the 1940s when digital computing entered the scene, numerical 
methods gained attention and have been growing to become the 
mainstream and dominant solution methods. Euler methods, the 
implicit Backward Euler method, the family of linear multistep 
methods, as well as the family of the widely-used Runge-Kutta 
methods developed around 1900 by German mathematicians C. 
Runge (1856-1927) and M. W. Kutta (1867-1944). 


Because the prey-predator model we described is nonlinear, we are 
unable to obtain its analytical solution. To gain insights, we solve it 
numerically by using the Runge-Kutta method, after assigning some 
appropriate values for the parameters and ICs. 


dx 1% 
aE = ax xy 
d 
~ =cy + exy 
y(t = 0) =21 
a = 0.222 
b = —0.0011 
c = —1.999 
e = 0.010 


where we have selected the values for parameters, a, b,c and e, and 
given the ICs for the two DVs x(t) and y(t). 
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x(t) y(t) 
199.00 | 21.00 
242.95 | 25.76 
292.80 | 50.71 
333.34 | 160.97 
298.16 | 570.89 
173.45 | 813.78 
114.69 | 435.98 
107.41 | 175.02 
119.48 | 72.95 
141.68 | 3622 
171.91 | 23.38 


ax + bry 
cy +exy 


a b 


E E 
0.222 | -0.001 | -1.999 | 0.010 


©} 0} So} a) 2) 69] ro] =) Oo] ~ 


S| 


a(t) & y(t) 


Figure 4.9 The solutions, in time series, for a predator-prey system. 


Stock y 


Stock x 


Figure 4.10 The phase diagram of the solutions to a predator-prey system. 
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4.6.2 Cascade of Tanks 


Consider a Brine cascade of three tanks of volumes V;, V2, V3 with the 
same flow rate r for flowing to the first tank (with water containing 
no salt), from first tank to the second and-then-from the second to the 
third. We assume the salt concentration throughout each tank is 
uniform due to stirring in each tank. We establish a Homo system to 
compute the salt concentration in each tank at time t: x;(t), x2(t), 
x3(t). According to chemical balance law that the change of the 
concentration rate in each tank is the difference between the input 
and output rates. For convenience, we set V; = 2, V, = 4, V3 = 6 and 
r = 1. We have the following DEs. 


For the first tank 


dx. 1 
aE. =Q- 5% (4.64) 
For the second tank 
dx. 1 1 
ae = 5% — GX (4.65) 
For the third tank 
dx 1 1 
SE = 7%. — GX (4.66) 


If the initial concentrations are c,,c, and cz for the three tanks 
respectively, we can form the following DE.Syst 
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ax, 1 
at =0- 771 
dx, 1 1 
de 2 a 
dx; 1 1 
dt 4.2 63 

x1(0) = cy 

x2(0) = cp 

x3(0) = c3 


(4.67) 


Solving the above linear DE.Syst, we get the following solutions 


x1 (t) = cy exp (- =) 

X2(t) = —2c, exp (- =) + (cz + 2c,) exp (- =) 
3 t ; 

Ks(t)= 3 61 exp (- =) — (3c2 + 6c,) exp (- 7) 


3 t 
+ (c; - ria + 3c, + 6c) exp (- =) 


shown in Figure 4.11 if we set c; = 1, cp = 2 andc3 = 3. 


3.5 


a0 3 = $c exp(—§) — (3cz + 6e1) exp(—$) + (3 — $e1 + 3c2 + 6e1) exp(—F) 


r= —2c) exp(—$) + (c2 + 21) exp(—4) 


ay = cyexp(—4 


0.0 ——— | 
0 2 1 6 8 10 12 
t 


(4.68) 


Figure 4.11 The solutions, salt concentrations of each tank, of the DE system. 
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Problem 


Problem 4.6.1 Convert the following DE into a DE.Syst 
x" —5x" + 9x =tsin2t 
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Laplace Transforms 


5.1 Laplace Transforms 


Laplace Transform (LT) is an integral transform, named after French 
scholar Pierre-Simon Laplace (1749-1827) who made major 
contributions in mathematics, statistics, physics and astronomy. The 
LT is widely used in engineering, physics, as well as mathematics. We 
focus on learning its uses for solving DEs, especially, linear DEs and 
DE systems. 


In Chapters 3 and 4, we discussed how to solve linear DEs and DE 
systems. In certain cases, the methods in Chapter 3 can be quite 
tedious while other methods including the LT method can be much 
less cumbersome. The Differentiation Operator D can be viewed as a 
transform which, when applied to the function f(t), yields a new 


262 


5.1 Laplace Transforms 


function D{f(t)} = f'(t). Similarly, the LT operator £L involves the 
operation of integration and yields a new function L{f (t)} = F(s) of 
a new variable s. This new function is usually easier to manipulate 
and it is one of the reasons we study LT. 


After learning how to compute the LT F(s) of a function f(t), we will 
learn how the LT converts a DE with the unknown function f(t) and 
its derivatives to an AE in F(s). AEs are usually easier to solve than 
DEs and this method simplifies the problem of finding the 
solution f(t). 


Definition 


Given a function f(t) Vt => 0, the LT of function f(t) is another 
function F(s) defined as 


F(s) = LF (0} = I exp(—st) f (t)dt 6.1) 
0 


for all values of s for which the improper integral converges. 


Problems 


Problem 5.1.1 Use the definition of the LT to prove 


Ltf@) + g(t)} = LFW} + Llg()} 
Problem 5.1.2 Use the definition of the LT to prove 


Licf(t)} = cLif@} 


where c is an arbitrary constant. 
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5.2 Properties of Laplace Transforms 


Computing LTs requires understanding of the key properties of the 
transforms. In the following, we present a few such properties. 


The first and the most important property is that of linearity. 


Linearity Property 

Lf} = | “f(O) exp(~st) dt = F(s) (5.2) 
and 

L{g(t)} = i " g(t) exp(—st) dt = G(s) (5.3) 


The linearity of the LT states that, 
L{af (t) + Bg} = aF(s) + BG(s) (5.4) 
where a@ and f are constants. 
Proof of the Linearity Property 
LHS = Lfaf(t) + Bg(0)} 
= i (af (t) + Bg(t)) exp(—st) dt 


—st)d 
I af (t) exp(—st) dt (5.5) 


+ [ bo exp(—st) dt 
0 


aF(s) + BG(s) 
= RHS 
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5.2.1 Laplace Transforms for Polynomials 
Polynomials are a class of functions of form 
Py(t) = A) tayt t+azt? +--+a,t” (5.6) 
From the linearity, we know the LT P,(s) = L{p,(t)} has form 
P,(s) = ao £{1} + a, L{t} +--+ a,L{t"} (5.7) 


Let’s now compute L{t”}. We start from the simplest case L{1} 


foe) 


L{1} = I 1 x exp(—st) dt 
0 
=| exp(—st) dt 
0 
= —Lexp(-so|, 
= —<exp(-s : 
1 1 
= —=exp(—st)| +—exp(—st) 
Ss too Ss t-0 


oil 
=a (5.8) 


It is obvious that the integral diverges ifs <0, resulting in a 
meaningless LT. We only consider s > 0 for which we have 


£1} = - (5.9) 


We can also easily prove L{0} = 0 where the two 0’s are defined in 
two different domains, ie. the first 0 is in the t-domain while the 
second 0 is in the s-domain. 


Next, we consider £{t} starting from the definition 
L{t} = t exp(—st) dt (5.10) 
0 


Using integration by parts, we have 
1 foe) 
L{t}=-—- -{ t(exp(—st)) dt (5.11) 
0 
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(oe) 


1 
=-—-t —st 
; exp( 2p 


-3(- [ese ar) 
= -3(-[ exp(—st) ar) 


Using (5.9) L{1} = ; Vs > 0, we have 


1 
L{t}= >Vs>0 
Ss 


(5.12) 


Alternatively, we can derive this directly by taking derivative of 


1 


That is 


tau=£0) 


d d (* 
LHS = qe = sh exp(—st) dt 
a) 
=| —(exp(—st))dt 
| .@2-so) 


= -{ t exp(—st) dt = —L{t} 
0 


RHS = <(2) = = 
ds \s 
By equating both sides, we get 


“Li =-5 
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(5.13) 


(5.14) 


(5.15) 


(5.16) 


(5.17) 


5.2 Properties of Laplace Transforms 


Finally, the intended LT is 
1 
L{t} = Fy (5.18) 
Ss 


Using this method recursively, we can derive 


oe 


ds \s 
2 
[+ 5, bE exP(-st))dt = -—S (5.19) 
i, t* exp(—st) dt = 
: exp(—s Hira 
Thus, 
2 
Ley = 3 Vs >0 (5.20) 


It is easy to derive the general formula for a power function (and 
naturally for a polynomial) 


cen = vs >0 (5.21) 
which can be proven by induction as follows. 
Proof 
For n = 0, we have already discussed. 
Suppose the formula is true for n. This means 


nt 
L{t™} = Vs >0 


from which we have 


n! 
£ cen} = £() es 
[ 2 ereap(-styde = Net D (5.22) 
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2 (n+ 1)! 
l t*1 exp(—st) dt = =nt2 
That is 
n+ 1)! 
L{t"**} = a Vs >0 (5.23) 
QED. 
Example 1 
If T(a) = L{t%}, prove 
d 
qs (T@) = -Ta + 1) (5.24) 
Solution 


To prove this, we simply derive the formula directly 


d 
LHS = — L{t®} 
ds 
=e “a (-st) dt 
as), exp(—s 
=[ "So (4 exp(—st))at 
a exp(—s 


= | ee exp(—st) dt 
S—L(t*""}-= RUS 
5.2.2 The Translator Property 
Given L{f (t)} = F(s), compute L{f(t) exp(at)}. 
Lf (t) exp(at)} = f(t) exp(at — st) dt 
0 


: (5.25) 
Z f(t) exp((a—s)t) dt 
0 
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By substituting p = s — a, we have 


LEF(t) exp(at)} = I fitexp(—pt)dt =F(p) 5.26) 
0 


That is 
L{f (t) exp(at)} = F(s — a) (5.27) 
Similarly, we get 
Lf (t) exp(—at)} = F(s + a) (5.28) 
Combining the two, we have 
L{f (t) exp(tat)} = F(s + a) (5.29) 


This formula is the translator property of LT. 


Example 1 
Compute £{exp(at)} 


Solution 

Lf{exp(at)} = L{exp(at) x 1} 
Let f(t) = 1, we know 

FQ) =LY@}==, 8 >0 


Thus, using the translator property, we have 


L{exp(at)} = F(s—a)=——, s>a 
Example 2 
Compute L{t exp(at)} 
Solution 
Let f(t) = t, we have 
1 
FS)=LfOJ=L=> sa 
Using the translator property, we have 
1 
L{t exp(at)} = F(s —a) = ae s>a 


269 


Chapter 5 Laplace Transforms 


Example 3 
Compute L{t? exp(at)} 
Solution 
Let f(t) = t?, we have 

2 

F(S)=LfO}=L{t"}=a, s>a 

Using the translator property, we have 

2 

L{t? exp(at)} = F(s —a) = G=n s>a 
In general, we can prove 
n! 


The above Example 1 can be generalized to the complex plane: 


(5.31) 


L{exp(iwt)} = aD 


and 


L{exp(—iwt)} = (5.32) 


Stiw 


Example 4 
Compute L{cos wt} and L{sin wt} 


Solution 
From Euler’s formulas 
exp(iwt) = coswt +isinwt 
Veer aioe = coswt —isinwt 
we get 


cos wt = 5 (expliat) + exp(—iwt)) 
Thus, 
1 
L{cos wt} = Lf (exp(iwt) + exp(-iwt))| 


= 5 flex Ciast)} + 5Llexp(-iat)} 


=5 (ssa) toate) 
~ 2\s —iw 2\s +iw 
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1 1 1 
-;(— +=) 
2\s-—iw stiw 
Ss 
~ 52 4 2 


Therefore, we have obtained one of the most important LTs, 


Licos wt} = =——> 
{ } s2 + w? 
Similarly, for sin wt, we have 


1 
sin wt = 3, (expliwt) — exp(—iwt)) 


Then, 
al 
L{sin wt} = 3 (L{exp(iwt)} — L{exp(—iwt)}) 
— 1 ( a 1 ) 
2i\s-—iw sti 
_  @ 
~ 52 4 w?2 
Therefore, we have obtained another one of the most important LTs, 
L{sin wt} = —~—; 
{sin wt} ae 
Example 5 
Compute L{cosh wt} 
Solution 
Because 
1 
coshwt = 5 (exp(wt) + exp(—wt)) 
we get 


L{cosh wt} = cf (exp(wt) + exp(-at))} 


1 1 1 
“ieatsta) 
2\s-wW st+w 


s2 —w2 


Similarly, we have 


ro) 
L£{sinh wt} = =—> 
chs 


Example 6 
Compute L{exp(at) cos wt} 
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Solution 

Let f(t) = cos wt. From the previous discussion, we know that 
F(s)=£ t=—=—> 
(s) {cos wt} 2a? 

Therefore, using the translator property, we get 

Lf{exp(at) cos wt} = F(s — a) 
s—a 

~ (s—a)? +02 


Example 7 
Compute L{3 exp(2t) + 2 sin? 3t} 


Solution 
L{3 exp(2t) + 2 sin? 3t} = £L{3 exp(2t) + 1 — cos 6t} 
3 1 S 
s—2 a Ss s2+4+36 
353 + 144s — 72 
~ s(s — 2)(s? + 36) 


5.2.3. Transforms of Step and Delta Functions 


Unit Function: Given a unit step function, aka, Heaviside function for 
honoring the self-taught electric engineer Oliver Heaviside (1850- 
1925), shown by Figure 5.1, defined as 


0, t<0 
u(t) = {, t>0 


, 
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0 


Figure 5.1 The unit step function u(t). 


Since u(t) = 1 for ¢ = 0 and, because the LT involves only the values 
of a function for t => 0, we see immediately that 


1 
Lu@j==, s20 (5.33) 
Furthermore, for any function f(t), F(s) = L{f (t)}, we know that 


Ltf (Qu@)} = F(s) (5.34) 


A more generalized step function u,(t) = u(t — a) shown by Figure 
5.2 sets its jump at t = a rather than at t = 0, 


u,(t) = u(t —a) = Ge : e : (5.35) 


Uu 


Figure 5.2 The step function u(t — a). 
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To perform LT on u,(t), we use LT’s definition, ie, 
Lug (t)} = Ltult — a)} 
— u(t — a) exp(—st) dt 


0 
a 


=| 0-exp(—st)d —st)d 
i exp(—st) c+] exp(—st) dt (5.36) 


(oe) 


1 
= ——exp(—st) 
Ss t=a 


1 
= 5 exp(-as), s>0,a>0 


Thus, we obtain a more general LT, 


L{ug(t)} = ~exp(~as) Vs,a>0 (5.37) 


Example 1 
Suppose F(s) = L{f (t)}, compute L{u(t — a) f(t — a)} 


Solution 
From the definition of the LT, we have 


Fs) = LF) = [ F@ exp-se) at 
0 
On the other hand, we have 


L{u(t — a) f(t -—a)}= zc — a)f (t — a) exp(—st) dt 
0 
= [oo dt + [ re — a) exp(~st) dt 
0 a 


= exp(—as) [ re —a) exp(—s(t - a)) dt 
Let tT = t — a, we have . 
L{u(t — a) f(t — a)} = exp(—as) I f @ exp(-st) dt 
0 


= exp(—as) L{f(z)} 
= exp(—as) F(s) 
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Example 2 
Compute L{(t — a)u(t — a)} 


Solution 
Let f(t) = t, we know that 
F() = £0} = 5 
Using the result from Example 1, we have 
L£{(t — a)u(t — a)} = L{f(t — a)u(t — a)} 
= exp(—as) F(s) 


1 
oo exp(—as) 


Delta Function: Another generalized function, the so-called Delta 
function, aka, Dirac Delta function for the introduction of the 
function by the English theoretical physicist Paul Dirac (1902-1984), 
is defined as 


t#a 


0, 
5(t-a)={° aes 


d(t-a) 


Figure 5.3 The ee er d(t—a). 
Mathematically speaking, 6(t — a) or 6(t), is not strictly a function. 
But, it serves the “mathematical” purposes of engineering nicely, eg, 
it is used to express the unit impulse in signal processing, it is used 
to express the point charge in electromagnetism, and it is also used 
to express point mass in study of gravity. 
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The Delta function has a few important properties including 
ic —a)dt=1 
and ~ 
[ rose -aae = r@ 
Using these properties, noe find the LT of 6(t — a) as 
L{d(t —a)} = xc — a) exp(—st) dt 
0 


= exp(—sa) 


5.2.4 The émultiplication Property 


The émultiplication property, also called the frequency differentiation, 
is another important property. Given L{f(t)} = F(s), when taking 
derivative wrt s, we have 


ail dt)= g 5 
af f (t) exp(—st) ) =7,F°S) (5.38) 


By exchanging the derivative and integral operation, we have 


ad 
[ £¢@ exCsoae =F’) 
Dads (5.39) 
° Lec exp(=ae SE") 
0 


Thus, 


L{tf(t)} = I tf (t) exp(—st) dt = —F'(s) (5.40) 


0 


Similarly, we have 


L{t* f(t)} = F"(s) (5.41) 
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Generally, 
L{t" f(t)} = (-1)"F™(s) (5.42) 
Example 1 
Compute L{t exp(at)} 
Solution 


Method 1: By t-multiplication property. 
Let f(t) = exp(at), we know from shifting property, 
F(s) = L{exp(at)} = 
s-a 


By applying the t-multiplication property, we have 
L{tf()} = -F'(s) 


=(=)) 


= 1 
SG)? 


Method 2: Using the shifting property. 
Let f(t) = t, we know that 
1 

F(s) =L{t} = ae 

By applying the shifting property, we have 
1 
L{exp(at) f(O} = F(s— a) = Cea 
Method 3: Using the differentiation property. 
Considering f(t) = t exp(at) and denoting F(s) = L{f(t)}, we have 
f'(@) = exp(at) + at exp(at) 
Performing LT on both sides, we have 
L{f'(O} = Lfexp(at)} + alff(t)} 

Applying the differentiation property, we have 


1 
sF(s) — f(O) = ey Pers) 


Solving this AE, we get 


eo) 
a oe (s — a) - s—a 


Since f (0) = 0, we have 


277 


Chapter 5 Laplace Transforms 


278 


Example 2 
Compute L{t sin wt} 


Solution 
Let f(t) = sin wt and thus, 
w 
F(s) = L{f(t)} = —=—— 
(s) = LUO} = ao 
Applying the t-multiplication property, we have 


L{tf ()} = —F'(s) 


t 


w 
=a) 
2ws 
CED 
That is 
: 2ws 
L{t sin wt} = Gere: 
Remarks 


Similarly, we may calculate 
2 


d w 6ws? — 20? 
L{t? sin wt} = sa ) = 


st+w2/” (s2+w?2)3 (5.43) 


Example 3 
Compute L{t cos wt} and L{t? cos wt} 
Solution 
Similar to Example 2, we have 
Ss ! s2 = w2 
L{t cos wt} = — (= i =) = tt 02) 


and 
Ss )' 2s? — 6sw? 


L{t? cos wt} = (=—5) = ———— = 
{ } (ae (s? + w2)? 
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5.2.5 Periodic Functions 


For a periodic function f(t) with period T that can be defined as 
fO=fC+T) Vtez0 (5.44) 
the LT can be obtained using the original definition of the LT 


Lof(O) = | f(t) exp(—st) dt (5.45) 
0 


i 7 
= i f(t) exp(-st) dt + f(t) exp(~st) dt 

0 T 

ar 
+ f(t) exp(~st) dt ... 
2T 
T T 

= f(t) exp(-st) dt + i f(t+T) exp(—s(t + T)) dt 

0 0 


T 
+ f(t + 2T) exp(—s(t + 2T)) dt... 
0 


T 
= (1 + exp(—sT) + exp(—s2T) + ~)f f(t) exp(st) dt 
0 


1 T 
= erent f (t) exp(=st) dt 


Therefore, for periodic functions, one only needs to compute the 
integral for the first period and multiply it by a period-dependent 
factor 


LfO}=7 [’ f (t) exp(—st) dt (5.46) 


ae sT) 
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5.2.6 Differentiation and Integration Property 
In order to utilize LTs to solve DEs, we need to be able to perform 
LTs on differentiation and integration. 


Let’s first consider L{f'(t)} using the definition F(s) = L{f(t)}. 
Using integration by parts, we have 


ceo) = | f'@expse) at 
0 
= exp(-st) FOIE 
- | F@acexp(-se)) au 


= exp(~s x ©) f(0o) 
~ exp(—s x 0) (0) 


+ s| f (t) exp(-st) dt 
0 
Since F(s) = fe f (t) exp(—st) dt, we have 
L{f'(t)} = sF(s) — f(0) (5.48) 
from which we can derive the LTs for higher order derivatives, eg, 


cof" (3 = Lf) 
= sL{f'()}— f'(0) (5.49) 
= s(sF(s) - f(0)) - f'0) 
Thus, 
Lf" (t)} = s?F(s) — sf) - f'(0) (5.50) 
Similarly, 
LEf" (t)} = sLef" (I - FO) 
= s3F(s) — s*f(0) — sf"(0) 
- f""(0) (5.51) 


In the same manner, we find the general LT for f(t) 
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L{F™ (t)} = s"F(s) — s™-1f(O) — + — FO-D(0) 


(5.52) 


However, computing the LT for an integration £ { i f (r)dz} is a little 


more involved. Consider 


g(t) = | f (dz 
0 


(5.53) 


and, denoting G(s) = L{g(t)} and F(s) = L{f(t)} and using (5.48), 


we get 


Lig'(t)} = sG(s) — g(0) 
Since g'(t) = f(t), the above can be written as 


F(s) = sG(s) — g(0) 
Thus, 


1 
G(s) = —(F(s) + 9) 
It is easy to recognize g(0) = i f(d)dt =0 


Finally, we get G(s) = = F(s) or 
cf {'seoar} = ~F(s) 


2 


eff (x tae, ar} = () F(s) 
ff (f'( “/ta)aty) dt) ar} zs el F(s) 


Similarly, we have 


and 


(5.54) 


(5.55) 


(5.56) 


(5.57) 


(5.58) 


(5.59) 
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Example 4 
Re-compute L{t sin wt} 


Solution 
Let f(t) =tsinwt and denote F(s) = L{f(t)}. By taking derivative, we 
have 

f'@) = sinwt + wt cos wt 

f"(t) = 2wcoswt — w*t sinwt 
Performing LT on f’’(t), we get 

Lf" (t)} = 2wLlf{cos wt} — w?L{t sin wt} 

Using (5.50), we get 


‘ . 2s 7 
s*F(s) — sf(0) - f') = zg o F(s) 


Obviously, f’(0) = f(0) = 0. Thus, 
2Ws 


*O= Gye 


Problems 


Problem 5.2.1 The square wave function g(t) is shown in Figure 5.4 and 
its mathematical expression can be constructed by Step functions as 


g(t) =2 Yep —n)—u(t — 0) 
n=0 
Prove 
1 — exp(—s) a Ss 


L{g(t)} = s(1 + exp(es)) = = tanhs 
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1 4 ——_' — 
Figure 5.4 The square wave function for Problem 5.2.1. 


Problem 5.2.2 Compute the LT 
d 
£ = (t? exp(at) sin(wt))| 


Problem 5.2.3 Compute the LT 


vt 
L Jane | exp(—t) ac| 
0 


Problem 5.2.4 Compute the LT of the following function. 
f(t) = t? sin(w,t) + exp(at) cos(wst) 


Problem 5.2.5 Compute the LTs of the following un-related functions. 


f=) ue-m 


f()=t-ld 


In both cases above, t > 0 and |t| is the floor function of t and u(t — 7) is 
the usual step function. 


Problem 5.2.6 LT is defined as 
F(s) = i f (t) exp(—st) dt 
0 
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Perform LT on the following functions: 
(1) f(Q)=t° 
(2) f(t) = exp(at) 
(3) f(t) = sin(wt) 
(4) f(t) = exp(at) sin(wt) 


Problem 5.2.7 Compute the LT of the following triangular wave function 


shown in Figure 5.5. 
Hint: the function during the 1* period can be written as 


sts 


0 
T 
2 


—2T —T 0 T 2T 


Figure 5.5 The triangular wave function for Problem 5.2.7. 
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5.3. Inverse Laplace Transforms 


We introduce the inverse LT 
L-'{F(s)} = f(t) (5.60) 
where 
F(s) = Lf} (5.61) 


Theoretically, we have to calculate the Bromwich integral (also 
called the Fourier-Mellin integral) to find the inverse LT. 


1 ytico 
f@QH= LHF) = al . exp(st) F(s)ds (5.62) 
y—ico 


where y > R(s,) for every singularity s, of F(s). 


To actually calculate this integral, one needs to use the Cauchy 
residual theorem. However, for most cases, we can find out the 
inverse LT by simply looking up in the LT table, with some basic 
manipulations. Like the forward LT L{f(t)}, the inverse LT 
L-1{F(s)}, is also linear, ie, 


L-'Na F(s) + B G(s)} = aL“*{ F(s)} + BL“*£ G(s)} 


= af (t) + Bg(t) 
Example 1 
Compute 

(al 1 

a rer (6.63) 

Solution 
ob 8g 
s* s-a s? s-a 
= t — exp(at) 

Example 2 
Compute 
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1 
Lt {tan +} 
s 


Solution 
Using two important relationships: 
(1) The derivative of tan~* - is a simple rational function 
d eel 1 
a5 (ta :) ~ 5241 
(2) The &multiplication property 
L-MF'(s)} = -t£“*{F(s)} 


Or 
1 
£F(s)} = (-5) LF) 
Thus, 
1 1 d 1 
etn) (5) Fae (P| 
Ss t Ss Ss 
ets 
t st*4+1 
_ sint 
~  ¢t 
Therefore, 
1 sint 
Lot {tan A +} = — 
t 
Example 3 
Compute 
1 
rc 
s*(s —a) 
Solution 
Method 1: Using the integration property. 
Given 
1 
L 1) rode] = —F(s) 
5 Ss 
Conversely, 


1 t 
Lee {-F(s)| = ( f(dt 
s 0 
Now, we can proceed 


Lot {- z -} = exp(at) 


(5.64) 


(5.65) 


5.3. Inverse Laplace Transforms 


[ 


cof : }= [ exp(anar 


sS—-a 
0 


= = (exp(at) ~ 1) 


| po } = [depen —1)dt 


s?s—a 
0 
1 
= gz (exp(at) —at—1) 


Method 2: Using partial fractions. 
Let 
1 A B C 

S(s—a) ss? s—a 

We have 
1 = (As + B)(s — a) + Cs? 

= (A+C)s? + (B—Aa)s — Ba 

Matching coefficients, we have 


A+C=0 
B-Aa=0 
—-Ba=1 
Thus, 
1 1 af 
Wer Beas C= 


which means 


Ge Gece 


By linearity, we have 


gala th -atalta 
st(s—a)) a s) a s2) a? 


= re (at) 
= at + Ga expla 


= = (exp(at) —at—1) 
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Problems 


Problem 5.3.1 Prove that 


cat 


ETO RE: apa (sin(kt) — kt cos(kt)) 


If given 
— k2 
L{k cos(kt)} = eae 
; k 
L{sin(kt)} = g2 


Problem 5.3.2 Show the relationship 
fers) 
£1 )——S*/ = Jo(2vE) 


where J(t) is the so-called Bessel’s function defined as 


Jo(2v8) = a ar (ve) 


Problem 5.3.3 Compute the following inverse LT 
et 2s 
G?P= 1 
Problem 5.3.4 Compute the following inverse LT 


ue exp(—as) 
s(1 — exp(—as)) 


Problem 5.3.5 The following equation is one of the so-called Volterra 
Integro-Differential Equations (IDE) containing the unknown function 
X(t) 


t 
x(t) = sin(t) + 2{ cos(t — tT) x(t)dt 
0 


Use LT to solve this equation by completing the following steps: 
(1) Use LT to transform the above IDE into an AE containing unknown 
function in Laplace space X(s) with given formula 
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Ss 


t 
off cos(t — T) x(ade| tama 1x) 


(2) Solve the AE for X(s). 
(3) Inverse LT to obtain the unknown function x(t) as a function of t 


Problem 5.3.6 Solve the following Volterra IDE. 


x(t) = 2 exp(3t) — [exec - t)) x(t)dt 
0 
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5.4 The Convolution of Two Functions 


Consider two functions f(t) and g(t), a binary operation defined as 


foes =| f@ge-dae (5.66) 
0 


is called the convolution of these functions. This operation has 
elegant and useful properties associated with LTs and one of the 
properties is called Convolution Theorem. 


Convolution Theorem 
Denoting F(s) = L{f(t)} and G(s) = L{g(t)}, we have 
L{f H@g@)} = Lf OsL{g@} = F(s)G(s) (5.67) 


Proof 
f()@g(t) = i fOg(t -— dar 
o. 
=| f@ge-dar 
0 


(5.68) 
+ i 0x f(t)g(t — t)dt 
= ic —T)f(tg(t —t)dt 
0 
where u(t — T) is the unit step function. Thus, we have 
Lf O@g)} =| exp(-se)dt | uce-Df@g(e- Dar 
Bic oe 0 
- I i exp(—st) u(t — tT) f(t) g(t — t)dtdt (5.69) 


Introducing a new variable t; = t — tT to replace t, we have 
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Lf OBg(t)} = i i exp[—s(t, + J ut) f@ag(t)dtdt, 
0 0 


= exp(=se ue gee 
0 
= exp(—st,) g(ty)dt, pea k@dr 
0 0 
= F(s) X G(s) (5.70) 


Conversely, 


L-'{F(s) x G(s)} = fO@g(t) (5.71) 
Thus, we can find the inverse LT of the usual product of two 
functions F(s)G(s) as long as we can evaluate the convolution of 
f(t) and g(t). The binary operation, convolution, satisfies the 
following simple rules: 


(1) Commutative: f,@fo = AL@f 

(2) Distributive: f,@(fa + fe) = fi®@fa + fi@fe 
(3) Associative: f,@(fL@fs) = (1, @fh)@fs 

(4) Zero: f,®0 = 0 


Example 1 
Compute the following simple convolutions 
fi =1@1 
fot) = 1@t =t@l1 
f,(t) =t@t (5.72) 
fa(0) = exp(at) @ exp(Bt) 
Solution 


£ 

fi) =1@1= | 1x1dr=¢ 
0 
t 


f(t) = 18 = | Lx(t-ndr= 50? 
0 


t 
A(t) =t@e=[ e-ndr= 20° 
0 
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fa(t) = exp(at) ® exp(6t) 
t 
= I exp(at) exp(B(t - t)) dt 
0 


t 
= exp(ft) | exp((a — B)t) dt 
0 


_ exp(at) — exp(ft) 
og 


where 


exp(at) — exp(ft) 
fie EN 


ae Goh = t exp(at) = t exp(Gt) 


Example 2 
Compute cost @ sint and sinwt ® sin wt and cos wt ® cos wt 


Solution 
Recognizing the trigonometric identity 
sin(A + B) = sinAcosB +cosAsinB 
cos(A + B) = cosAcosB ¥ sinAsinB 
These can be written as 


1 
cosA sin B = 5 [sin(A + B) — sin(A — B)] 
1 
sinAsinB = zleos(A — B)-—cos(A + B)] 
Thus, 
t 
cost @sint = i cos(t — t) sint dt 
0 
1 t 
= al (sin t — sin(t — 2t))dt 
2) 
=5( int e (t 22)| 
=5(tsint — 5 cos T - 
ee 
=-tsint 
So, 


1 
cost ®sint Sg fone 


1 
sint @cost =Ztsint 
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Obviously, 


cost @sint # cost X sint 


Next, we compute 
t 
sinwt ® sinwt = i sin w(t — tT) sinwt dt 
0 


1 t 
= al (cos(w(t — 2t)) — cos(wt))dt 
0 


1 t 
= al (cos(w(t — 2t)) — cos(wt))dt 
0 


1 
= —(sinwt — wt cos wt 
Fas ) 


Similarly, 
t 


cos wt ® coswt = I cos w(t — T) coswt dt 
0 


1 t 
= al (cos(w(t — 2t)) + cos(wt))dt 
0 


1 t 
= al (cos(w(t — 2t)) + cos(wt))dt 
0 


1 
= —(sinwt + wt cos wt) 
2W 


Thus, 


1 
sinwt ® sinwt = Ze “sin wt — wt cos wt) 


1 
cos wt ® cos wt = Je “sin wt + wt cos wt) 


If m = 1, we get 


1 
sint ® sint = 5 (sint — tcost) 


1 
cost ® cost = 5 (sint + tcost) 


Example 3 
Compute 


L fa} (5.73) 


Solution 
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-fjemt 


= t@ exp(at) 
t 
= | exp(at) (t — t)dt 
0 


t 
= | (t exp(at) — tTexp(at))dt 
0 


t t 
= ef exp(at) dt =I ~ d(exp(az)) 


t 


t T 1 
= (- exp(at) — q oxptat) + —exp(ar)) eg 


= = (exp(at) —at—1) 


Consistent with results obtained earlier in Example 3 of the previous 
section. 


Problems 


Problem 5.4.1 Use Convolution Theorem to prove the following identity 


1 
£71} —__| = exp(t) erf(vt 
fe : a} pn? 
where £7! denotes an inverse LT and erf(x) is the “error function” defined 
by 


2 x 
erf(x) = —|{ exp(—u?) du 
Vit Jo 
(Hint: Use substitutionu = Vt.) 


Problem 5.4.2 Find the GS to the following DE 


x 


y(x) = x cos(3x) — I exp(T) y(x — T) dt 
0 
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5.5 Applications 


LTs can help solve some of the linear (and, in special circumstances, 
nonlinear) DEs much more conveniently than the other methods we 
learned earlier. Starting from Section 5.2.4, we demonstrate such 
values of the LT methods. 


The most essential step of applying LT to solving DEs is to use the 
following formulas 


Ltf'(O} = sLtf OF — FO) 
LEf"(O)} = s*L{f(O} — sf) — f'(0) 


LF} = sPEEFO}= sO == Fe OM 
= s*£{F(O}— ) sf (0) 
Thus, for a linear DE of the ae form 
) af =o) (5.75) 
applying LTs on both ae yields 
: a L{fPO} = LPO} (5.76) 
a 


Applying the differentiation property, we write the equation as 


m J 
>a [ %LFO}- Ds FMO) } = LO} 6.77) 
j i=1 


j=0 
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j 


> as! LFO} = aj > si-'f-O(0) = L{p(t)} 
j=0 j=0 i=1 
m J 
: j-i ¢(i- 
Lif} = De asi L{p(t)} + d, aj Z si-if¢@D (0) 


where f “)(0) are ICs. 


Finally, applying inverse LT, we get the solution to the DE, 


fe) =£71— = _( cto} 


vino YS 
m j 
>. a; YY si-if-D (0) 
j=0 i=1 


(5.78) 


Example 1 
Use LTs method to solve the following IVP (Homo DE with given IC’s) 
x" —x'—6x=0 
x(0) = 2 (5.79) 
x'(0) =-1 
Solution 
Applying LTs to both sides of the DE, we get 
L{x" — x' — 6x} = L{0} 
L{x'"} — L{x'} — 6L{x} = 0 
(s?X(s) — sx(0) — x'(0)) = (sX(s) - x(0)) — 6X(s) =0 
Plugging in the IC’s, we get 
s?X(s) —2s+1-—sX(s)+2-—6X(s) =0 
X(s)(s? —s— 6) —2s+3=0 


By partial fraction decomposition, we have, 


¥)=5(S3)+5(3) 
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Thus, we can find the PS to the original DE by applying inverse LT 
x(t) = L7*{X(s)} 


=a) +33) 


7 3 
= = exp(—2t) + 5 exp(3t) 


Example 2 
Use LTs method to solve the following IVP (InHomo DE with given IC’s) 
x" +4x = sin3t 
x(0) = 0 (5.80) 
x'(0) =0 

Solution 
Such a problem arises in the motion of a mass attached to a spring with 
external force, as shown in Figure 5.6. 


ft) 


Figure 5.6 A block-spring system with an external force f(t). 


Apply LTs on both sides of the DE 
L{x" + 4x} = L{sin 3t} 
we get 
(s2X(s) — sx(0) — x'(0)) + 4X(s) = rey: 
Plugging in the IC’s, we get 
3 
x 244) =~ 
(s)(s* + 4) Foe e: 
3 
(s* + 4)(s? + 9) 
By partial fraction decomposition 


X(s) = 


B 


Giese 
(s) Lat se 49 


we get 
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Thus, 
5 s?+4 5 s?+9 


=a(aen)-sle5e) 
~ 10\s2 +22) 5\s2 +32 


Finally, applying inverse LT generates the PS to the original DE 
x(t) = L71{X(s)} 


3 2 1 3 
10 \s2 + 22 5 \s2 + 32 
10 s?4+22) 5 s2 + 32 


3 1 
= — sin 2t — -— sin 3t 
10 5 


Example 3 
Use LTs method to solve the following IVP (InHomo DE with given IC’s) 
x" —x'— 12x = cos 3t + exp(4t) 
x(0) = 2 (5.81) 
x'(0) =1 
Solution 
With the given IC’s, we get 
L{x""} — L{x'} — 12L{x} = L{cos 3t + exp(4t)} 


J 7 Ber a 7 _ _ 8s 1 
(s*X(s) — sx(0) — x'(0)) — (sX(s) — x(0)) 12X(s)= Sgt sua 
Ss 
(s— 4) +3)X(9) = Sarg tyaqtes-1 
x(s) = 5( 1 1 )( Ss i: 1 5 1) 
Po ig aaah ieee) WeeG ged 
= a (3) toe (sa) ae aaa) 
~ 650\s+3/ 195\s—4/ 150\s24+32/  150\s? 4 32 
HS) 
4\s -—4 


Applying inverse LT of the above, we get 


eb =” ei s= ere ae 
x = 650%? Tos XP Ts0°°° T5000 


1 
+ 7 t exp(4t) 
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Example 4 
Find the GS to the following DE.Syst 
2x" = —-6x + 2y 
y" = 2x —2y 4+ 40sin 3t (5.82) 


x(0) = x'(0) = y(0) = y'(0) = 0 
which models the following spring system. (Figure 5.7) 


Figure 5.7 A system of two blocks connected by two springs and an external force f(t). 


Solution 
With the given IC’s, we have 

L{x" (t)} = s?X(s) 

L{y"(t)} = s?¥(s) 
Performing LT on both sides of the original DEs, we have, 

2s?X(s) = —6X(s) + 2Y(s) 
3 
2V¥(s) = 2X(s) — 2Y 40 (=) 
s*¥(s) = 2X(s) ~ 2¥(s) + 40(555 

where we have used 


L{sin 3t} = azas6 
Resulting two AEs defined in the s-space 
(s? + 3)X(s) —Y(s) =0 
—2X(s) + (s* + 2)Y(s) = ue 
s?+9 
Substituting the first equation 
Y(s) = (s? + 3)X(s) 
to the second, we get 
120 
(s2 + 9)((s? + 2)(s? +3) —2) 
= 120 
(s* + 1)(s? + 4)(s? +9) 
Plugging this back into the first equation, we have 


X(s) = 


299 


Chapter 5 Laplace Transforms 


120(s? + 3) 
(s? + 1)(s? + 4)(s? +9) 
Next, express X(s) and Y(s) using partial fractions, for example for X(s) 
we let 


Y(s) = 


120 A B C 
(s? + 1)(s*? + 4)(s? +9) ~ S24 ee $4 9249 
The following steps demonstrate the details of partial fractions. 
120 = A(s? + 4)(s?. +9) + B(s? +1)(s? +9) + C(s? + 1)(s? + 4) 
Ifs? = —1, then, 120 = A(—1 + 4)(-14+ 9) + 0+ 0. Thus, A =5. 
Ifs? = —4, then, 120 = 0+ B(-4 + 1)(—4 + 9) + 0. Thus, B = —8. 
Ifs? = —9, then, 120 =0+0+C(—9 + 1)(—9 + 4). Thus, C = —3. 
Therefore, 
5 8 3 
Hl ef as e249 
1 2 3 
Se ae 
Applying inverse LT produces 
x(t) = L7*{X(s)} 


= 5sint —4sin2t + sin3t 


X(s) = 


Similarly, for Y(s) 
120(s? + 3) _o£E " F ~ G 
(s2 + 1)(s?2 +4)(s2?+9) s*4+1 s?+4 = s#4+9 


Thus, 
120(s* + 3) = E(s? + 4)(s? +9) + F(s? +1)(s? + 9) 
+G(s* +1)(s? +4) 
Ifs? = —1, then 240 = E(—1+ 4)(-1+4+ 9) +0 +0. Thus, FE = 10. 
Ifs? = —4, then -120 = 0 + F(—4 + 1)(—4 + 9) + 0. Thus, F = 8. 
Ifs? = —9, then —-720 = 0+ 0+G(-9+1)(-9 + 4). Thus, G = -18. 


Therefore, 
V(s) 10 8 18 
= “5244 s2+4 5249 
= 10 +4 & 6 z 
~ st 44 s2 +4 s?+9 
Finally, 
y(t) = 10sint + 4sin 2t — 6sin 3t 
Example 5 


Solve IVP for the Bessel’s equation of order 0. 
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tx" +x'+tx=0 
x(0) = 1 (5.83) 
x'(0) =0 
Solution 
Using the LT of derivatives and the IC’s, we have 
L{x'(t)} = sX(s)-1 
L{x"'(t)} = s?X(s) —s 
Because x and x” are each multiplied by t, by applying the t-multiplication 
property, we get the transformed equation 


~ 4 2x5) —s)+(sX(s) — 1) - = (x(s)) =0 
ds ds 
The result of differentiation and simplification is the DE 
(s? + 1)X'(s) + sX(s) =0 
Since the DE is separable we have, 
X'(s) _ Ss 
X(s)— s*# +1 


and its GS is 


X(s) = 


st*+1 


Remarks 
(1)Here the constantC in the GS of X(s)is actually not an arbitrary 
number. Let s = 0, we have 


aes (5.84) 


On the other hand, from the definition of the LT, 


X(0) = I x(t)dt (5.85) 


This means C is a normalization factor. 
(2) The solution to the original DE, Ze, the inverse LT for 


1 
ee Vs?4+1 (5.86) 


is a function called Oth-order Bessel function of first kind. The general 
form of a order Bessel function is defined as 


(-1)™ xX\ 2mM+a 
LOS 7 miner D (5) (5.87) 
m=0 
Example 6 
Find the PS to the following IVP 
fe + 4x = 2 exp(t) 
x(0) = x'(0) =0 (5.88) 
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Solution 
Applying LT on both sides of the DE, we get 

Lf{x" + 4x} = L{2 exp(t)} 
From the IC, we have 


2 
(s? + 4)X(s) = c= 


x)= (=) (ey) 


Therefore, the PS to the original DE is 
x(t) = L£71{X(s)} 


Te ((; : 7 (3 : 1} 


-fjentaa 


= exp(t) ® sin 2t 
Since 
t 
exp(t) ® sin 2t = i exp(t — T) sin 2t dt 
0 
t 
= expte) [ exp(—T) sin 2t dt 
0 
Let 


t 
l= I exp(—t) sin 2t dt 
0 
Using integration by parts repeatedly, we have 
t 
I= -| sin 2t d(exp(—T)) 
0 
t 
= —exp(—t) sin 2z|5 + 2 | exp(—T) cos 2t dt 
0 
t 
= —exp(-T) sin 2t — 2 I cos 2t d(exp(-T)) 
0 


t 
= — exp(—T) sin 2t — 2 exp(—rt) cos 2 |§ + a{ exp(—T) sin 2t dt 
0 


= — exp(—t) sin 2t — 2 exp(—t) cos 2t + 2 — 41 
This gives 


1 2 2 
T=- = exp(-t) sin 2t — = exp(-t) cos 2t + 5 
Finally, 
2 1. 2 
x(t) = exp(-t)I = 5 exp(—t) — = sin 2t — 5 cos 2t 
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Example 7 
Find the PS to the following IVP 
x" —a’x = exp(Bt) 
x(0) = x'(0) =0 (5.89) 
where a and # are constants. 


Solution 
Applying LT on both sides of the InHomo DE, we get 


(s? — a”) X(s) = L{exp(Bt)} 
Thus, 


1 1 1 
cae Ae —-a st 5) em(B0)} 


Applying inverse LT of the above, we get 


x() = £7 (-(— - —_) ctexn(@0) 


2a\s-a sta 


1 
= 7, (exp(at) — exp(—at)) @ exp(Bt) 


Let’s now compute the convolutions as we did in previous section. 


t 
exp(at) ® exp(ft) = I exp(a(t - t)) exp(BT) dt 
0 


t 
= exp(at) | exp((B - a)t) dt 
0 


t exp(at) ifa—B=0 
= ¢exp(at) — exp(ft) ; 


exp(—at) ® exp(ft) 


[exn(-ace - t)) exp(@t) dt 
0 


t 
exp(—at) { exp((a + B)t) dt 
0 


t exp(—at) ifa+Bp=0 
= {—exp(—at) + ex t 
pew) PBt) ifat+p+#0 
at+BpB 


Thus, there are four cases to examine. 


Case 1:a—f6 =Oanda+f =0. 
This case is equivalent to a = 6 = 0 for which the PS is 
1 
th=<xt? 
x(t) = 5 


a special case where the original IVP reduces to 
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x"=1 
bo = x'(0) =0 


Case 2:a—f6 =Oanda+f #0. 
This case is equivalent to a = 8 + 0 for which the PS is 


x(t) = zl exp(at) — ee) 


1 1/- - 
_ z( Bate = ( exp( “ + me) 


= —(¢ == shit ») 
= 3p exp(a@a eo a 


Case 3:a—f6 #0anda+f =0. 
This case is equivalent to a = —£ # 0 for which the PS is 


1(0) = f(A OE _ cxp(-a) 
es OR GE) aes) 
1/1. 


Case 4:a—f6 #0anda+f #0. 
This case is equivalent to a # +f for which the PS is 


1 a — exp(Pt) = —exp(—at) + sot) 


x(t) = 5a 


a—-Bp at+p 
_ 1 fexp(at) —exp(6t) | exp(—at) — exp(ft) 
226 (ane + eee 
Example 8 


Find the PS to the following IVP 

x" + wx = cos(w,t) 

x(0) = x'(0) = 0 (5.90) 
where w and w, are given constants and they may be equal or they may 
not be. 


Solution 
Applying LT on both sides of the DE, we get 
L{x""} + w*L{x} = L{cos(w,t)} 
s?X(s) — sx(0) — x'(0) + w?X(s) = L{cos(w,t)} 


5.5 Applications 


Thus, 
L{cos(w,t)} 
XxX = 
(s) s* + w? 
Applying inverse LT, we get 


1 
x(t) =L7t tos} @L-{L{cos(w,t)} 
it 


ot eee 


t 
= ~{ sin( wt)cos(w,(t — T))dt 
0 


®cos(w,t) = = sin(oot ® cos(w,t) 


wo 


We have three cases to examine. 
Case 1: w = w, = 0. For this case, the PS is 


t . 
x(t) =| (um sinter) oo 
(0) 


Remark: One may also obtain this PS by solving the IVP with w = w, = 0 


{ x" = 1 
x(0) = x'(0) =0 
Case 2: w = w, # 0. For this case, the PS is 


t t 
x(t) = oa sin(wt +w(t — T))dt + =) sin( wt) — w(t — T))dt 
0 0 


1 : 1 fe. 
=—tsinwt — mal sin(2wt — wt) dt 
2W 2W Jo 


: tsinwt 
=>—tsinw 
20 
Remark: Taking the limit of w — 0, this Case 2 recovers nicely the Case 1 


er ee 1 
lim —t sin wt = ~t? 
@>0 20 2 


Case 3: w # w, and w # 0. For this case, the PS is 


t t 
1 ; 1 F 
x(t) = mal sin(wt +w,(t — t))dt + mal sin( wt — w(t — t))dt 
0 0 


t t 
1 1 
= =| sin((@ — w1)t+w,t)dt + =| sin( (@ — 4)T —w,t)dt 
0 0 
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Example 9 
Find the PS to the following InHomo system 


O=G.)O+Gro 


(0)) _ 0 (6.91) 
Go) = (9) 
Solution 


Applying LT on both sides of the InHomo system, we get 
s(2) = é 4 Nee mi Ge ") 

Y(s) 1 -1/\Y(s) L{sin t} 

Now, we can solve this system in terms of X(s) and Y(s) 


CH? Ge) = Cersna) 


z ) (2 cos(w,t) — cos(wt) — cos(wt — 2w,t)) 
O41 


Thus, we get 
X(s) = GED S + 1)L{cos t} — 4L£{sin t}) 
Y(s) = ED Sey Mitoos t} + (s = 2)L£{sin t}) 


Using partial fraction decomposition, we get 


X(s) = CERES ((s + 1)L{cos t} — 4L£{sin t}) 
ie ae 1 4; 1 1 
= 5 (sagt qq) Moos) 3 (Sg pg) Asin 
Y(s) = ED Say Loos t} + (s = 2)L{sin t}) 


= = (— spp) Hloos td + (5 +p) Aton 
“Sigs sage" (= spay 
Thus, 


y= of (; - 3 a Ss : 5) es sa Ss 3) Atsina] 


= a(4 exp(3t) + exp(—2t)) © cost — = (exp(3t) — exp(—2t)) ® sint 


_,(1/ 1 1 1; 1 4 ; 
Ve) fF (5 — pg) steosed +5 ( 33) Htsina| 


= = (exp(3t) — exp(—2t)) ® cost + = (exp(3¢) + 4exp(—2t)) ® sint 
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Example 10 
Find the PS to the following IDE 
t 
x'(t) + 2x(t) - 4{ e(-Dx(1)dt = exp(t) 
0 
x(0) =0 


Solution 


(5.92) 


Applying LT on both sides of the equation and using the Convolution 


Theorem, we find 
(sX(s) — x(0)) + 2X(s) — 4L{e @ x(t)} = L(exp(t)) 
1 
sX(s) + 2X(s) —4 (—) X(s) = L(exp(t)) 


Solving for X(s) and performing partial fraction, we obtain 


-—1 
x() = (=) Lex) 


1; 1 4 
= slat sea) ow) 


Applying inverse LT, we get 
x(t) = L7'{X(s)} 


- so ((; - 2 i Ss : 3) £(exn®)| 


= = (exp(2t) + exp(—3t))® exp(t) 


Using the convolution formula obtained in the previous section, 


exp(at) ® exp(Pt) = — 


we get 


_1 exp(2t) — exp(t) exp(—3t) — exp(t) 
(0 =3( 221 31 ) 


= = (—3 exp(t) + 4 exp(2t) — exp(—3t)) 
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Problems 


Problem 5.5.1 Apply the convolution theorem to derive the indicated 
solution x(t) of the given DE with IC x(0) = x’(0) = 0. 
x" +4x = f(t) 


1 t 
x(t) =5{ f(t —t)sin2t dt 
0 


Problem 5.5.2 Find the GS to the following IDE and you may not leave the 


solution in its convolution form. 
t 
x'(t) + 2x(t) - a{ exp(t — t) x(t)dt = sint 
0 
x(0) =0 


Problem 5.5.3 Find the GS to the following DE system 
ie = —4x +sint 
y" = 4x — By 


Problem 5.5.4 Use LT to find the PS to the following IVP 
x +x" —6x' =0 
x(0) = 0 
x'(0) =x"(0) =1 


Problem 5.5.5 Find the PS to the following IVP 
x" +4x = —56(t — 3) 
x(0) =1 
x'(0) =0 


Problem 5.5.6 Find the PS to the following IVP 
x" + 6x'+ 8x = —d(t — 2) 
x(0) =1 
x'(0) =0 
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Problem 5.5.7 Find the PS to the following IVP 
x" +2x'+x = 6(t) — d6(t — 2) 
x(0) = 0 
x'(0) =0 


Problem 5.5.8 Find the PS to the following IVP 
x" +wex = ) d(t — 2nty) 
n=0 
x(0) =0 


x'(0) =0 


Problem 5.5.9 Find the PS to the following IVP 
x""+2x'+x=u(t-—a)+6(t—b) 
x(0) =0 
x'(0) =0 


Problem 5.5.10 Find the PS to the following system of IVP. 


x'=x+2y 

y' =2x-2y 
x(0)=1 
y(0) = 0 


Problem 5.5.11 Find the PS to the following system of IVP. 
xy = —2x, +x. + 6(t —7) 
xy) =X, —X2 + 6(t — 27) 
x1 (0) = x1(0) = 0 
x2(0) = x,(0) =0 


Problem 5.5.12 Find the PS to the following system of IVP 
ee + 4x(t) + 6x(t) ® exp(t) = sin(wt) 
x(0) =0 


Problem 5.5.13 Find the PS to the following DE.Syst 


G) =@ 2G)+ enw) 
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Problem 5.5.14 Use LT to find the PS to the following IVP 
e —6x'+8x=2 
x(0) = x'(0) =0 


Problem 5.5.15 Find the PS to the following IVP 
i +2(t —1)x'-—2x=0 
x(0) = x'(0) =0 


Problem 5.5.16 Find the PS to the following IVP 
tx” +x'+tx =0 
x(0) = a = constant 
x'(0) =0 


Problem 5.5.17 Find the PS to the following IVP 
+ 2x'+x = f(t) 
x(0) = x'(0) = 0 


Problem 5.5.18 Use LT to find the PS to the following IVP 
x" +4x' + 13x =texp(-t) 
x(0) =0 
x'(0) =2 


Problem 5.5.19 Use LT and another method to find the PS to the following 
IVP and compare the results. 
x'’—x'—12x = sin4t + expt) 
x(0) = 2 
x'(0)=1 


Problem 5.5.20 Find the PS to the following IVP (where Xo, Vp and w are 
given constants) by: (1) VOP; (2) LT. 
x" + 07x = f(t) 
x(0) = Xo 
x'(0) = v9 


Problem 5.5.21 Find the PS to the following IVP 
{ x" + wx = sin(wyt) 
x(0) = x’(0) = 0 


5.5 Applications 


by 
(1) Any method of your choice except LT. 
(2) The method of LT. 


Problem 5.5.22 Find the PS to the following IVP using two different 
methods 
x'’-x=1-(t-—1)u(t-1) 
x(0) =0 
where u(t — 1) is the so-called Step Function defined as 
0,t<1 
ue-D= ty esy 
(1) LT method. 
(2) Any other method of your choice. 


Problem 5.5.23 Find the PS to the following IVP 
x"(t) + 4x(t) = (1 —u(t — 2n)) cos 2t 
x(0) =0 
x'(0) =0 


Problem 5.5.24 Find the PS to the following IVP 
x" tx) = (plu 
x(0) = 0 
x'(0) =0 
where [t] denotes the greatest integer not exceeding [t], e.g., [0.918] = 
0; [1.234] = 1; [1989.64] = 1989. Your final answer may not contain the 
convolution operator. 


Problem 5.5.25 The motion of a particle in the plane can be described by 
x" + w?x = bosinwot 
ee + w*y = bycoswot 
where W, Wo, and by are all constants. Initially, the particle is placed at the 
origin at rest. Find the trajectories of the particle for 
(1) ® = wo 
(2) w # Wo 


Problem 5.5.26 A block of mass m is attached to a massless spring of 
spring constant k, and they are placed on a horizontal and perfectly 
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smooth bench. During the first T/2 time, we add a constant force f to the 
block from left to right. During the second t/2 time, the force direction is 
reversed but its constant magnitude retains. Repeat this process until 
eternity. Find the displacement of the block as a function of time. The 
initial displacement and speed can be set to zero. 


VV 
m 
Figure 5.8 The block-spring system for Problem 5.5.26 & Problem 5.5.27. 


Problem 5.5.27 A block is attached to a massless spring of spring and they 
are placed on a horizontal and perfectly smooth bench. We add a force 
f(t) = cos 2t to the block during t € [0,27] and remove it at all other 
times (the spring is still there). The EoM of the block is 
x'""+4x = f(t) 
ia =x'(0) =0 
Solve the equation. 


Problem 5.5.28 A block of mass mis attached to two massless springs of 
spring constants k, and kz and they are placed on a horizontal and 
perfectly smooth bench. During t/2 time, we add a constant force f to the 
block from left to right. At the end of the t/2 time, immediately, we 
reverse the direction of the force (but keep the magnitude) and act on the 
block for another t/2 time. Then, we reverse the force and keep repeating 
this process forever. Find the displacement of the block as a function of 
time. 


ky kp 


Figure 5.9 The block-spring system for Problem 5.5.28. 


Problem 5.5.29 Two blocks (A & B) of the same mass mare attached to 
three identical massless springs (as shown). The assembly is placed on a 
horizontal and perfectly smooth bench. Initially, springs stay at their 


5.5 Applications 


natural lengths and both blocks are at rest. During two brief moments, two 
forces were added to the blocks respectively 
= fo t € [0,7/2] = fo t € [t/2,T] 
fal) = fo ow. and fe = th 0.W. 
Compute the displacements of the blocks as a function of time. All 


mentioned parameters, including the spring constantk, are given. You 
may not leave the solution in its convolution form. 


Figure 5.10 The block-spring system for Problem 5.5.29. 


Problem 5.5.30 Two blocks (A & B) of the same mass mare attached to 
two identical massless springs (as shown). The assembly is placed on a 
horizontal and perfectly smooth bench. Initially, springs stay at their 
natural lengths and both blocks are at rest. During two brief moments, two 
forces were added to the blocks respectively 

Compute the displacements of the blocks as a function of time. All 


mentioned parameters, including the spring constant, are given. You may 
not leave the solution in its convolution form. 


k k 
yy WV 
Figure 5.11 The block-spring system for Problem 5.5.30 & Problem 5.5.31. 


Problem 5.5.31 Two blocks (A & B) of the same mass mare attached to 
two identical massless springs (as shown). The assembly is placed on a 
horizontal and perfectly smooth bench. Initially, springs stay at their 
natural lengths, and both blocks are at rest. During two instances t = 
ty and 2ty, two forces were added to the blocks respectively. The EoM of 
the two blocks are 
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mxy = —kx, + k(x2 — x1) + fod(t — to) 

mx = —k(x2 — x1) + fod(t — 2to) 

x1 (0) = x1(0) =0 

x2(0) = x2(0) = 0 
Compute the displacements of the blocks as a function of time. All 
parameters, including m, k, fo, to, are given. You may leave the solution in 
its convolution form if you need to. 


Problem 5.5.32 Consider a system of two masses m, and m; (from left to 
right) connected to three massless springs whose spring constants are k,, 
kz, and k; (from left to right). The entire space is placed on a frictionless 
leveled surface as shown in Figure 5.12. 


Figure 5.12 The block-spring system for Problem 5.5.32. 


(1) Derive the EoMs for the two masses. 
(2) Solve the DEs you derived above with the following IC and simplified 
parameters m, = m, = 1,k, =1,k, =2,k3 =3 

x, (0) = x,(0) = 0 

x4,(0) =0 

x3 (0) =v 


Appendix A 
Solutions to Problems 


Chapter 1 First-Order DEs 


1.1 Definition of DEs 


Problem 1.1.1 
= = y, =—sinx + 2sin2x 
Ta OOD {ye = —cosx + 4cos 2x 
LHS = y;' + y, = —cosx + 4cos 2x + cos x — cos 2x 
= 3cos2x = RHS 


y, is a solution to the DE. 


y = sinx ~cos2x = {7% = cosx + 2sin2x 
° ys = —sinx + 4cos 2x 


LHS = ys’ + yp = —sinx + 4cos 2x + sinx — cos 2x 
= 3cos2x = RHS 
yz is a solution to the DE. 


Problem 1.1.2 

y, = xcos(Inx) 

y1 = cos(Inx) — sin(In x) 
en sin(In x) + cos(In x) 


: x 


LHS = xy! — xyj + 2y1 
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j ( sin(In x) + cos(In x) 
ean ee : 


) — x(cos(In x) — sin(In x)) 
+ 2x cos(In x) 
= 0 = RHS 
yz is a solution to the DE. 
y2 = xsin(Inx) 
ys = sin(inx) + cos(Inx) 
= cos(In x) — sin(Inx) 


" 
2 


x*y7' — xyz + 2y2 
- (one x) — sin(In x) 
ZN (gueaPN te OP uae 
x 


x 
LHS 


) — x(sin(n x) + cos(Inx)) + 2x sin(In x) 


0 = RHS 
yz is a solution to the DE. 


Problem 1.1.3 
From the orthogonality relation, for two curves f(x) and g(x) that are 
orthogonal to each other, we have 


fact 
Here we have 
fi) =x7 +k 
f' (x) = 2x 
Thus, we have 
, 1 
g (x)= a 
g(x) =| (-)ax 
1 
=—--Inx+C 


Problem 1.1.4 
By observation, we can find that 
(xy)' = xy'+x'y =xy’+y = LHS 
and 
(x3)' = 3x? = RHS 
This gives 
xy = x3 
That means y = x? is asolution. 
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Problem 1.1.5 
Guess 
y = cosx 
y' =-—sinx 
y" = —cosx 


LHS = y" +y =—cosx + cosx = 0 = RHS 
y = cos x is a solution to the DE. 


Problem 1.1.6 
1 2x 


= > ————— 
axe (1 +x?) 
LHS = y’ + 2xy? = 0 = RHS 


y 


is a solution to the DE. 


Problem 1.1.7 
y(x) = Cexp(—x3) = y’(x) = —3Cx? exp(—x?3) 
LHS = y’ + 3x?y = —3Cx? exp(—x3) + 3x2(C exp(—x3)) 
=0=RHS 
y = C exp(—x3) is the GS to the DE. 
Plugging y(0) = 7 into the GS, we have 
C exp(0) = 7 
gives C = 7. Thus, 
y(x) = 7 exp(—x°) 


Problem 1.1.8 
y=(x+C)cosx > y' =cosx —(x+C)sinx 
LHS = cosx — (x + C) sinx + (« + C) cosx tanx 
=cosx —(x+C)sinx + (x+C)sinx 
= cosx = RHS 
Plugging y() = 0 into the GS, we have 
y(m) = (t+ C)cost 
=-(1+C)=0 
gives C = —7. Thus, 
y(x) = (x -—1) cosx 
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Problem 1.1.9 
y’ = (tan(x? +) 
Using 
(tanx)! = 
cos? x 
and the chain rule, we get 
, 3x? 
tf 2(y3 
cos*(x3 + C) 
On the other hand, 
y! = 3x*(y? +1) 


sin?(x? + C) 
= 3x? | —.~—— +1 
cos?(x2 + C) 


gu gsi Gre Cy cost eC) 

af cos?(x2 + C) 
a 

cos*(x3 + C) 
They match. Thus, the given function satisfies the DE. 
Plugging the IC y(0) = 1 into the GS y(x) = tan(x* + C), we gettanC =1 
whose root is C = 2/4. One may express the PS as 

y(x) = tan(x? + 1/4) 


Problem 1.1.10 
(= 7x40 
ye ~The x3 
5 3C 
' BS 4 
y'(x) ere: 
ae ig Seo. ee 


Plugging y(2) = 1 into the GS, we have 
yQ)=7@)+=1 
4 23 
Thus, 
C =—-56 


Problem 1.1.11 


yi = expx) 

y1, = 3 exp(3x) 

yi’ = Iexp(3x) = 9y, 
Y2 = exp(—3x) 
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y2 = —3 exp(—3x) 
yz = Iexp(—3x) = Iy2 


Problem 1.1.12 
y =In(x+C) 
pe 1 
oe x+C 
1 1 
LHS = exp(In(« + Vane =(x+ Cac = 1=RHS 
Plugging y(0) = 0 into the GS, we have 
y(0) =Inc =0 
Thus, 
C=1 
Problem 1.1.13 
y = C exp(—x") 


y’ = —nx™1C exp(—x") 
LHS = —nx"-1C¢ exp(—x") + nx""1C exp(—x”) 
=0=RHS 
Plugging y(0) = 2014 into the GS, we have 
y(0) = C = 2014 
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1.2 Slope Fields and Solution Curves 


Problem 1.2.1 
The slope field can be plotted by using the DE y’ = x* —ywhile the 
solution curve by the solution of the DE y = x? — 2x + 2+ C exp(—x): 


y=? — 22 +2+Cexp(—z) 
zx 


Problem 1.2.2 
The slope field can be plotted by using the DE y’+ y = x + 2 while the 
solution curve by the solution of the DE y = x + 1+ C exp(—x): 
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1.3 Separation of Variables 


Problem 1.3.1 
The DE is separable and, using the SOV method, we have 
3xdx dy 
x2+1. y—2 
3xdx _ dy 
| x2+1  Jy—2 
Sma? +1) =-In(y-2)+C, 
C 
y=2+——\_,z 
(x2 +1)2 


Problem 1.3.2 
dy _ 
dx 
1 1 
y 3dy = 4x3dx 


aA i 
[> 3dy = [ #e3ax 


tet 
3y3 


Ax3y 


Problem 1.3.3 


The DE is separable. Thus, we have 
Yad ya + 
aoe x)(1+y) 
dy 
—=(1 d 
iy (14+ x)dx 
dy 
iy fc +x)dx 


1 
Inflt+yl=x4t5x° +C 


Problem 1.3.4 


Since os = x exp(—x), we have dy = x exp(—x) dx. Thus, 
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y= [ xen dx 
=~ [ xd(exp(-x) 


= —x exp(—x) + | exp(—x) dx 


= —x exp(—x) — exp(—x) + C 
Applying the IC y(0) = 1, 
—-1+C=1 
we get C = 2 and the PS to the DE 
y(x) = —x exp(—x) — exp(—x) + 2 


Problem 1.3.5 
dy 


— =-2cos2 
dx COS 4X 


y = | -2cos2x ax 
=-—sin2x+C 
IC y(O) = 2014 gives 
—sin0+C = 2014 


C = 2014 
Problem 1.3.6 
sec? Rae 
yy Pa 
| ee i dx 
sec = | — = 
yay ae 
tany=Vx+C 
The GS is 


y = tan 1(y¥x+C) 
Plugging the IC y(4) = “into the GS, we get 
1 
a = tan-1(2 + Cc) 


C=-1 
The PS to the DE is 
y = tan71(vx — 1) 
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Problem 1.3.7 
a = 2x + 3x” exp(x3) 
d 
Ie 7 [ex + 3x? exp(x?))dx 
Iny = x? + exp(x3) +C 
The GS is 


y = exp(x? + exp(x?) + C) 
Given the IC y(0) = 5, we have 
5 =exp(0+1+C)>C=In5—-1 
Thus, the PS to the DE is 
y = exp(x? + exp(x?) + In5 — 1) 
= 5exp(x? + exp(x?) — 1) 


Problem 1.3.8 
3 
ae res = cos x 
3 
lee hed = | cos ax 
1 ¢d(y* +1) 
ral yt 41 = | cos ax 
1 
gino" +1) =sinx+C 
Problem 1.3.9 
The DE is a separable DE. Thus, 
a = 5x4 -— 4x 
y 
d 
[Ss = [ox — 4x)dx 
y 
1 
—-=x°-2x7+C 
y 
Problem 1.3.10 


d 
a = 2xy? + 3x2y2 = y2(2x + 3x?) 


which is a separable DE: 
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IF = [cx + 3x) dx 


=x74+x9+C 
= 1 
V2 4x84 
Applying the IC y(1) = —-1 
1 
14+1+C 
we get C = —1 and 
_ 1 
vO exe —1 
Problem 1.3.11 
y' cosy = 2x 
| cosy ay = | 2xax 
siny =x7+C 
Problem 1.3.12 


dy 
sie = ycosx 


ic [yea 

sinx 

In|y| = In| sinx|]+C, 
y=Csinx 


Applying the IC y (=) = = to the GS, we have . =C sin> resulting in C = . 


and thus the PS is 


1 . 
y = 5sinx 


Problem 1.3.13 


d 
(x2 + 1) tany= =x 


x 
[ tnyay = [ ae 


1 
—In|cos y| = 5 in? +1)+C 
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Problem 1.3.14 
d 
(+32 = (y-2) 
(y — 2)~?dy = (x + 3)"3dx 
[o —2)*dy = [oe + 3) 3dx 
1 
-(-2)=(-5)@+3)7-G 
1 
=Dts (5) (x+3)24q 


LCE $3) 


_9)-1—2 
(y— 2) +3) 
(x + 3)? 
Ft Ge +3)? 
3 2 
pate (x + 3) 
y} + Cx + 3)? 
Problem 1.3.15 
yi — xy = 3y 


Gee ae 


x +3) 
= cexp(‘ 7 ) ) 
(1+3) 


Applying IC y(1) = 1, we have 1 = C exp (=) = c exp(8) resulting in 


C = exp(—8). Thus, the PS is 


2 
y= exp(SS* -8) 


Problem 1.3.16 
The DE can be solved as 
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(( + Dy)’ = cosx 
(x+1)y= | cos x dx 


=sinx+C 
= sinx+C 
~ x41 
Applying IC, we find C = 1 and the PS 
- sinx+1 
~ x +1 
Problem 1.3.17 
d 
ee) ae = dt 
By(a—Iny) 
d(n y) 2, 
B(a—Iny) 
—d(a—Iny) | 
B(a—Iny) 
—d(In(@ —In 
(n(@=Iny)) 
B 
dil —] 
=| See 
B 
In(a —Iny) 
— ——— =ttc 
B 
a-Iny= exp(—(t + C,)) 
The GS is 
y= exp(a@ = exp(—(ft + C,))) 
If y(0) = Yo 
a—Inyp = exp(—C;) 
If y(00) = Yoo 
Vo = exp(a), B>O0 
a= Inyo 
If B < 0, Voo = 0. 
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1.4 First-Order Linear DEs 


Problem 1.4.1 
Dividing (x? + 1) on both sides of the DE, we have 
| 3x3 6x exp (-$2?) 
aoe x+1° x?2+1 
Let 
3x3 
p(x) = exp (fan) 
3x(x? +1) — 3x 
= exp (J Torre ax) 
= exp (5x - See + ») 
2 2 
3 3 
= (x*+1) Zexp (527) 
We have 


(o(o)y)! = 6x(x? +1) 
y= —| 6x(x? + 1)"2dx 
p(x) 


(x? + 1)2 exp (-52*) (-2@ + 1)2 + c) 


3 3 3 
—2 exp (- =x?) + C(x? + 1)2 exp (- =x?) 
which is the GS. Given y(0) = 1, we have 
1=-24+C3C=3 
Thus, the PS to the DE is 


3 3 3 
y = —2exp (-52”) + 3(x? + 1)2 exp (-52”) 


Problem 1.4.2 
(a) We know that 


y= (c a (- | Pod) 
cexp(- [ p@ar) (- | Pcoax) 


—C exp (- [ Peoax) P(x) 
—P(x)y¢ 


, 
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Obviously, 

Yo + P&)¥c = —P&)yc + P(x)¥c = 0 
This proves that it is a GS to the original DE. 
(b) We have that 


yilx) = (ew (- | P(x)dx) ( i Q(x) exp ( i P(x)dx) ax)) ) 
= (exp (- | Poxdx)) ( | Q(x) exp ( ( P(x)dx) dx) 

+ exp (- [ P@ar) (| Q(x) exp (| P(x)dx) ax) 
= <p@ide (- | P(x)dx) ( | Q(x) exp ( | P(x)dx) dx) 


+ exp (- | Peoax) aw exp (| P(x)dx) 


= —P(x)yp(x) + Q(x) 
Obviously, 
LHS = yp + P(x) yp 
= —P(x)yp + Q(x) + P(x) yp 
= Q(x) = RHS 
(c) Since yc (x) is a GS to y’ + P(x)y = 0, we get 
Yo = —P@) yc 
On the other hand, we know that 
yp = Q(x) — P(x) yp 
Then, for y = yc + yp, we have 


y= + yp)’ 
=o + Yp 
= —P(x)yc + Q(x) — P(x) yp 
= —P(x)Oc + yp) + Q(x) 
= —P(x)y + Q(x) 


That means 
y' + P(x)y = Q(x) 
which means that it is a GS to the DE. 


Problem 1.4.3 


The DE can be written as 
2 
"+-y=7 
y y x 
Let 
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p(x) = exp (| ax) 


= exp(2Inx) 
= x2 
We have that 
(e(x)y)! = 7x8 
That gives 


y=x? (| 7x5dx) 
7 
— y-2[_,4 C 
x (x + ) 
7 
=—x?4+Cx? 
Given y(2) = 5, we have 
C 
5=7+—->C=-8 
bi 4 
Thus, the PS is 


7 
y=—x?- 8x? 


Problem 1.4.4 
Let 
p(x) = exp (| cotx dx) 
= exp(In sin x) 
= sinx 
We have 
(p(x)y)’ = sinx cosx 
which gives 
1 
y= =({ sinx cos x dx) 
sin x 
i sint?x+C 
~  2sinx 
Problem 1.4.5 


Method 1: The 1st.0 linear DE method. 
This DE can be written as 

y! — 3x2y = 21x? 
which is a 1st.O linear DE. Let the IF 
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p(x) = exp (| -3x?dx) 
= exp(-x?) 

We know that 

(exp(—x3) y)’ = 21x? exp(—x?) 
Thus, 

y = exp(x?) | 21x? exp(—x?) dx 

= —7+C exp(x?) 

Method 2: The SOV method. 


The DE can be written as 
y 


——— = 3x2 
yt7 - 
which is separable. Thus, we have 
d 
ae | 3x2dx 
yt7 


In(y +7) =x? +C 
y = Cexp(x?) —7 


Problem 1.4.6 


The DE can be written as 


y'’--y =x" cosx 
x 


Let 
2 
p(x) = exp({ -<ar) 
= exp(—2Inx) 
= x2 
We have 
(p(x)y)' = x? cos x p(x) 
That gives 


y= x5)” cos x p(x)dx 


=x? | cosx dx 


= x*(sinx + C) 
Thus, the GS to the original DE is 
y=x*sinx + Cx? 
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Problem 1.4.7 
1 1 
y toy = Gx + 12 
Let 
dx 
pe) = ex (55) 
= (2x + 02 
We have 
1 t 
(c2x + L2y) =2x+1 
Thus, 
y=(2x+ 17? f @x +1)dx 
= (2x + 1)72(x? +x+C) 
Problem 1.4.8 


Method 1: The SOV method. 
The DE can be written as 


_ 2+) 

~ x2 41 
yi x 
yt1 x?+1 


In(y +1) =In(x? +1) + Cy 
y=Cx?+C-1 


Method 2: The 1st.0 linear DE method. 


Rewriting the DE, there emerges a linear DE 
2x 2x 


y ry ee | eae a 


p(x) = exp (| - car) 


whose IF is 


Thus, we know, 


yy 2x 
a eae 
2xdx 
y = (x? +i Sy r+? 
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= (x7 + 1)( : +6) 
~ x?24+1 
=-14+C(x? +1) 


Problem 1.4.9 
To solve this DE, we can regard x as the DV and y as the IV. Thus, we have 


dy 
1+2xy)—=1+y? 
(1 + 2xy) = t+y 


dy 1+y? 
dx 1+ 2xy 
dx 1+2xy 
dy ty? 
dx 2y 1 


dy 1+y2~— 1+y? 
a 1st.0 linear DE of x wrt y whose IF is 


rod vol (-=225)) 
d(1+y?) 
nal [2 


= exp[—In(1 + y”)] 
- 1 
~1+y? 


Thus, 
(pQ)x)' = 


5700) 


= sp] Ta y2? ‘i 
=0499 | a aRY 
“4996; (arctany +23) +¢) 


dy can be evaluated as follows. Let y = tan, 


Note: The integral f 


wy 22 
we have 1 + y* = sec? 6 and dy = sec” 6 dé. 


| : d =i : 26d0 
(1+ y?)2 of sec#0> 


= | cos* 09 


1 
= s{a — cos 26)dé 
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_ 6 sin26 
32 4 
1 
= 7 (8 —sin@cos8) + 


AG ee )te 
~ 2 sec? 0 


=5( tany +5) +C 
= 5 anctalyy. T+y2 


Problem 1.4.10 


The DE can be written as 


whose IF is 
al 
p(x) = exp (Ea 
= exp (5 nx) 
1 
—| x2 
Thus, 
1 
(p(x)y)' = 5x 2p(x) 
This gives 
i 5 = (x)d 
= —— | 5x 2p(x)dx 
Y= p@) : 
1 
=x 2(5x+C) 
Svx + : 
—= x — 
Vx 
Problem 1.4.11 
The DE can be written as 
dx 


ayo exp(y) 
which can be considered as a DE of x wrt y in the following new form 
dx 
—-Pp = 
ay ~PO*= 00) 
Thus, the IF for the DE is 
p(y) = exp (| -1dy) 
= exp(—y) 
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Thus, 
(p(y)x)' = y exp(y) p(y”) 
which gives 
x= <5 | vex) pOD4y 
= exp) { yay 
1 
= exp(y) (59 + c) 
= 57% exp(y) + Cexp(y) 
Problem 1.4.12 
2 
eT ae 
Let 
2 
p(x) = exp ( ——ax) 
= (x+1)? 
Thus, 
((x + 1)*y) = 3(x + 1)? 
y=(«4+1) 7x41)? +0) 
C 
=x+1+ (+12 
Problem 1.4.13 
Converting the DE 
: 1 _ sinx 
" 1+ x” ~1+x 
The IF is 
p(x) = ex ({ sax) =1+x 
1+x 
Then, 
fon sinx 
(P@)y)' = pC) T ay 


(a + xy) = sinx 
(+x)y= | sina ax 


=-—cosx+C 
—cosx+C 


a 1+x 
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Since y(0) = 1, 
yO)=—-=C-1=1 
G=2 
The PS is 
= 2—cosx 
y 1+x 
Problem 1.4.14 
Let x’ = & 
dy 


(@); 2 (By +2 ‘ 
7 aca ae 


Multiplying the above DE by x’ = “ and moving terms around, we get 


2y*x' — 2xy3 = 
Dividing the above DE by 2y* yields 
1 1 
in eo. 


a 1st.0 linear DE with x as DV and yas IV: 
x' + P(y)x = Q(y) 


where 
PO)=-=,  OO=55 
We get the IF 
co -e9(|1038)-ma(-[20) = 


Using the 1st.0 linear DE ae formula, we get 


= ([(eoron)ay +c) 
=lea@ers 
=9(-3 yt c) 
=— ai +Cy 
Problem 1.4.15 
Substitute v = os 
vay" 


2y' + 3xv = 4x4 


, 


3v 
v' +— = 4x? 
x 
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P@)=2, Q(x) =4? 


3 
p(x) = exp (| <ax) = x3 
d 
a PO) = p(x)Q(x) 
v= [ 8@x)ax 


4 wee 
verxrt+— 5 
6 x3 


Pee d 
Back substituting v = a we get 
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1.5 Substitution Methods 


Problem 1.5.1 


We can write the DE as 


dy _y yy? 
rad 


d d 
Letu =2 Then, we have y = ux and Wautce Thus, 
x dx dx 


du 
ut+x—=utwu? 


dx 
du dx 
uz x 
1 
—--=Inx+C 
u 
Back substituting u = 2 we get 
x 
3 Inx+C 


Problem 1.5.2 
Rewrite the DE as 


d d 
Letu =2. Then, we have y = ux and Wautce Thus, 
x dx dx 


pe euae ee 
Uu Nags 2 


udu 7 dx 
J1l+(2uj2? X* 
udu 
—= = In|x| + C, 
Jy1+ (2u)? 
1d(1 + (2u)? 
[SS = In|x|+C, 
8 /1+ (2u)2 
1 
1f (1+ (2u)2)"2*7 
= pale = In|x| zs Cy 
8\ 541 


1 
qvl + (2u)* = In|x|+ Cy 
Vit (2u)? = 4In|x|+C 
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V4y2 + x? = 4x In|x| + Cx 
Problem 1.5.3 
Let v = Iny. Then, y = exp(v) and o = exp(v) ~ 
Substituting into the DE, we get 


exp(v) v’ + P(x) exp(v) = Q(x)v exp(v) 
Obviously, exp(v) # 0. So, we have 


v' + P(x) = Q(x) v(x) 
Problem 1.5.4 


Sy*y! — x?y! = axy 


v=x? > v' = 2xx' 
1 1 1 
x=v2 > x'= (5) v 2y' 
2 
1 


Gee +(Z)"= Gr) 


42 = 5y3 
vt+—= o5y 
y 
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Problem 1.5.5 
Let v = Iny, we have y = exp(v) and y’ = exp(v) v’. Thus, 
x exp(v) v’ — 4x? exp(v) + 2 exp(v) v = 0 


2 
vi +—-v—4x =0 
Xx 
a linear DE whose IF is 


p(x) = exp ({ <a) = x? 


vax? (| 4x°dx +c) 


=x2+Cx-? 


Thus, 


Back substituting, we get 
y = exp(x? + Cx7?) 


Problem 1.5.6 
tx’ —(m+1)t™x + 2xInx =0 
(n+ 1)t™ + 2Inx =0 
Let y = In x. Then, y’ = “and 
ty’-—(m+1)t™+2y =0 
y't+ “y =(m+1)t™? 
Using 1st.0 linear DE method, we get 
p(t) = exp (| =a) = t? 
t?y' + 2ty = (m4+1)e™"? 
y= [om +1)t™*1dt 


m+1 
y= rmt24¢ 
y m+2 
= t™ + ct? 
= c 
y m+2 
+1 
Inx = Tae Fee 
m 
x= exp ( t™ + ae?) 
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Problem 1.5.7 
Let v = y3. Then, y = v? andy’ = 3v’v’. The DE becomes 
vy! —-v=4x3 
whose IF is 
2 
p(x) = exp (| (- -) dx) i 
(vp)! = 4x 
vx? = 2x7 +C 
v = 2x* 4+ Cx? 
y = (2x* + Cx?) 
Problem 1.5.8 


Let v = y’ and consider v as a function of y. Then, 
dv_dvdy__ dv 
dx dydx : dy 


uW 


yl = 


Thus, the DE becomes 


Lo 5 
Es v 


Thus, 


Finally, 
(Ax + B)y?=1 


Problem 1.5.9 


Let v = ~ = y’. Then, v’ = < = y” and the original DE becomes 


which is a separable DE in terms of (v, y). 
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3 = dx 
— Sat, 
d 
a ys 
V¥—-3 + Coy? 
1 


eS Coy? —3 =x4+Cz 


Finally, the implicit GS is 
Coy? =3 + (Cox + Cy)? 
where C2 and C, are constants. 


Problem 1.5.10 
Method 1: The SOV method. The DE can be written as 
a . 
yray 
d 
7 ~ = xdx 
1 2ydy _ d 
2yO?-1) 


1 1 

5 (Ing? —1)-(ny?)) = aa +C, 
1 2 1, 
zn —1)-Iny=5% +C, 


y*(y? — 1) = Cexp(x*) 
1—y~? = Cexp(x?) 
Method 2: The Bernoulli DE method. 
Let v = y~?. Thus, v’ = —2y~y’. The DE becomes 
1 t 
= vas +xv=x 


v' —2xv = —-2x 
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which is a 1st.0 linear DE. Let 


p(x) = exp (| —2xdx) 
= exp(—x?) 
Thus, we know that 
(exp(—x?) v)’ = —2x exp(—x?) 
v = exp(x) (exp(—x?) + C) 

= 1+ Cexp(x?) 

Back substituting v = y~?, we have 
y*—1= Cexp(x?) 


Problem 1.5.11 
Method 1: The Bernoulli DE method. 
xy’ -y = y*sinx 


, ¥_ sinx 
y ee y 
Letu = yt? = y+. Then, 
1 , u— sinx 
1-2 x Xx 
u  —sinx 
utr= 
x x 


which is, now, a 1st.O linear DE whose IF is 
p(x) = exp (ee) =x 
xu’ +u= —sinx 
[ ae) = [c sinx)dx+C 


xu =cosx+ C 


Thus, 
x 
—-= cosx+C 
y 
x 
y= cosx+C 


Method 2: The S-method. 
xy’ —y= y’sinx 
, yy y*sinx 
yo Pon 
‘— * = (=) ysinx 
(u'x +u) —u = u(ux) sinx 
(u'x) = u?x sinx 


x 


342 


Appendix A - Chapter | 


du _ ae 
x aes u’x sinx 
du ; 
z= | sinxax 
u 
1 
—-= -—cosx+C 
u 
1 
—= cosx+C 
u 
x 
—= cosx+C 
y 
x 
az cosx+C 
Problem 1.5.12 
Letu =2. Then, y = ux and dy — ut paid Thus, the DE becomes 
x dx dx 
du ux(2x3 — u3x3) 
uUutx =- 
dx x(2u3x3 — x3) 
du _ ut +u 
wie? Oa 
In(Qu +1) -—Inw+InQw? —ut+1) =-Inx+C, 
ue—uti1)\(ut+1 
(pe nee, 
u 
ue+1 ok 
ux 
34 x3 
y 2 
xy 
yi +x3 = Cxy 
Problem 1.5.13 
The DE can be written as 
peed y 
y =< + exp (=) 


Letu = Then, y = ux and — =utx _ Thus, the DE becomes 


pee cary 
u or exp(w) 


dx 
exp(—w) du = oe 


—exp(—u) =Inx+C 
The GS to the DE is 
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- exp (-2) =Inx+C 


Problem 1.5.14 
Letu =x + y. We have y’ = u’ — 1. Thus, 


uu’-u=1 


u-—Inuw+1)=x+C 
xty-In@t+yt+I)=x4+C 
y-In«t+y+1)=C 


Problem 1.5.15 
Let v = siny. Then, v’ = y' cos y. The DE becomes 
2xvv' = 4x? + v? 
r 1 -1 
v- ax” = 2xv 
Let u = v2. Then, u’ = 2vv’ 


u’—--u=4x 
x 


whose IF is 
1 
p(x) = exp (| (- -) dx) =x1 
Then, 
(x-1u)' = 4 
xtu=4x+C 
u = 4x2 + Cx 
The GS is 
sin? y = 4x? — Cx 
Problem 1.5.16 
Let v = y’. Then, y” = v’ and the DE becomes 
v' =(x+v)? 
Letu =x+v. Then, v’ =u'-1 
u-1=u? 
du 
uz+1— oe 
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x =arctanu + C; 
u = tan(x — C,) 


Thus, 
y'=v=u-x 
= tan(x —C,) -—x 
Finally, 
1 
y = —In(cos(x — C,)) - aa + C, 
Problem 1.5.17 
Let v = exp(y). Then, y = In v and we have 
1 ul 
yo ro 


Thus, the DE becomes 
Pie _x 
(x+ vo ea 1 
(x+v)v'=x-v 
Letu =x +. Then, v’ = u’ —1and 


uu’ —u=—ut2x 
uu’ = 2x 
1 
—u2 =x? +C 
5) 1 
u2 = 2x2 +C 


Back substituting u = x + v gives 
v2? —x*+4+2xv=C 
Finally, 
exp(2y) — x? + 2xexp(y) =C 


Problem 1.5.18 
We can rewrite the DE as 
3 1 
y'= (<2 - 9x2)y? 


which is a Bernoulli DE. Let v = y~+ and we have 


Thus, the DE becomes 


It is easy to get 
3 1 
v=6x2+2x 2+C 


Therefore, 
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3 ae a 
y= (6x2 + 2x 246) 


Problem 1.5.19 
The DE is reformulated as 
1 


1 
Pal = 
x” Tae 


a Bernoulli DE. Let v = y!~~) = y3, we have 


—2 


3 3 
vi+-—v= 
x v1+ x4 
whose IF is 
3 
p(x) = exp (| <ax) 
x 
Thus, 
(x3)! 3x3 
xev)' = 
vi+x4 
28) f Oxeax 
v=x 
v1i+x* 
3 
=x (5 1+x*+C) 
Thus, 
By3 = (5 1+x*+C) 
Problem 1.5.20 


Let v = exp(y), v’ = exp(y) y’. Thus, the DE becomes 


2 
vi — rs 2x? exp(2x) 


whose IF is 
2 

p(x) = exp (| -<ax) =e 
Then, 

(x7*v)' = 2 exp(2x) 

v=x? | 2 exp(2x) dx 
= x*(exp(2x) + C) 

Thus, 


y =2\nx + In(exp(2x) + C) 
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Problem 1.5.21 
Let v = Iny. Then, y = exp(v) and o = exp(v) < 


Using y’ and y above, we — 


eae - — 4xv exp(v) + 2—= exp) yn 
=0 
exp(v) 
dv pe 2 Ps 
dx XV = ie 
which is a Bernoulli DE. Let 
u=vi 
We have 
iy 4(1 =-(1 
at (1 —n)xu = -( —n)= 


which is a 1st.0 DE of u wrt x with IF 


p(x) = exp (| —-4(1 - n)xdx) 


= exp(2(n — 1)x?) 
Thus, 


2(n—-1) 
u(x) = exp(—2(n — 1)x?) (| —— exp(2(n — 1)x*)dx+ c) 
Back substitution twice gets the GS y(x). 


Problem 1.5.22 


Let v = y’ and consider v as a function of y. Now we have 
_dv_ dvdy dv 


Thus, the DE becomes 


dv 7 
oar aes = yv 
dv 
Dig Ce 
d 
dy =Y 
1, 
yu=oy +C€ 
1 C 
Cages 
Put v = y’ back, we have 
aay eS 
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2y 
y?+Cy 
Integrating both sides, we get 


In(y?+¢C,) =x+C, 


dy = dx 


Problem 1.5.23 


It is easy to observe that y = 0 is a solution. For y # 0, we can rewrite the 
DE after dividing the original DE by xy: 


2 
6~+2(7) +(9+82)y' =0 
Letu = - Then, y’ = u + u’x and the DE become 


6u + 2u? +(9 + 8u)(ut+u'x) = 0 
9+ 8u 5 


, 


But 2” x 
a separable DE whose GS is 


3 2 5 

(=+ ) du = -2 ax 

u 3+2u x 
3Inu+In(3 + 2u) = —5Inx+C, 


u3(3 + 2u) = Cx-> 
Back substituting y = ux, we get 


Problem 1.5.24 
(1) From y = x71 + u, we have 
dy 1 du 


dx x? dx 
Substituting y and y’ in the original DE, 


1 du 1 1 1 40 53 
ey +7( +u) -3( +u) = 
x2 dx x x x x2 


x2 dx x* x x2 x2 
duu . 
—+--3u? =0 
dx Xx 


ul’ +x7tu = 3u? 
which is a Bernoulli DE of u wrt x where P(x) = x71, Q(x) =3,n=2. 
(2) Letv=ub" =u? =u, we have 
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dv 
ax +(1-n)P(x)v = A-n)Q(x) 
v 
vi --=-—3 
x 
which is a 1st.0 linear DE whose IF is 


p(x) = exp (| ~<dx) =" 


Then, 
1 3 
v= +(f e@-adax + c) = x(- [ Sax + c) 
= x(-—3Inx+C) 
= —3xInx+Cx 
Substituting back v with u~! and u with y — x~1, we have 
1 1 
—3xInx+Cx=—-= = 
uy-x 
2 1 wt 
y —3xInx+Cx x 
Problem 1.5.25 


Let v = y’, thus, y” = v’ and the original DE becomes 
x*y!' + 3xv = 4 


(x3v)' = 4x 
x3v = 2x7 +C, 
2 
Oe 8 
Back substituting v = y’, we have 
3 cee Gy 
vs 
2 G4 
y=] (+3) 
Cy 
= 2Inx — x2 + C, 


Problem 1.5.26 
Convert the DE to the form of Bernoulli DE 
x’ — 1000t999x = —2x?t71 
Let v = x~1,v’ = —x~*x’. Plug into the above DE, 
—x?v' — 1000t99°9x2v = —2x2t-1 


v’ + 1000t999v = 2t-1 
The IF is 
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p = exp (| 1000t°%? dt) = exp(t 10) 
Multiplying the IF on both sides, we get 
(exp(t100°) v)’ = 2t71 exp(¢100°) 


v = exp(—t10°) | 2t~* exp(t?°) dt 


-1 
x = exp(t100°) (| 2t~1 exp(t10°) at) 


Problem 1.5.27 
dy x(xty) x 
dx y(xty) y 
(when x + y # 0, we divide the DE by x + y). This is a Homo DE which is 
also separable. Let v = Ss Then, y’ = v + v’x and the DE becomes 


1 


which is a Bernoulli DE with n = —1. 


1 1 
= Bs tat 
Letu = v1—" = v2. Then, v = uz and v’ = zu 2u’. Then, 


, ov 1 , 2u 2 
-=—, ut 
x xv x Xx 
where we identify 
P@)==, a=" 
ae se Se x 
Thus, 
2 
p(x) = exp (| P(x)dx) = exp (| dx) = exp(2Inx) = x? 
u = exp (- [ Peoax) (few exp (| P(x)dx) dx +C) 
1 2, 
=a({ (E Jax +c) 
x x 
1 
Se +C) 
2 
After back substitution u = (2) , one gets the GS 
yr=x7+C 


Alternatively, SOV will solve the DE more conveniently. The DE can be 
converted into 

ydy = xdx 
Integrating both sides, we get 

yr=x7+C 
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Problem 1.5.28 
1 


vere “+ =0 
yy x 2x2” = 
Dividing the DE by 2x7y, we get 
mm 1 = Th a 
y x = 2x2” 
z 1 
Letv = yy?” = y?. Then, y = vzandy’ = su ay’. The DE 
2x*yy' + 2xy?+1=0 


becomes 

x*v' + 2xv+1=0 

Dividing the above DE by x?, we get 
2 


1 
vi +—-v=—-—, PQ@)=-, 
x i x 


p(x) = exp (| P(x)dx) = exp (| ar) = exp(2Inx) = x? 
v = exp (- | P(x)dx) (| Q(x) exp (| P(x)dx) dx + c) 
=al[ (Cae )ert) 


1 
= yz (xt ©) 


1 
Q@=-s 


x2 


N 


Therefore, the GS is 
2 
y — 72 ( x C) 


Problem 1.5.29 
Method 1: The SOV method. 


241) =2 +1 
(x ee x(y + 1) 


( 1 q =i 2x d 

yr ated 

In(y + 1) = In@? +1) + In(C) 
y=C(x?+1)-1 


Method 2: The 1st.O linear DE method. 
dy 2x 2x 


dx 2241 x74 


whose IF 


G@= ( | 2x d )= 1 
em x2 41%) x2 41 
Multiplying the IF and integrating, we get 
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d ( y )= 2x 
dx \x? +1 (x? + 1)? 
yo 2x d 
x24+1 (x? + 1)? : 
1 
=-—— + € 
x2+1 is 
y =C(x?+1)-1 
Problem 1.5.30 
Using substitution v = y/x, we get 


xv’ = —b¥1+v? 


Solving this DE by the SOV method, we get 


a aG =). ) 


(1) If b < 1, the solution y can be zero (answer to (4)). 


(2) If b = 1, we have 
a xy? 
y=3(1-@)) 


Thus, at x = 0, we have y = a/2. 
(3) If b > 1, y blows up easily. 


Problem 1.5.31 
Let x = = + u. Then, ae + and the DE becomes 
t dt t2° dt 
1 +Haa(te ) jee Nie 
zat Ne tle) Be 
1 2u 
= =o ae ate 3u2 
t t 
du _ au 32 
dt tt . 
a Bernoulli DE with 
2 
PW)=F, QW =3, n=2 
Let v = u~!, the DE becomes 
2 
v’--v=-3 
t 


whose IF is 


no aen(f(Ja)ee 


Co [ em capac 
coe eye 


Ja2 


Appendix A - Chapter | 


salle aa 


= 3t+Ct? 
Given x = -+ uand v(t) = u1(t), we have 
1 
v(t) = 7 
x(t) oz t 
Therefore, 
1 
th= - 
aD) 3t + Ct? as t 
Problem 1.5.32 


Let y = B + z, the original DE becomes a Bernoulli DE 
y= K@)+y+BY- 8B) 
= (K(x) + 28 + z)z 
= (K(x) + 28)z +2? 
or 
z' — (K(x) + 2B)z = z? 
which is Bernoulli when 
P(x) = —(K(x) + 28) 
Q(x) =1 


n= 2 


Problem 1.5.33 
tx'—x = Bx'x+ pt 
tx’ — Bx'x = Bt+x 
x'(t —Bx) =Bt+x 


d d 
Let u =~ Then, x =utand—= =t“+uand 
t dt dt 


3953 


Appendix A Solutions to Problems 


1—fpu _ fat 
B+Bue” [4 


;| s d | s du=Int+C 
BJ 1+u? : faa 


1 1 
porn) + zinit +u7|=Int+C 


B te 
arctan(u) = Zin TERTD +C, 


B ¢? 
u = tan 7 in tou + C, 


After back substitution, one gets 


B ¢? 
x =ttan zn 1a + Cy 


Problem 1.5.34 
Forn = 0: 
y' =by*? +c 
dy _ 
by2+c 
— = i dx 

ligeey 

If bc > 0, 


[ = tan (vbe(x + A)) 


y= fran (Vbe(x + A)) 
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If bc < 0, 
1 d 
— a 
y-( -§) 
b 
: : : d +D 
=x 
2vV—bc c c i 
~b YtYB 
tHe 
: ] : B +E 
n |——_—] = x 
2vV—bc c 
BL 
by —v—bc 
————. = F exp(2v-—bcx 
by +v—bc p ) 
Forn = —2: 
y' = by* +cx? 


Let v = y+. Then, v’ = —y~y' and y’ = —v~*v’. The DE becomes 
—v*y! = bv *+cx? 
v' = —b—cx*y? 
which is a Homo DE and can be solved by the S-method. 


Let z = . Then, 


Case (1):1—4bc > 0 
Let z, and z, be the roots of —cz? — z — b = 0. Then, we have 


1 1 1 1 
l= —- )dz = fax 
C(Z42—-24)\Z-Z, 2-22 x 

1 


Z—Z. 
+) = In|x| + G, 


_ 
CZ2-%4) 12-2, 
where G, is a constant. 

Case (2):1—4bc < 0 


1)? 4b pae= | cae 
eX 
-e(z +35) —4c 
Let 
Abc —1 1 
A=-—c,B= C=Z+ > 
—Ac 2c 


Then, by the assumption, we have AB > 0. So 
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1 | 1 alat [ie 
= x 
VAB a B x 
(3+) +1 


1 [ {A 

Ap ta” Be + Gy = In|x| 
1 A 

Agen pit & =In|x| 


where G, is another constant. 
Case (3):1—4bc = 0 
Then, 


One gets different GS’s depending on 1 — 4bc < 0,=0,> 0. 
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1.6 Riccati DEs 


Problem 1.6.1 

Since y = y, + <, we have y’ = y; — Sv Plugging these into the DE, we 

get 

et eae 2,2, 1 1 
Va Ta? = A(x) (v3 +214) + B(x) (v1 +=) + C(x) 
Since y, is a PS to the DE, y; = A(x)y? + B(x) y, + C(x) must be true. 
Thus, 
or v1 AG) BO) 
Page = 2A(x) ; + 2 + 
That is, 
v' + (2Ay,; + B)v =—-A 

Problem 1.6.2 


Lety=x+ <. Then, y’ =1- <u and the DE becomes 


1 Be 2 1 
te ke ie cer ya eo 
v v v 


Le, 
v' -—2xv=1 
whose IF is 
p(x) = exp (| ~2xdx) 
= exp(—x*) 
Thus, 


p(x)(v' — 2xv) = p(x) 
(e(x)v)' = p(x) 


v = exp(x?) | exp(—x?) dx 
1 
= exp(x?) (= erf(x) + c) 
Finally, we have 


=x+— 
“ v 


= x + exp(—x?) (= erf(x) + c) 


Note: The error function is defined as 


-1 
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erf(x) = = [exp(-t?) dt 
0 


Problem 1.6.3 
Let -* =x —y. Then, 
dv _ dy 
v2dx dx 
dy _ dv 
dx v2dx 
dv _ 1 a 
v2dx 4a\ v 
dv _ 1 
v2dx  4v? 
—4dv = dx 
Integrating 
-4 | dv = | dx 
—-4v=x+c 
_ «x +¢ 
OT 
Back substituting = =y-x,1e,v= , We get 
1  xtC 
yrx 4 
= 4 
y= xX+C 
Problem 1.6.4 


Lety=x+ <. Then, y’ =1-— = and the DE becomes 


v' . 1)’ 1 
1-4 -— 13|x +(x +=) + 26x(x+=)=1 
v v v 


v’ 13 
v2 y2 
Back substituting, we get the GS to the original DE: 


=0, v' = -13, v= -13x+C 


POE Caaiae 
Alternatively, one may find the GS the easier way. The original DE can be 
written as 


y’=1+13(x—- y)? 


358 


Appendix A - Chapter | 


Let u = x — y. Then, cis 1- wy and the DE becomes 
dx dx 


u’+1=1413u? 


u’ = 13u? 
Integrating, 
1 
—-=13x+C 
u 
Back substituting, we get the same GS 
1 
—— = 13x+€ 
Problem 1.6.5 
ety ae dy _ id igi 
Lety=a+t a Then, ae Sa ay and plugging them into the original DE 
yields 
oF G+ 207 KIS 
dx f(x ajz = 


which is a 1st.0 linear DE whose IF is 
p(x) = exp (ie + 2a)dx) 
Multiplying the IF on both sides of the z function, we have 
px) 2 + FR) + 2a)p(u)z + p(x) = 0 


Using the product rule, 
d(uv) = udv + vdu 


we get 
d 
qx PO) = —p(x) 
whose GS is 
1 
Z= ae p(x)dx+C 
Finally, the GS for the original DE is 
y =a + 1 =a- Pe) 
Zz J p(x)dx — Cp(x) 
where 
p(x) = exp (| (F@) + 2a)dr) 
Problem 1.6.6 


y’ = —(a? + 4ax3) + 4x3y + y? 
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This DE is Riccati with one given PS y,(x) =a. Making the Riccati 
substitution 


we have 


Simplifying it, we have 
v' + (2at+ 4x3)v =-1 (A.1) 

This is a 1st.0 linear DE, where 

P(x) = 2a + 4x3,Q(x) =-1 

p(x) = exp(f (2a + 4x3)dx) = exp(2ax + x*) 
Multiplying both sides of Eq. (A.1) by p(x), we have 
(p(x)v)' = —p(x) 
1 exp(2ax + x*) 


vo J. exp(2at + t*) dt 
The GS for the original DE is 


yrua * 


exp(2ax + x*) 
is exp(2at + t*) dt 


Problem 1.6.7 


The DE is Ricatti with a given solution y,(x) = sinx and an appropriate 
substitution is 


1 
y=y(x) aa 


; 1 

= sinx +— 

v 
v' 
= —— 
y = cosx——> 

Substituting back into the original DE gives 

2 


yp!’ 2cos?x—sin?x + (sin x + “) 


cosx -— = 
v2 2cosx 
: : 2sinx, 1 
2 cos? x — sin? x + sin? x + + 
= v v 
2cosx 
1 
fanx: . “p2 
=cosx + 
2cosx 
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The DE can be rewritten as 
1 
v' +tanxv= — zsecx 
Multiplying both sides by the IF 


p(x) = exp (| tan x dx) = exp(In|sec x|) = secx 


we get 
! 1 2 
secxv’ +secxtanxv = — 7sec x 
[ Zoecx var = =F | sec? xd 
—(secxv)dx = —=] sec“ xdx 
dx 2 
1 
seca v=, tana te 
1: 
v= — ;sinx + Ccosx 


Back substituting v = (y — sinx)~* gives 


1 1. 
—— = --=sinx+Ccosx 
y —sinx 
2 eg) 
= ———_————__ + sinx 
y Ccosx — sinx 


Problem 1.6.8 


The DE is Riccati with a known PS y, = x?. Introducing the substitution 


we convert the original DE into 
1 dv 1y? i} 

~ 5 = (x? +2) + a(x) (x? 42-27) + 22-24 
v2 dx v v 


am + (a(x) + 2x?)v =-1 (A.2) 
dx 


2x 


The IF is 
p(x) = exp(Jf (a(x) + 2x?)dx) 


= exp (50 + [ «coar) 
0 


where we selected an arbitrary constant0 as the lower bound for the 
integration of a(t). 
Multiplying both sides by p(x), we have 
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< (ex (50 + [ar] ») = —exp (50 + [ «ar) 
2 * 2 
S dt)v=-— = 43 dt)d 
exp (5 x se | a(t) «)v [ew (§x + [aw “) x 


1 exp (5 x 34 [r a(r)dr) 


. [- exp (5 os fe ' a(t)dr) dt 
Substituting back, we get the GS 


eae 
y=x ar 
exp (5 x 34 fe a(t)dr) 
i exp (5 t3 +f a(r)dr) dt 


For a special case a(x) = —2x?, Eq. (A.2), after the Riccati substitution, 
becomes 


= 42 


whose GS is 
v=-x+c 


and the GS for the original DE is 
= y2 1 
ie Sr, 


If we use the above formula for GS for the special case a(x) = —2x?, we 


have 
2 + 2 i 
exp (50 +{ u(e)dr) = exp (50 +{ (-21?)dr) 
3 * 3 


2 2 
= exp (5 x #523) 


=1 


x 2 t e 
| ep (e+ | u(a)dr) ae = [ 1dpaxe—eé 
ic. 0 Cc 


Thus, the GS is 


Problem 1.6.9 
The DE is Riccati with a known PS y, = x?. Using the Riccati substitution 


2 Pe pase 
Sia aces ea 
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we convert the DE into 


v' 1 iy? 
2° (21-3) +37 (8 +2) - (2 +2) = 2x* 
v v v 
x 


3 2 2x2 
x 1 
2h te a —— = 2x* 
vov 
, a eee 
v2 vv 
,v 1 
vi t—=-S 
x x 


Multiplying both sides by the IF 
1 
p(x) = exp (| <ax) =x 


; 1 
LEY Se 
x 


Lae ear I 
[Soe x=-| dx 


1 
xv=—-+C 
x 
at 6 Akt 
OS x x? 
Back substituting v = (y — x7)71, we get 


1 1+ Cx 
yx? x? 
2 


gives 


y=x*t 


1+ Cx 
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1.7 The Exact DEs 


Problem 1.7.1 


From the DE, we have 


M(x,y)=1+In(xy), N(wy) = 


We found M,(x,y) = = and N,(x,y) = Thus, M, = N,, indicating the DE 


is exact. Now, the DE can be solved by the exact DE method. 


We know 
OF (x, 
M(x, y) = & y) =1+4In(xy), 
OF(x,y) x 
N(x, y) = == 
» dy y 
Thus, 
F(x,y) = [ ve nay 
fe [=a 
y y 
=xIny+g(x) 
and 
OF - 
Ox “- (x,y) 
Iny+g'(x*) =1+4+In(vy) 
g(x) =1+4+Inx 
g(x) =x+xInx-x+c2 
=xInx+c 
Thus, 


F(x,y) =xIny+xInx+c, 
Finally, the GS to the DEis 
xIny+xInx =C 


Problem 1.7.2 
(1) Multiplying the IF on both sides of the original DE 


exp (| P(x)dx) A(x, y)dx + exp (| P(x)dx) B(x, y)dy = 0 
M(x, y) = exp (| P(x)dx) A(x, y) 
N(x, y) = exp (| P(x)dx) B(x, y) 


364 


Appendix A - Chapter | 


OM OB_ OA (| par) OB ({ par) eB (| Par) 
Oy ax dy? x ay? x exp x 


= (3 OB BP) (i ) 
= ay ay exp x 


=0 
The new DE is exact. 
(2) The IF is 


OLS (| P(x)dx) are (| (- “) dx) = 473 


where we used 


(oe y)  OB(x, 2) 
oy Ox 
B(x,y) 
—2y—y 
xy 


P(x) = 


x 
The new exact DE is 


x3 (2x — y*)dx +x 3xydy =0 
Thus, 
M(x,y) = 2x77 —x73y? 
N@wy) =x7*y 
Thus, 


FGay) = | Mdx + 9(9) 
1 
= 2x71 + oes + g9(y) 
With 0F/dy = N, we have 


aF 
s—=xVytg'W)=N=xy 


dy 

gy) =0 

gO) =C 
The GS to the DE is 

1 
2x71 - 5x y” =i; 
Le, 
y* = C2x*7 + 4x 
Problem 1.7.3 

(1) a(x)dy + (B@)y + y(x))dx = 0 
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M=B(x)y+y(@), N= a(x) 
If My, = N,, ie, the DE is exact, the solution is 


Peay) = [max [dy | (Z(f ma) ay =e 


If My, # N,, check if 


My can 
ye LD 


is a function of purely x, or 


y Nx 
yr 9) 


is a function of purely y. 
Two IF’s are possible 


p(x) = exp (| f@ax) 
p(y) = exp (- | soy) 


and the easiest is usually chosen for further manipulation. 
Let M = p(x)M and N = p(x)N and replace the Mand N in the solution 


above with M and N. 
(2) 
,,P),__v@) 
y a(x) a a(x) 
and let 
not 
gn) =- 48 
The GS is 


y = exp (- [ pear) (| Q(x) exp (| P(x)dx) dx + c) 


Problem 1.7.4 
(1) Check if this DE is exact. 
M(x,y) = (P(@x)y— Q(x), N@y) = 1 
OM (x, ON(x, 
P(x) = OM (ay) # ON(%,y) _ 0 
oy Ox 
So, this DE is not exact. 
(2) If not, convert it to an exact DE. 
For converting a given DE into Exact, we need to calculate two ratios. 
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OMY) _ ONG.) 
{O=—yey PO 
Because f (x) is a function of x, we have the IF 
p(x) = exp (| f@)dx) = exp (| P(x)dx) 
By multiplying the IF with the given DE, we obtain an exact DE. 
p(x)(P(x)y — Q(x))dx + p(x)dy = 0 
exp (| P(x)dx) (P(x)y - Q(x))dx + exp (| P(x)dx) dy =0 
So, the new M(x, y) and N(x, y) are 


M(xy) = exp PGdx) (P@y - OG) 
N(x,y) = exp (| P(x)dx) 


Thus, 
we = exp (| P(x)dx) 
on y) = exp (| P(x)dx) 
Thus, 


OM(x,y) _ON(%,y) 
dy ——é‘iéiK 
(3) Solve the DE using the exact DE method and the solution may be 
expressed in terms of the functions P(x) and Q(x). 


OF (x, x)y —-Q(« 
(x,y) a M(x, y) = exp (| P(x)dx) (PC dy ( )) 
OF (x,y) = 
= N(x, y) = exp (| P(x)dx) 


Integrating the first DE, we get 
Fwy) = [ Meanax +9) 


= y | exp (| P(x)dx) P(x)dx - | Q(x) exp (| Peax) dx + g(y) 


Integrating the second DE, we get 


Fay) = | NGyddy + fC) 
= yexp (| P(x)dx) + f (x) 


By comparing the two results, we get the GS 
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y exp (| P(x)dx) - | Q(x) exp (| P(x)dx) (| P(x)dx) dx =C 


(A) If P(x) = * and Qx%)=S% 


= the corresponding GS can be found via, 


yexp (| P(x)dx) - { a) exp (| P(x)dx) dx=C 


(ee) [= (Ee a 205 
yexp = x = exp . x} dx 


Working out the integrations above, one gets the GS 
xy —sinx =C 


Problem 1.7.5 
First, let’s check if the DE is exact. We have 
M(x,y) = 2x —y? 


N(x, y) = xy 
Thus, M, = —2y and N, = y. Obviously, M, # N,, the DE is not exact. 
But, since 
My — Ny, = —3y 
we have 
My — Ny 3 
"Nx 


which is a function of a single-variable x. Let 


i= be ( | (- -) dx) 


= x73 


2x—y? 
( — ) a + x-*ydy =0 


we get 


which is exact. 


y 
F(x, y) = [ax 
2 


= 552 + 9) 
and aF _ 
yields i 
a = —y?x"* + g'(x) 
g(x) =-— 
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Therefore, the GS to the DE is 


y? 2 
2x2 x 
Problem 1.7.6 
Method 1: The S-method. 
The DE can be written as 
; 3x sy 
, oe 4y ~ Dy 
Letu = 2 Then, y’ = xu’ +u. 
The DE becomes 
, 3  Uu 
xu +u=— rr 
4uu' 3 
2u@+1. =x 


In(Qu? +1) = -3Inx+ Cy 
2u? +1 = Cx3 
Back substituting u = * back, we have 
Veo cae ia 
2 (5) +1=Cx 
2y*x+x32=C 
Method 2: The exact DE method. 


The DE can be written as 
(3x? + 2y7)dx + 4xydy = 0 


Thus, 
M(x, y) = 3x? + 2y? 
N(x, y) = 4xy 
Since M, = N,, = 4y, this DE is exact. 
Thus, 
Fony) = | Nay 
= 2xy? + g(x) 
On the other hand, 
OF 
ax =M 
We have 


2y? + g' (x) = 3x2 + 2y? 
gi (x) = 3x? 
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g(x) = x3 
Thus, the GS to the DE is 
2xy2+x32=C 


Problem 1.7.7 
Method 1: The 1st.0O linear DE method. 


p(x) = exp (| (- 4) dx) 
no(-1f Pe) 
exp (- =In(x? + ») 
= (x2 + Ae 
y= (x? + 2 (| 2x (x2 + 1)(x? + 172 dx + c) 
( 


1 
[ 2x@ +1)2 dx + c) 


= (2 +12 (5 (x2 +024 c) 


2 1 
7 ge +1)? + C(x? +:1)2 


Method 2: The exact DE method. 
(x? +1)y’ — xy = 2x(x? +1)? 
(2x(x? +1)? + xy)dx — (x2 +1)dy =0 
OM _ ON _ . 
ay se: ax 
which is not exact. We can compute 
My — Ny | 3x 
N x241 
= (| 3x d ) 
p(x) = exp ae x 
3 
= exp (ing + 1)"?) 


3 
= (x? 41)2 


The new DE is exact. 


1 3 1 
(2x(x? +1) 24+ x(x?7 + 1)"2y) dx —(x? +1) 2dy=0 
Thus, 
1 
FQuy) = [ Ndy =-G? + 1)"2y + g(x) 
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On the other hand, 
OF = 
ax 
_3 1 a) 
x(x? +1) 2y + g'(x) = 2x(x2 +1) 24+ x(x? +1) 2y 
1 
g(x) = 2x(x? +. 1)2 
2 3 
g(x) = 5? +1)2 
Therefore, the GS is 
i 2 3 
—(x? +1) 2h alae Ly =C 
Le, 


_2 


1 
y= gee +1)? + C(x? + 1)? 


Problem 1.7.8 
Method 1: The exact DE method. 


We can write the DE as 
(x + 3y)dx + (3x -— y)dy = 0 
where M = x + 3y and N = 3x — y. Thus, we have 
My, =N, =3 
Thus, the DE is exact. Now, we get 


Fouy) = | MG ydx 


1 
= ae + 3xy + g(y) 
Applying it to N = 7 we have 
3x+ g'(vy) = 3x-y 
gW=-y 
1, 
16 2 ears 
Thus, GS is 
1 1 
5X + 3xy 5) =C 
Method 2: The S-method. 
We can write the DE as 


Let v = - Then, y = vx and y’ = v+ xv’. This gives 
1+3v 
v-3 


v+xv'= 
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v-3 UL, 


top oe x 


1 
~5ind +6v—v7)=Inx+C, 


1+6v—v? =Cx? 
Back substituting v = y/x, we have 


Problem 1.7.9 
We have 
M(x y)=y 
N(x, y) = 2x+y* 
By checking 


we know the DE is not exact. Since 
My, —N,=-1 
we can find 


_ My ca 1 
iC. aa ae. 


which is a single-variable function of y. Let 


1 
I(y) = exp (-/ (-5) dy) =y 
Now, we have an exact DE 


y7dx + (2xy + y®)dy =0 
To solve this, we have 


F(x,y) = | y2dx 


=y’x + g(y) 
Since 
OF = 
oy ~ 
we get 
2xy + g'(y) = 2xy t+ y® 
1 6 
99) = ey 
Thus, the GS to the DE is 
y® 
2 — =F 
yx t 6 
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Problem 1.7.10 
Rearranging the original DE yields 
(2x — y*)dx + (-(2xy + 1))dy = 0 

Then, the two two-variable functions are: 

M(x,y) = (2x — y?) 

N(w, y) = —2xy -1 
The difference of their partial derivatives is 

My — N, = (-2y) — (-2y) = 0 

Thus, the DE is exact. 


Expanding the original DE and using d(uv) = udv + vdu, we get, 
2xdx — y*dx — 2xydy — dy =0 
One more step, 
dx* — y*dx — xdy* —dy =0 


Le, 
d(x? —xy* —y) =0 
Le, 
x? -—xy*-y=C 
Problem 1.7.11 


Multiplying the DE by dx yields 
y3dx + (xy? —1)dy =0 
The DE can be made exact by multiplying both sides by the IF 


2 2} 

p(y) = exp (- >) =y?. 
ydx +(x -y~7)dy =0 
Mawy)=y, N@y)=x-y? 
Fy) = [ vax =xy + g(y) 

OF 
gre 


gy =-y? => gly) =y" 
The GS is 


1 
EU eae 


Problem 1.7.12 
M(x,y) =cosx+Iny 
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N(x,y) = . + exp(y) 


Thus, 
OM ae! ON _1 
dy iy’ Ox sy 
The DE is exact because it 0 
Oy Ox 
F(x,y) = [ mewyax + gly) 


| osx +Iny)dx + gy) 
=sinx+xIny+g9(y) 


OF x at x : (y) 
ve g 7 ply 
g' = exp(y) 

g(y) = exp(y) 


Thus, the solution is F(x, y) = sinx +xIny + exp(y) = C. 


Problem 1.7.13 
Method 1: The exact DE method. 
(exp(y) + ycos x)dx + (x exp(y) + sinx)dy = 0 
M = exp(y) + ycosx 
N = xexp(y) + sinx 
My = exp(y) + cos x 
N,, = exp(y) + cos x 


eee (y) + 
= 5, = exp(y) + y cos x 


F(x, y) = [ max = xexp(y) + ysinx + A(y) 


OF 
— = xexp(y) + sinx + A’(y) = N =x exp(y) + sinx 


dy 
xexp(y) + sinx + A’(y) = xexp(y) + sinx 
A’(y) =0 
AY) =C 


F(x,y) =xexp(y) +ysinx+C=C, 
xexp(y) +ysinx =C, 


Method 2: The S-method. 
exp(y) + ycos x + (x exp(y) + sinx)y’ =0 
v=xexp(y) + ysinx 


v’ = exp(y) + xexp(y) y’ + y'sinx + ycosx 
= (x exp(y) + sinx)y’ + exp(y) + ycosx 
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Thus, x exp(y) + ysinx =C 
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Chapter 2 Mathematical Models 


2.1 Newton’s Law of Cooling 


Problem 2.1.1 


Newton’s law of cooling for constant ambient temperature A, 


dT(t) 
de = k(A = T) 
T(t =0) =Tp 


gives us the following PS: 
T(t) =A + (Tp — A) exp(—kt) 
or 


fo Pw 
t=-lIn 
k T-A 


We assumed the person died at time t = 0 with a body temperature Ty = 
99 and the ambient temperature A = 60. For two later moments: 


(1) t, minutes after death, the temperature is T(t,) = 85 
1 99-60 1. 39 
np eg 60 2s 
(2) t, +90 minutes after death, the temperature is T(t, + 90) = 79: 
1 99-60 1. 39 
ty +90 = x "79 —60 = k "To 
Dividing the above two equations, we get 


39 
t,+90 Inqg 0.719123 


= 1.61715 
ty In22 0.444686 
25 
Thus, t; = 146. The person died 146th minute before noon, ie, at 


9:34 am. 
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2.2 Torricelli’s Law for Draining 


Problem 2.2.1 
(1) Establish the DE for the draining process: 
A(y)dy 
‘Taam os 
y(t = 0) = Vo 


A(y) = mr’ = 1(R* — (R —y)*) = my(2R — y) 
A(y)dy _ my(2R — y)dy 


dt dt 
= —k/y 
m/y(2R — y)dy = —kdt 
0 t 
a| Jy(2R—y)dy = -| kdt 
2R 0 
4 3 2 sy ; 
- 2——y2 — 
- (; Ry? — sy ) i ; 
4 3 2 5 
=mR (0 = (2R)2) —=n (0 e (2R)2) == kt 
Thus, the time taken to drain a full tank is 


(2) If we double the radius of the container while keeping other 
parameters unchanged, the time to drain is 


Alternatively, one may also start from scratch to compute, 
A(y) = w(4R? — (2R — y)*) = my(4R — y) 
A(y)dy _ my(4R—y)dy _ 


dt dt ly 
0 T 
rf Jy(4R —y)dy = -| kdt 
4R 0 


“e 12875 
2" 15k 
Thus, 
T. 5 
— = 27 = 4V2 ~ 5.657 
T, 


The ratio of the total amount of liquid, measured in volume, is 
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V, 
—=23=8 
V; 


1 
Notice, the time ratio (5.657) is less than the volume ratio (8). 


Problem 2.2.2 

For draining the upper half: 

dv A(y)dy 

Tame gia 

r?+(y—R)? = R? 
A(y) = mr? = n(R* — (y— R)*) = my(2R — y) 

Thus, 

my(2R — y)dy 

ae 


m,/y(2R — y)dy = —kdt 


R 1 3 iT 
ca (2Ry2 = y?) dy = -k{ dt 
2R 0 


3 5\]R 
2Ry2 y2 
S| ence 
m/4_ 3 2 5% 
(5 y y - 1 


1 (4 3) 2°55 (4 3 2 5 
-E(5R (nz) — gx? (5R GR? - z(2n))) mie: 
_ 16V2-14/m 5 
ere CLs) 
For draining the lower half: 
r2+(R—y)* = R? 
A(y) = mr* = n(R* — (R—y)*) = my(2R — y) 
m/y(2R —y)dy = —kdt 


0 a T, 
rf (2Ry2 - y?) dy = x | dt 
R 0 


3 s\/° 
2Ry2 y2 
T 3 aa = —-kT, 
2 2 / \p 
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— = (FR?) 
2 15\k 


T, 16V2—14 
T2 14 


Therefore, 


=~ 0.616<1 


Thus, 

T, >T; 
Thus, it takes 38.4% more time to drain the lower half than the upper half 
regardless of the container size and the draining constant. 


Problem 2.2.3 
Let y be the vertical liquid surface height from the leaking hole. The liquid 
surface disk radius is r and the cup bottom radius is aR. 
| 


Thus, we have 


Thus, 
_ y 
r=R(a+(1-a)5) 
We can make a few remarks for the above formula: (1) if@ = 1,r = Rand 
it’s acylinder; (2) Va < 1 and for y =H orr = R, at the top of the cup; (3) 


Va <1and for y = 0 orr = aR, at the bottom of the cup; additionally, r > 
Oif a — 0,a case of a cone. 


Applying the law for draining, we have 


y\* dy a 
2 _— _ —> = — 
mR (a +(1-a) ) at ky2 


The time to leak from the top (y = H) to height (y = h) is T(h) 


[v2(« +(1- a2) dy = °C) dt 
H ‘ TR? 


H 
Thus, we get 
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2 
mR2 u(a+(1-a)#) dy 
T(h) == I A 
F Vy 
TR? ( 1 2a(1-a) 1 (l-a) 3 
= — ary 8 TO SO dy 
k J, H H? 


mR? 1 4a 1 —-a 3 2 1 —-a 2 5 
= ( a ¢ Ls + ( ) y3) 
h 


23 
oar y 3H 5H2 
mR? 4a(l1—a) 20-a)*\ 1 
( (2x Pa cam ere ) ie 


mk 3 5 
1 4a(1-a@),3 2(1-a)? 5 
— 2h2 -- ————* hn a 
(20 h2 + 3H h2 + SH2 h 
The above is the general formula for the time it takes for a cup to leak from 
its rim to any height h. Let’s examine a few special cases: 
(1) Ifh =H, leaking just got started and the time is 
T(h=H)=0 
(2) Ifh =0, the liquid surface has reached the bottom of the cup (the 
leaking hole is now set at the bottom instead of the mid-height) and 
the time is 


R? 4a. - 2(1-a)*\ 1 
r(h= 0) =" (20? + ac a) ( =o ae 


= +, the liquid surface has reached the mid-height of the cup an 
3) Ifh =, the li id surface h hed the mid-height of th d 


the time is 


Th= % = sa (207 +cat —a) +20 - a)*) 
2 k 3 5 


(202 +5 (a4 26 ro 
a 3% a 10 a V2 
mR a 2 6 24 4a +43) : (43a? + 14a +3) 
=—— == (8a a ——= (43a a 

k 15 30V2 


For our problem, a = 0.9, the leaking time is 
7 = (2 (a2) +4(2)+3 
eee 15\" \10 10 


- (+ (=) +14 (=) + 3) 
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1744 a 


mR? V2 


i 1000 


mR? 
~ (0.4422) ——H 


L 
2 


Next, we turn the cup upside down, 


Thus, we have 


Thus, 
r=R(1-(1-a)2) 
H 
which makes good sense because, just as the previous case, (1) if@ = 1, 


r = Rand it’s a cylinder; (2) Va < 1,ify = H,r = aR, at the top of the 
cup; (3) Va <1,ify = 0,r = R, at the bottom of the cup. 


Similarly, applying the law for draining, we have 


yy? dy 1 
Z = — ce —— 
mR (1 (a1 a)=) rr ky2 
2 
ig cia, dy ag af 
— et t 
H Jy 0 mR? 
Thus, we get 
mR? p#(1-(1-a) #7) dy 
ron) =| 
h Vy 
<p 1 20a) 1 G=a)’ ae 
ee ee H H2 ss 
_ mR? op 40-9 3 20-4)? 8)" 
ae tee 3H” SH?) 
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set (x2 hz) ae) (u2 hi) 
a a 3H 


+ iia (12 Es i) 


The above is the general formula, for the second case, for the time the cup 
leaks from its rim to any height h. Let’s examine a few special cases: 
(1) Ifh =H, leaking just got started and the time is 
T(h=H)=0 
(2) Ifh = 0, liquid surface reached the bottom of the cup (the leaking hole 
is at the bottom instead of the mid-height) and the time is 


2 = my) 
T(h = 0) (2-2 4 we : a ie 


3) Ifh= = liquid surface reached the mid-height of the cup and the time 
2 


r(r= 8) a2 ((: M8, ew) 


is 


k 3 5 


4 40 —a@),3. 20—a@)? 5 
~ (208 ne 


Z mew (2 (1 - 2°2) 9 : 22) 


Applying a = 0.9, we get 


T= mR a a(1 2°2) ae (1 22) + au (1 22) 
oS iG: a re 


mR? 1 
It turns out the second case takes slightly longer to leak. 


T, 0.5029 _ eee 
T, 0.4422° ~~ 


Thus, the second case take 13.7% longer to leak. Go figure it out! 
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Problem 2.2.4 


Referring to Problem 2.2.2, we have the time for draining the upper half 
with draining constant k 


16V2—-14/m 5 
52 ee) 


15 k 
and the time for draining the lower half with draining constant k, 


— (ER?) 
2-55 ky 
To make t; = tz, we have 


16V2-14n 5 147 5 

15 k 15 ky 
16v2—14 14 
k TR 

k, = = k= k = 1.623k 
~. seo 1k! BF 


Thus, if the draining constant is 6.23% bigger while draining the lower half, 
the time will be the same. 


Problem 2.2.5 


Torricelli’s law tells us that 


aw _ AQ) dy 
dt “ky = dt 
A(y) = mr? = 1(R* — (R — y)*) = my(2R — y) 
my(2R —y)dy _ 
ape a 


n,[y(2R —y)dy = —kdt 
1 


Ym 1 3 tn 
-<f (2ry2-y2) ay = | dt =tm 
K Jop 0 


We seek the y,, such that the time it takes to drain the container from 


height 22 to height y,, is equal to the time it takes to drain the container 
from height y,, to height 0, ze, 


a f¥m 1 ae m f° 1 aye T 
—— 2ZRy2 — yz =-- 2Ry2 —y2 = — 
Eig (2878-98) av =-F I (nyt -y#)ay=5 


where T is the time to drain the container fully. Thus, we may find T by 


T 
ra [a 

0 

1 


383 


Appendix A Solutions to Problems 


We want y,,, such that 


a? 1 3 T 8V2r_5 
-=| (2ky2-y2)dy = >= v2 R2 


Saf 2 15k 
m (4 3 2 yi) = SE Re 
-7(5 yey ym Dk 


15 
Then, the volume of the leftover liquid is given by 


Vm 


[“aordy = m(2Ry — y*)dy 


0 
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2.3 Population Model 


Problem 2.3.1 
From the population model, we have 
dP 
aR (B — 6)P 
= (ky - k2)P? 


where k, and k, are both constants. Let k = k, — kz = another constant. 


(1) From the problem, we know 


VP’ vP 
Thus, 
dP | ( 5)P 
ape 
= (= 2 *2) P 
VP vP 
= (ky - k2)VP 
Using k = k, — kz defined earlier yields 
uae kdt 
Bo 
2VP = kt +C, 


1 2 
P(t) = (Sxe c) 
Plugging P(0) = P, into it, we get C* = P). Thus, 
P(t) = (Fee + JF) 
(2) Given Pp) = 100 and P(t = 6) = 169, we get 
169 = (5 6k + Vi00) 


This givesk = 1. Thus, it is straightforward to evaluate P(12) = 16? = 
256. 


Problem 2.3.2 


(1) From the problem, we get 
B=k,P, 6 =kyP 
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dP ep? 
dt 
Solving this separable DE, we get 
1 
—=-kt+C 
P + 
P(t) = 
() C—kt 
Applying the IC P(0) = Pp, we get C = = and the population P(t) = marr = 
0 Po 
Py : 
1-kPot™ 
(2) Whent > 1/(kP 9), or, kPpt > 1, the population approaches infinity, 
Le, 
; = 4 0 
pg Nis pe) ta 1—kPot ic 
(3) Given Py = 6 and P(10) = 9, we get 
eo 6 
~ 1-k-6-10 
_ 1 
~ 180 


Thus, the doomsday occurs at 


1 

t= Pram 30 (Months) 

(4) Suppose B < 6, we know that k < 0. Thus, we know that 
1—kPot > 0, t>0 

and 


P(t) > 0, t > 00 


Problem 2.3.3 


We can always write the logistic DE in the following form 

ie kP(M —P 

ae = RPC ) 
where 

b=k, M=- 

=k, ae 

Since, fork = b> 0, the limiting population will be M, we can easily 
calculate that 


a Bo/Po _ BoPo 


b D/P Do 
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Problem 2.3.4 
(1) This isa 1st.0 separable DE. 


(ae 
P(nM—InP) — 
Let ln P = Z. Then, PdZ = dP. 


Substituting P by Z and dZ, we have 
| PdZ 7 i dZ i ide 
P(nM—Z) JiInM—Z — 


—IndnM—Z)=kt+cC 
Indn M — InP) = —-kt-—C 
InM —InP = K exp(-kt) 
P(t) = exp(nM — K exp(—kt)) 
Applying the IC P(t = 0) = Po, we get 
K =InM —InP) 


Thus, 


Thus, 
P(t) = exp(InM — (nM — In Py) exp(—kt)) 
(2) IfP) > M, 
InM —InPy <0 
P 
P(t) 
M t 


Figure A.1 If Py) > M, the population will decrease and approach value M as 


t7 a, 
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P 


P(t) 


Figure A.2 If Py) < M, the population will increase and approach value M as 


t > ©, 
(In M — InP) exp(—kt) < 0 
dP 
a kP(nM —I1n Po) exp(—kt) < 0 
This means that P(t) is a monotonically decreasing function of t. When t > 
co, P(t) > M. 
(3) If Pp <M, 
InM —InP) > 0 
(In M — InP) exp(—kt) > 0 
dP 
wee kP(nM —I1n Po) exp(—kt) > 0 
This means P(t) is a monotonically increasing function of t. When t > ©, 
P(t) > M. 
Problem 2.3.5 
The DE is 


dP (—at) P 
rF = Bo exp(—a 


which is a separable DE. We have 
dP 
> Bo exp(—at) dt 


InP= — 8 exp(—at) +C 
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Since P(0) = Pp, we get 


Thus, 


InP = InP) + Po — exp(—at)) 


P(t) = Py exp (2 a- exn-at)) 
Now, it is clear that for t > 00, exp(—at) > 0 and, thus, 


lim P(t) = Pp exp (©) 
Problem 2.3.6 
Since k > 0,M > O and P > 0, for the DE 
dP 
a kP(M — P) 
we consider the following two cases: M > PandM < P. 
(1) If M > P, we have 
dP | 
ee kP(M —P)>0 
Thus, the function P(t) is monotonically increasing wrt t. 


P 
\\ \\__ k increases 
\ \ a 


“S 


li; J k increases 


Figure A.3 Function P(t) is close to value M as k increases. 


Since dP/dt is the slope of the graph, as k increases, dP/dt increases and 
the curve approaches closer to M. 
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(2) IfM <P, 


dP 

ae kP(M —P) <0 
We know that P(t) is a monotonically decreasing function in t.As k 
increases, the |dP /dt| increases, the curve approaches M. 
From above, we can conclude, as k increases, the curve gets closer to the 


limiting population M. 


Problem 2.3.7 
Birth rate is 6 = 0 and death rate is 6 = k/\/p where k is a constant. 


By general population function, we have 


dP =(p —8)P 
dt 


=(0-=)p 


with IC P(0) = Pp. Solving this 1st.0 separable DE, we have 
us = —kdt 
vP 
2VP = —kt +C 
Applying the IC P(O) = Po, we get 
C=2/P 
Thus, 


kt : 
P(t) = (- a Po) 
Using the IC P(0) = Py = 900 and P(6) = 441, we get 
6k : 
441 = (- oa + v900) 


we found 
k=3 


Therefore, 
2 


3t 
P(t) = (- + 30) 
The condition that all fish are dead means P(t) = 0 for which we have 


3t 2 
(-£+30) =0 >t = 20 (Weeks) 


Problem 2.3.8 


From the IC, we have 
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B(0) 8 
“= PO) 120 
D(0) 6 
~ P20) 1202 
To solve this DE, we should write the DE in the standard logistic DE form 
dP 


ap = KP(M —P) 


where 
k=b, M=-= 
= b, =| 
Since we know the solution to the logistic DE 
MP, 
Py + (M — Py) exp(—kMt) 
Thus, for P(t) = 0.95M, we can solve for t 
MP, 


P(t) = 


0.95M = ———__—~_____ 
Py + (M — Py) exp(—kMt) 
gives t = 27.69. 
Problem 2.3.9 
With a = k,P, 8B = k2,P andk = kz — k,, the population model is given by 
dP 


ae 7 (BOP = (ke — ky) P? = KP? 
where we used 8B —a = kP > 0. 


Using SOV, we get 
1 
—-==kt+cC 
P + 
(1) Using the IC, we get the PS 


P(t) = (5 - kt) 


0 


-1 


(2) Derive the doomsday formula. 


When the denominator is zero, the doomsday arrives. Thus, 


Pe 
~ Pok 


(3) Calculate the exact time of the doomsday. 
First, calculate the rate difference birth and death. 


P(12) = (= 2p at) 


1 -1 
~ (on Zz 12k) 
= 4027 
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Thus, 
k = 2.0745-1075 
Second, calculate the time 
1 1 
Pok 2011(2.0745 - 10-5) 
(4) Calculate the population. 


Because (a — 8) = —kP > 0, we have (—k) > 0. Thus, 
se i 
ae ey) 7 ral (5 ~ kt) =e 


As time goes to infinity, the population vanishes. 


T= = 23.970 


Problem 2.3.10 
The population modeling is given by 


dt 
whose GS is 
2VP =—kt +C 
Using the IC, we get 
C = 2V4000 


2VP = —kt + 2V4000 
When we plug in the population value of 2014 wrt time 11, the unknown 
coefficient is 
2V4000 — 2V2014 
a 11 
So, the time for all of the fish in the lake to die, ie, P(t) = 0, is 


= 3.3396 


7 =~ =37876 
reget 


In order for the population not to change with time, we must set k = 0. To 
do so, we need 4000 rather than 2014. 
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2.4 Acceleration-Velocity Model 


Problem 2.4.1 
From the given condition, the acceleration, a(t) = —k, where k is a positive 
constant, ie, 
dv ae 
ape 
v(t) = [wae 
=—-kt+C 


Plugging in the IC v(0) = 88, we get C = 88 and the velocity 
v(t) = —kt + 88 
The car will stop skidding once the velocity is zero, ie, 
v(t) = —kt + 88 = 0 
resulting in the stopping time 


ood 88 
a ~ 
The car will stop skidding when t; = 88/k. On the other hand, 
(t) = dx 
ON ae 
x(t) = | vae 
k 
=-=t7 4+ 88t+C 
Considering x(0) = 0, we have 
c=0 


Thus, the displacement is 
k 
x(t) = —5t + 88t 
The displacement at t; = 88/k is 176, ie, 
ex + geo = 176 
k k 


Solving this equation, we get k = 22 ft/s and t; = 4 seconds. 
Thus, the car provides a constant deceleration of 22 ft/s? and the car 
continues to skid for 4 seconds. 
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Problem 2.4.2 
aa — = 50sin5 
rs a(t) = 50sin5t 
v(t) = | 50 sin 5t dt 


=-—10cos5t+C 
v(0) = -10 > -10+C =-10>C=0 
v(x) = —-10 cos 5t 
dx 
we 
x(t) = [ eae 


= [ -10 cos seat 

=—2sin5t+C 
x(0)=8>C=8 
x(t) = 8 —2sin5t 


Problem 2.4.3 
v(t) = | aceae 


1 
= {apart 
1 1 
= a-1 Gepett® 


IC v(O) = 0 gives 


Thus, 


a} 1 
i aeree (1 (t+ ye) 
and 


x(t) = [ v@ae 


=| a-ap)* 


1 


1 
i G=-DG=D Gps 


IC x(0) = 0 gives 
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1 
~(@—DMm—2) 
Thus, 
1 1 1 1 
Wa * @ Daa CHF a= Deep 
Problem 2.4.4 
(1) This is a separable DE which can be written as 
dv 
— = -kdt 
v 
Inv=—kt+C 
v = Cexp(—kt) 


From the IC v(0) = vo, we get C = vy and the velocity 
v(t) = vp exp(—kt) 
Also, we know 
dx = v(t)dt 
dx = v9 exp(—kt) dt 
v 
x= — > exp(-kt) +C 
Applying the IC x(0) = x9, we have 
Vo 
C= ee 
Xo + k 
Thus, 
Vo 
x(t) =x + ra — exp(—kt)) 


(2) As t > 0, exp(—kt) > 0. Thus, 


Mae 
lim x() = %9 + 
Problem 2.4.5 
dv Lemht : 
de 


1 ot 
—2v°2 + 2v,* = —kt 


pier Jvokt +2 
V% 
Avo 
v(t) = 
(/vokt + 2) 
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For the displacement, we have 
dx = v(t)dt 
4Vvo 
x = ——jz dt 
(/vokt +2) 
A/v 
x(t) = —- _ AVY +C 
k(2 + kt,/v%) 


Using the IC x(0) = xo, we get 


C= Xo + k 
Thus, 
2,/¥ 2 
x(t) =X + aL 
k kt,/v9 + 2 
2 
Ast > ©, ice fag — 0. Thus, 


2,/ Vo 
k 
a finite displacement as the object moves infinitely. 


lim x(t) =X + 


Note: If the exponent is greater than 3/2, the variable t will be found in the 
numerator of function x(t) to enble x(t) ~ ast > ©, 


Problem 2.4.6 


In this type of problems, only two of the three variables (x,v,t) are 
independent. One always selects the two variables that are relevant to 
the underlying problem to formulate, and to solve, the DE. 

dv _dvdx_ dv 

dt dxdt dx. 


Case 1: 
dv 
ma? = —-k\v 
v(x = 0) = % 
v(xy) = 0 
ie Xu 
—| —dv = dx 
Vo ky 0 
m 
Xm ee 
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Case 2: 


Case 3: 


Problem 2.4.7 


Let 
dr 
~ dt 
and convert the acceleration, using the chain rule, from a formula involving 


v 


v and t to another one involving v andr: 
dv _dvdr_ dv 
dt drdt dr 


Thus, the DE becomes 


Using the SOV method, we get 


GM, GM, 
[ vav = | (- 72 + aaa) ar 
v2 7 GM. GMn 


-_ + 
2 r S-r 
The above relationship can also be obtained by conservation of total 
energy. Using the IC’sr’(t = 0) = v(t =0) = vp andr(t = 0) =0, we 


know v(r = 0) = v9. This gives 


+C 
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Thus, the velocity function is 


= 26M.(-~ =) +2GM ( : : )+ ‘ 
a ol; R Migag S=Ry °° 
The attractions to the object from the Earth and the Moon balance out at a 
peculiar point 79, Ze, 
GM, be GM 
ro (S—%)? ~ 
Solving this equation for 7, we get 
JM.S 


VMe ~ Min 
Plugging the values of M,, = 7.35 x 10?2(kg), S = 3.844 x 108(m), M, = 
5.975 x 102*(kg) into the above formula, we get the value of 79. Using R = 
6.378 x 10° (m) and setting v = 0 if the object will rest after reaching the 
peculiar balancing point, we found vg = 11,109 (m/s). 


To 


This result is interesting. For comparison, the well-known escape speed 
from the Earth (without consideration of the attractions from other objects 
and the air and other resistances) is 11,180 (m/s) while the speed to reach 
the Earth-Moon influence-free zone, as shown above, is vg = 11,109 (m/s), 
a tiny bit smaller by 71 (m/s) or 0.6%. In other words, the pulling force of 
the Moon on the “escaping object” is truly insignificant. Of course, the 
speed of 71 (m/s) is approximately 159 (mph), which is higher than most 
planes’ take off speeds of 140 (mph). 


Problem 2.4.8 
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(1) The EoM is 
dv 
ma =—-mg —kv 
Considering v = “ we get, as usual, 
dv dvdy dv 


ae 


Thus, 
dv 
Lee —mg —kv 
dv k 
"ay 9m” 
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vdv 


Ree 
—g-_v 
vdv 
[ice 
-g-=v 


This is a separable DE whose solution can be obtained conveniently via the 
following steps. 


Let 
k 
w=-g ers 
mw +mg 
Ug 
m 
dv = —7aw 
2 
jet aw = (=) (w + glin|w|) 
Thus, 


my? k k 
(Z) (-9-;,7+9!n|-9-T |) =9 +0 
Applying the IC’s 


les 
v(0) = V9 
we get 
c=() Lgayi 
a AGe (-9-—v +9 n|-g -—v9|] 
Thus, 


mg t+kv 


) 


yo =(") (-L@-v) +9 m 


At the highest point y,,~, we have v = 0 


mg +kvo 


my2 (k mg 
Vmax = =) (jv tain el) 
(2) 
d dv kv 
Reg Sa Sa 


m | = | 
n 


t+C= ia = 
= Bile fol=—5 


m 
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m_ |-mg—ky 
¥(0) = v9 = C=-—In| Z u 
m_ |-mg—kvj m_ |-mg-kyv 
y(t) =—- In| 2 |+ in| a : 
k k 
_m, img tkvo 
~ " \ing + kv 


At the highest point, we have v = 0 


m_ imgtkvo =Fm|i+— 
k mg 


fp = mg 
Problem 2.4.9 
(1) The DE is 
dv _ 
a —kv 
Inv =—kt+C 
v = C exp(—kt) 
Using v(0) = 40 and v(10) = 20, we find 
In2 
C=40, k= a6: 
ie, 
In2 t att 
v = 40 exp (-=+) = 40 exp (-in2) = 40 (2 15) 
Similarly, 
ax _ 
ae 
gives 


x t 
I dx = i 40 exp(—kt) dt 
0 0 


40 
x= 7 — exp(—kt)) 


when t — ©, we have 


_ (40 _ 400 
x= lim (2 da - exp(—ke))) a 577 (ft) 
(2) The DE becomes 
dv _ kv? 
dt 
This gives 
1 
—=kt+cC 
v 
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which is 
_ 1 
US kt+C 
Using v(0) = 40 and v(10) = 20, we find 
cso , k= : 
~ 40’ ~ 400 
Thus, 
40 40 
i — ia 
1+ 40kt tw 
1+ T0 
Finally, 
dx _ Gre 40 
ge 
10 
We get 


t 
t) = 4001 (1 a C 
x(t) n +i + 
Using x(0) = 0, we get C = 0. Thus 
t 
t) = 4001 (1 =) 
x(t) n +i 
Thus, att = 60, 


60 
x(t = 60) = 4001In (1 + =) ~ 778 


Problem 2.4.10 


Figure A.4 A system of object moving upward. 
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(1) The total force on this object is F = —(Fp + Fg). Using Newton’s law 


dv 
F=ma= m7 we have 


which is a 1st.0 separable DE. 
Solving this DE with IC v(0) = vo, we get 
e mg k mg 
v(0) = (vo +P) ew(-—t)- 2 
(2) At the point it reverses, the velocity of the object vanishes at v(t) = 0, 


thus, 
mg k mg _ 
(v0 +P) exn(-—t)-SE=0 


It depends on the initial velocity vo, ie, the bigger it is, the longer it takes 
to reverse the direction. 
(3) When the object keeps a constant speed, the acceleration vanishes. 


Thus,a = —-mg-kv=0>v= are, which is independent of the initial 


velocity vp. 


Problem 2.4.11 
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Let t, be the time you accelerate and tz be the time you decelerate. t; + 
tz = t, which is the time you travel from one stop sign to the other. 
The driver accelerates at a, to reach the highest speed a,t, from which the 
driver can decelerate to stop at the other end. Thus, 

a,t, = apt, 
The total distance has to satisfy 


Dee + we =L 
2 2 
Plugging 
a 
t=—t 
a2 


into the above, we have 


which gives 
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2a,L 
a a,a, + a2 
1A2 + a3 


If Vy, = at, (= aztz), the result stays the same. 
If Vv, < a,t,, you should accelerate to v,, (need time t,). Then, travel at a 
constant velocity v,, for time t3. Finally, it decelerates from v,, to velocity 


0 (need time t2). The total time is t = t, + tz + t3. 


Here 
ics Vm Vm 
soar nae 
= mate = Vm 
eas e > Dae 
and 
L3 =L—L,—Lz 
1 Um Vm 
= 2 2 
Um Zaz 2a5 
Finally, 
Vm: Vin. A Vm Vm 
a Sa GaN” fae Dae 
1 2 m 1 2 
Problem 2.4.12 
We start with the usual force equation 


ae“ dtdy "“dedy "dy Y+RP 
where / is the mass of the Earth, m is the mass of the projectile, y is the 


height from the Earth’s surface andr = y + R. 
Thus, we will separate this equation and integrate 


i y GM 
vdv = | —-——{ d 
I, o (+R)? 4 


dv dvdy__—_ dydv _ dv GMm 


to obtain 
1 1 
2 = vy)? —2GM (-- ) 
eam R R+ty 
We found the velocity to be 
(y) = 2—2GM é : )= 2—2GM ( *) 
ee ee R R+y/) |” Rr 
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The velocity will become imaginary when 


Problem 2.4.13 
Consider v to be a function of y. Thus, 
, dv dvdy dv 
"dt dydt “dy 
and the original DE can be written as 


dv _ GM Ey 
"ay Game POP 


[ vw = f saa B exp(-y)) dy 


ae + (-y) +C 
= eR Bexp(-y 
Plugging the IC y(0) = 0 and y’(0) = v9, we have 


v2 
2 


2GM 
v? = v5 Gane 26 (exp(—y) — 1) 


At v = 0, the object reaches the max-height y,, which is given implicitly by 


an — 2B exp(—Ym) = v§ — 28 
For the total time T, we should consider 
dy 
Oat 


and it gives 


2GM d 
)¥3 - GE RR t 2BCexPC-Y) ~ = FE 


1 


2 


_ opm 2GMy 
T= i (x ~O+RR + 2B(exp(-y) — ») dy 


Problem 2.4.14 


According to Newton’s law, we have 


dv _ pees 
mae bv 
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Since 
- dx = dx dv 
edt dvdt 
then 
dv _ dv 
dt dx 
Plugging this back 


dv e 
my = av t+ Bu 
v 
ma = at pv 
dv = dx 


at pv 
m 
gery) =x+C 
Atx = 0, it gives v = v9. So, 
m 
Gs poe + Bvo) 


Therefore, 


The max-distance is 


ie ao (; i) 


If we double the initial speed, 
m at Bv 
5S) 
a) B a a+2BV 
(v= 0) ="n(—+_) 
nie ~ B"\ast 2Bv, 
Problem 2.4.15 
Assuming the following: 
Vo and v, are entering and exiting Medium-1, respectively. 
v, and vz are entering and exiting Medium-2, respectively. 
vz and v3 are entering and exiting Medium-3, respectively. 


Using the following relationship for all three cases, 
dv _dvdx_ dv 


dt dtdx dx 
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The EoM for Medium-1: 


Thus, 
k 
Vy =Vy9-—L 
The EoM for Medium-2: 
dv SO 
mv — = —kv 


Thus, 


k 
Vz = V1 exp (- ~1) 


= (v0~p2)e0(-72) 


For Medium-3, using results from Medium-1, we get 
k 
V3 = V2 —- aa 
Forcing v3 = 0, we have 
k 
V3 =V2- an =0 


or 
( “ 1) ( “ 1) er 
Vine Oa) aS 


Solving the above, we get 


k k 
Vo = rm (1 + exp (—:)) 


which is the special initial speed. 


Problem 2.4.16 


Method 1: Working in (x, Vv) system. 
For all three cases, we have the following general DE: 
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dv dvdx __ dv 
dt "dxdt "dx 
v(x = 0) = % 
We can easily get the following, 


mM k 


0 
| vi*dy = — —dx 
Vo 0 


The bullet stops at the max distance xy. 
Vo 2-a 


For Case 1, a = 1, 


For Case 2,a = 3/2, 


7 movil? es 2mvi/? 
aM ie ie k 
For Case 3, a = 2, 
Xu > 0 


Method 2: Working in the (v, t) system and, then, the (x, t) system. 
i) 


dv 
ma =—k,v 
O=-(S)a 
v m 
k 


= e0(-) 
v =(C,exp a 
v(0) =m =, 
So, we have 


(t) = a t) 

v(t) = vo exp (- re 
at = Vo exp oe 

dx = ( ua t) dt 
X= vo exp(—— 


__ Yo exp (- 1) 


= ma + Cz 
m 
MVo 
x=-——e p(-=2) +c, 
ky 
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Vo 
x(0) = x) = -—— + G, 
1 


So, we have 
x(t) = xX Ie exp im 


As t goes to infinity, exp (- “t) goes to 0. Thus, x goes to 
MVo 
x9 + — 
aes 


So, the total distance traveled is x at infinity minus xp, or 
MVo 


(ii) 
dv 


So, we have 
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am 1 ke e+e 
ae 
kp [Vo 2m ° 


Applying the IC x(0) = x9, we have 


2m 
Xo = Bae Ad + C3 
2 


2m(1  k, \~ 2m 
x) =- 2 ) + x9 +—./% 
ky ky 


— + — 
Jo 2m 


2m 2m,/ Vo 2m 
= ——— | —_*—__} + x» + — Jv 
ke (| Wt ev 


; 2m 
lim x(t) =X + kv” 
Thus, the total distance is 


So, 


; 2m 
bar) —t0= 5 WMG 
(iii) 
dv 2 
ma = ed 
v-2dy = ——dt 
—vt=—3t4+¢ 
m 
-1 
3 
v= (=: + C:) 
(0) : 
v(0) = % = G 
(t) = (2 eee a 
ve = m Vo 


x= | vat 
m_ (kz 1 
x= nin(se+s) + C3 
m1 m 
x(0) =x) = ea C3 = Sete + C3 
m_ (kz 1 m 
x(t) = ee (=: + x) + Xo + ee 
As t goes to infinity, x(t) goes to infinity and, in this situation, the bullet 
will fly to infinity and beyond. 
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Problem 2.4.17 


410 


The EoM is 
dv a(B + v7) 
rn 
(1) The position function, given by X, is a function of t only. 
Rearranging the EoM and using = = v, we have 


dvdx __ a(B +’) 


dt dx m 
dv a(B+v’?) 
dX m 


Solving the above by the SOV method, we get 
In(v? + B) = at ee 
m 

Applying the IC, we found 

In(ve +B) =C 
Thus, the velocity and position are related by 

2a 
In(v? + B) = 7x + In(v2 + B) 

When v - 0, the bullet reaches the farthest, ie, 


2a 
Ingp = ~ 7 Xmax + In(v2 + B) 

The max-distance is 

m vat 

Xoo = ig C+) 

2a B 

(2) Applying the IC and using the original EoM, we compose 
dv a(B + v*) 


dt m 
v(t = 0) =v 
Looking up the table of integrals or integrate manually, we obtain 


s tan-t an ass 
VB OB m 


The explicit expression of the velocity is 


v = ,/Ptan (ve (c - <,)) 


Applying the IC, we get 


v(t =0) =v = JBtan(/BC) 
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The explicit expression of C is 


ab 


When the velocity becomes zero, the time reaches its maximum. 


Gh 


is vB 


Finally, 


= 
a/B 


As long as the time is in the interval t € [0, T], the bullet is in motion. 


Problem 2.4.18 


The net force 
F =e 
= mg ———— pv 
p 


(positive sign means the force is downwards). 


So 
1 mg mg 
dv _r_mg(t-5)-w w(AP-T-») 
dt m m m 
m — 
| eam fa 
Hp 
t 
OSG) ie ar) ee) 
m/\pp H Hp 
Thus, 


-eo RGB MECH) EBB GBA) 


Once we find the solution for T, the time that the egg hits the bottom, we 
can just plug it into the velocity v(t) to get the impact speed, at the time T. 
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Alternative Method: 
Recognizing 
dv _dvdy _ dv 
dt dydt dy” 
we have 
dv___ dv 
dt "dy 
mg 
=mg ——~~— pv 
p 
resulting in 
dv _ (: *) 7 
ae =g : ae 
Let 
1 u 
— 1-- — 
ee ( se B m 
we get the following separable DE 
dv ~ 
ae =a+Bv 
which can be solved using two definite integrals 
’ vdv oA 
i a+ Bo i d 
where v is the speed of impact. So 
ie v aln(a + Bv)\| v¢ 
le Bf 0 
_ uf a In(a + Bv,) i" a \n(@) 
B B? B? 


One can solve for vy now. 
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2.5 Windy Day Plane Landing 


Problem 2.5.1 
x 
Vy = —Vp COS A = —Vg ——— 
Vx? +y? 
Vy = —Vosina-—w=-v ey 
ee ° xy? 
Thus, 
dy 
dy _ \dt) vy _—vosina—w _ sing | w 
dx (4) Vy, —Vp COS a cosa Vp cosa 
dt 
Therefore, 


dx x Wo x xX Vo x? 


Bats n(F") 28 ve 


Letu = *. Then, y = ux and o =ut oe. Plugging into the above DE, we 


get 
du w 
u+—x=ut—y1t+u? 
dx Vo 
du w 
—x=—y1t+u? 
dx Vo 


w 
In(u +v1+ u) = 5, In) +C 
0 
Applying the IC y(« = M) = 0, we get 


M 1 1+ 
109=5(G) -@") 


Ifw > v9, 


and the path length is infinite. 


Ifw < v%, 


M in +S 
10 -3(G@)*-@ ") 


M M dy\? 
| Jat ray? = | 1+ (2) dx 
) ) 
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If w = 0, the trajectory is a straight line: 


109 =4((j)""-G)*) = 


and the path length is 
L=M 
Problem 2.5.2 
From the problem, we know that with closed parachute, we have 
dv 
na =mg—kv 


This is a linear DE and we have 
mg kt 
v= 0 +Cew(—2) 


Given v(0) = 0, we know that 


Hence, we have 


and 


Since x(0) = 0, we have 


Thus, 
@=2 ae “) ”) 
xO=T(t+7en(-T)-|z 


Suppose he opens the parachute at t = t;, we know that 


m4 (c eu ( a) ™) 
BN pe nk 


mg kt, 
a ae — exp (- =) 


Starting from t,, the parachute will be open and the DE becomes 
mv' =mg —nkv 


x, = 


and 
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and we get 


_ mg ie ( mt 
OS Hes POON ae 
where from v(t,) = v1, we have 


_n-—1mg nkt;\ mg (n— 1)kt, 
C3 = - = oP — — exp | —————_ 


m k m 
For x, we have 


where C, satisfies x(t,) = x,. After finding C,, we have 
Xp =H-x, 


Solving for t, such that x(t.) = x, and make v(t.) = vo, we can find the 
optimal ty. 


Problem 2.5.3 
Before opening the parachute: 


In vertical (y-) direction, 


Vo 
Thus, 
= Zot (2) dy_ g 
e979 29 Vo dx V2 
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Thus, 


; H 
X1 =Voty = Vo |— 
1 of 0 q 
So, the length 
ey mls 
n=" 14+(2) a x=] 1+ (Sx) dx 
_1 v J H 
OFF gpa YO ig (VO IBM a 
72 g 29 Vo Vo" 


After opening the parachute: 


In vertical (y-) direction: 


*y mdvy ay 
i mg — avy 7 l Ve 
dy _ mg mg at, 
den a + oF “Dee (-a)-| dy 
mM, mM, at 
= ia (= + (JoH - “) exp (- ~)) dt 
0 
mM, m, 


We could get tz implictitly. 


In horizontal (x-) direction: 


(e m ; [ae ( a) 
= Vy = , Vy = Vo exp | — — 
a AVy x és x 0 m 
dx _ ( =) [a 7 if ( =) oF 
Ge = VoexXP\—— > F x= Yee oa 
a 
+ > 


MVo at\ Mvo 
x= 5 exp(-—) ‘i t=—- a ag 
y= Me E((a 2) oo(—5) + 2 (VaR 
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=- Tp n(i-Sx)-2 (von -“)a- mtg WE a) 


a m 
dy mg mg 
a —(./gH —-—2 
dx az = =a g a ) 
aAVo — mm 
MV o at2 MV o 
m= “Tew (- Ta) + 


So, the length 


a 
Xp d 2 
ji | dx 


The length of the trajectory is L = Ly + Lp. 


Problem 2.5.4 
From the problem, we know that the resistance in vector form is 
= ,, B 
R= —a|v| ney 
|| 
=-av 


Now, it is clear to see the resistance in x and y directions are independent 
from each other. Thus, we only need to consider the y axis. Before the 
parachute opens, we have 


dv 
Bens te 
dete 
which gives 
vy = —gt +C, 
given v,(0) = 0, C; = 0 we have 
Vy = —gt 
y=-sgt? +l, 
Plugging in y(0) = H,C, =H 
=H 1 t2 
VF 39 


If the man opens the parachute at y = oH, the time it takes from start to 


open the parachute is 
a7 =H : t? 
> haan 39 1 
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and at that time, 


vy = —/ gH 


After opening the parachute, the EoM becomes 


Avy _ a 
ae 9m 


which is a separable DE. The GS is 
-=in(=» + yatte 
a \m 7 9) : 
Given v,(0) = —./ gH, we have 


C3 = -=in(g -< Jgit) 


Thus, 
m g-</gH 
In =t 
a gtiv 
a 
(mg = a,/ gH) exp (-—t) —mg = avy 
mg a mg 
Vy = (— - JgH) exp (==2) ie 
and 


The total time is t = t, + tp. 


In the case he opens the parachute at y = =H, we have 


3H 
29 


t, = 
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and at that time 


3gH 
vy(ty) = |S 


The equation after opening the parachute becomes 


Problem 2.5.5 
This is a problem of Newtonian mechanics F, + Fg = ma. Total weight of 
the man and his parachute m with acceleration a, gravitational force F, anda 
drag force Fy. Let x be the distance above the Earth’s surface, with positive 


wae d dx. , 
direction downward, = ai where v = = is the velocity and Fy =-mg. 
Since the drag force is assumed to be proportional to velocity, Fg = 
—kv (with closed paracute) and Fg = —nkv (with open parachute). 

The deployment occurs at time ty. 


During the initial fall with parachute closed, we have 


sd - k 0) =0 
ma, =mg — v,v(0) = 
an IVP. The DE is separable, 
dv - kv 
dt m 
Thus, 
dv d 
oT 
m 
kv 
_m@(o~m) _, 
k kv 
(a> aa) 
kv 


kv Z ( “) (t) m ( 2 ( “)) 
=—— —-—|]a> = — —_ —— 
9 m 1 XP m ¥ k 9 1 XP m 


t =0,v(0) =0 
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t =0,v(0) =0 
dx 
i=0ff=9=Bo(1-o9(-%) 
m m 
x= tg (t+ Pexp(-=)) +6 
2 
OO) =O G =—728 


So, the distance of closed parachute fall is 


m m kto m 
1 =F (to+ pex(-—)) Ferg 


rio)= B0-e0(H2) 


Starting with the opening parachute ty time, the DE becomes 


At to, 


dv _ k 
ma =mg-n v 
dv dx k 
mao 
dv - k 
mavamg—n v 


whose solution is 


uo=(0-cen(-) 


vt= Ba(o—en(-£2) 


kto 1 kto 
Ca exp (=) my (; ab eee (- =) 


Since 


a - ( mt) 

dt nk 9 one m 
= (e+¢ ie ( “)) +c 

2 = 79 yaa a 4 


X2(to) = x4 
which means 
m m kt m m kt m? 
wed (to + Capper (—se)) + C= Fa (to +z er7(-Fe)) Fas 
One can easily find the constant C, 
H=X,+X2 


m m kt, 
x2 = “a(t + Cae (-—)) + Cy 
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ated (« 4m ( a) m? 
SH ae (i Ot ae) ye 


The falling time t, is in principle solvable from the above equation, but it is 
tedious and may require a numerical solution technique. Therefore the 
total falling time is t; +t9, the speed he hits the ground is 


v= B(o-cem(—™) 


We can adjust the ty to enable the quickest fall and lightest hit on the 
ground. 
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2.6 A Swimmer’s Problem 


Problem 2.6.1 
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(1) The total mass for a boat with n boaters is given by M + nm. The total 
force propelling the boat is nfo. Water resistance is ftgv, which acts in the 
opposite direction. Thus, we have the following DE 


dv 
(M+ nm) = = Nfo — UoV 


(2) This is a separable equation. Thus, we have 


[t+ nm 2 — = [at 


M+nm 
——_In(nfp — ov) =t +c 
Uo 
With v(t = 0) = 0, one can get 
M+nm 
c = —-— In(nfp) 
Uo 


Plugging this value of c into the solution, we get 
nfo ( ( Hot )) 
t)=—(1- Se 
vw Uo Sy M+nm 
(3) The total travel time T follows the following equation, 


i [vo dt = [0 — exp (-,“_)) dt 


nfo M+nm UoT M+nm 
= (99 Ae (=A) ME 
Ho Ho M+nm Ho 

Differentiating T wrt n (assuming real variable instead of integer for 

. d 

convenience) leads to = < 0 and, thus, the more boaters, the shorter the 
time. The answer is “To win, use as many boaters as practical.” 

An alternate argument: one can compute the boat speed wrt n. 


Be ((—G)) + oe (a 


dn Lo ~M+nm (M + nm)? ~M+nm 
Now 
fo Hot )) 
AGEs a | |) SOVES 
Uo ( exp ( M+nm// — ~ 
and 
nM folot ( Mgt ) 
exp ( — > 
Lo(M + nm)? M+nm 
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Thus, 
dv 
—>d0dvtz=0 
dn 


In other words, v is an increasing function of n. So, at any instant, the more 
boaters, the faster the boat travels. “The added weight of the boater has 
not slowed down the boat, as long as the added boater does not pedal 
backward.” 
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2.7 River Ferryboat-Docking Problem 


Problem 2.7.1 
Assume the jet’s speed is vy and the jet’s heading angle is a. Without wind, 
the jet’s velocity is [v9 cosa, vg sina]. With wind, the jet’s velocity can 
be [vp cosa, vo sina + vy]. 


A 


# wing o 
, og 


VA 2 > 


Cy 


Figure A.5 The jet landing model. 


dx x 
ee i aS oer) (A.3) 
v. af i sin(a) +v, =v ae (A.4) 
y dt 0 Ww 0 ez y2 Ww 


y 
Vo SH VV, 

(A.4) dy °Jxt+y2 ” dy_y w y 

aa ee a 1 (2) 

(A.3) dx 1») —=— dx xX WV x 
x2 + y? 
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Problem 2.7.2 


o ae x 
(0, 0) (a, 0) 
Figure A.6 The ferryboat model. 
(1) Establish the DEs for the boat’s trajectory, 
dx 
Vy = a —Vp cosa (A.5) 
d 
vy = — = W(x) -Vpsina (A.6) 
We know that 
: y 
sina = ——— 
Vx? + y? 
x 
cos @ = ———— 
Vx? +y? 
Dividing Eq. (A.6) by Eq. (A.5), we get 
dy _ W(x) —V) sina 7 W(x) ee 
dx —Vj)cosa | —Vycosa ai 
Wox(a — x) 
_ a, Y_ _Wox(a— x) 142) 2 
Vy) cosa x Vja2 x x 
x(a — x) oy 
= it (<) + 
where 
1 Wo 
b? Voa? 
(2) By substituting v = y/x, we transform the DE into 
‘ x(a —x) 
v+xv'= a a 1l+v?7+v 
a-x 
v= ee 14+? 
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By the SOV method, we have 


dv a-x 
v1l+v? b 
In(v+J1+ 2 cs ae 

n(v ad Rees 


With the IC y(a) = 0, we find C = a?/(2b?). Finally, we have 
1 

2) a5 

In(v + 1+v )=5( 


vt+ 140 = exp( 


x — ay? 
7) 
(x — a)? 

2b? 
Substituting back v with y/x, 


y | yy? (x — a)? 


(3) If the river flows slowly relative to the boat, b > 00, the result becomes 
y > 0, which is a straight line. 


Appendix A - Chapter 2 


2.8 Equation for Compound Interest 


Problem 2.8.1 
(1) Establish the DE 
dZ = Zrdt — Qotdt 

which gives 

dZ 

at = Zr— Qot 
and IC Z(0) = Zp 
(2) We rewrite the DE 

Z' —Zr =—Qot 
which is a linear DE. Thus, 

(Zexp(—rt))’ = —Qot exp(—rt) 


ee ae (- exp(—rt) _t ee) aan 


Te r 
t 
Z= oo Got + C exp(—rt) 


Plug in the IC Z(0) = Zp, we have 


Zo = n +C 
C=Z)- & 
Finally, 
Z(t) = oo + & i (2. = &) exp(—rt) 
Problem 2.8.2 


(1) The change of loan dx after time interval dt 
dx = xrdt — Ddt 
Thus, we have the equation 
dx 
ae xr —D 
with x(0) = Z. 
(2) The above DE can be solved easily by the SOV as 


| dx = [ae 
xr—-D 


1 
~In(xr — D) =t+C 
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1 
x(t) = —(D +exp(r(¢+0)))l . ¢ a * inrz —D) 
x(0) =Z i 


x(t) = ~(D + exp(rt + In(rZ — D))) 


= ~(D + (rZ — D) exp(rN)) 


(3) Obviously, ifrZ — D > 0, the loan will grow with time. 0.W,, it will 
decrease. Thus, the critical point isrZ —D = 0, ie, D = rZ (The Young’s 
only pays off the interest). 

(4) Pay off in N days, 


x(N) = ~(D + (rZ — D) exp(rN)) = 0 


(5) Pay off in N/2 days, 


2 


1 rZ i TZ 
DD” &£E 
Let Y = rZ/D and rZ = YD. Then, 
YD 
Vv 1 _ Y = 1 a EE 
- YD 
1—v1-Y 
Problem 2.8.3 
(1) The DE can be written as dZ = Zrdt — Wdt which can be solved easily 
by the SOV method 
Z dZ t 
=| rdt 
Leow 
r 


W W 
Z(t) = ma + (20 - —) exp(rt) 
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Now, the pay-off time is when 
Ww Ww 
Z(T) = = + (2. - —) exp(rt) = 0 
Solving the above produces 
1 
T=-—-—In (1 = 
Tr 
(2) According to the result above, 
T, = T (Z,W,r s 0) 


= ( z (1 )) = ”( a 
roo\ rp Ww r\ Ww] Ww 


W\ Zo 
ie =1(2,W,r = —)=—(21n2). 
2Zo 


(3) With equation in (1) we have 
—— o (1 =) 
“or 7 Ww 


Now, with payment W,, the loan is paid off in half time, ze, 


Solving these two AEs, we get new payment, 
Wr =Wt+ W(W —1rZo) 


Problem 2.8.4 

Borrower: Mr. Wyze 

Zq = The initial loan amount. 

Wo = Periodic payment per unit time. 

Ty = 7 = Interest rate. 

Zy(t)= Amount owed to the bank at time ¢. 

dz,,= Decrement of the loan due to the payments made 

dzy = Zy(t)rdt — wodt 
ZW = ZyT — Wo 
Zw z! t 
I <i wae 
0 
Zo Zy — rT t=0 
Wo Wo 
Zy(t) =—+ (20 — —) exp(rt) 
r r 
Borrower: Mr. Fulesch 
Zo = The initial loan amount. 
Wo = Periodic payment per unit time. 
1 


y= gra +t) = Interest rate. 
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Z(t) = Amount owed to the bank at time t. 
dz, = Decrement of the loan due to the payments made 
dZp = Z,(t)r¢dt — wodt 
Zp = zat +t) — Wo (A.7) 
which is a 1st.0O linear DE. 
y' + P@x)y = Q() 
P(t) = =a +t) 


rt - 12 
p(t) = exp(-E[ a+0ar) = cowr(-2(++5)) 
0 


Q(t) = —wWo 
d 
“(z¢(t)p(t)) = OH0(0) 
t 
ap(t) = zo — wop(t) | pce) at (ie) 
0 


Solve for t with Eq. (A.7) and Eq. (A.8). 


Problem 2.8.5 
With the new periodic payment (1 + @)W, 
dz = zrdt —- (1+ a)Wodt 
dz 


_dt+aw, rap 
= r 
i: dz i 
—.——— = | rat 
_GA+a)W 
r = 
mn +a, }~"e 
Cg aye 
1 (1+ a@)W 
Ty = —In 
r (1 + a@)W, —Zor 


Similarly, we find the payoff time with periodic payment W 
1 Wo 
i (a = Zr) 
With periodic payment W, the total interests paid to the bank is 
Wo 
ZorT =ZolIn Ga = Zn) 
With periodic payment (1 + a@)W, the total interests paid to the bank is 


430 


Appendix A - Chapter 2 


1+a)W, 
Zora = Zan ( )Wo ) 


(1+ @)Wo -— Zor 


Problem 2.8.6 


(1) With double periodic payment, we have 
dz = zrdt — 2Wdt 


dz q 
Ww rat 
Z— y; 
is dz Tow vf 
= r 
ZZ — aw 0 
ao 
In ow =1TTwy 
Zy- res 
apt 1 ( 2wW ) 
aw = "QW — Zor 
(2) Doubling rate, we have 
dz = 2zrdt — W,,dt 
a 2rdt 
=2r 
pie Wee 
2r 
0 dz Ty 
i = I 2rdt 
Zoz——2h 0 
_ Wor 
In 2r = 2rT; 
W2, 
20 OF 
2Zor 
Wo, 


f= exp(—2rT;) 


Problem 2.8.7 
(1) With periodic payment nW, we have 
dz = zrdt —nWadt 


am 
rT 

if: sas [ora 

zz — AW 0 
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nw 
In ow =r, 
Lo mar 
7 “In( nW ) 
We pe nW — Zor 


(2) With interest rate br, we have 
dz = bzrdt — W,dt 


dz 
= brdt 


s5 


_ brZo 
~ 1—exp(—brT) 


Problem 2.8.8 
dW =Wrat — Woat 


and 


or 


If payment is ar 
dW = Wardt — Wodt 


and 
0 dw Ty 
ay 
2, War — Wo 0 
or 
1 arZy 
Baws) 
Let 
1 TZo 
To) =—in(1-7°) = f@9@) 
where 
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1 
(Os > 


r 
and 


@x inf 1rZo 
g(r) =-In We 


T is always greater than zero and T = f(r)g(r) > 0 


fo) =2> 0 g(r) =-mnfr- 7 >0=[1-7° <1 
r Wo Wo 
T =T(r) =fMag@) 
T, =T(ar)g(ar) 
Let 
= Zr 
a7 
Then, 
o In|1 — A] 
ha 
In|1 — @A| 
T, = -———_ 
ar 
(1) Ifa > 1, 
PSPs Ss 7G ere) (1) 
ar or 
Case 1: 
g(r) = —In(1 — A) and g(ar) = —In(1 — @A) 
1>aA>A>0530<1-aA<1-AK<l1 
—In(1 — aA) > -In(1 — A) > 0 
g(ar) > g(r) (Il) 
Case 2: 
g(r) = —In(A — 1) and g(ar) = —In(@A — 1) 
Then, 


1>aA-1>A-1>0 
0 < —In(@A — 1) < -In(A - 1) 
> g(ar) < g(r) dp 
If (1) and (IJ) are satisfied, it is difficult to get a result. 
If (1) and (III) are satisfied, T, < To. 
So, the function should be 


Wo 
ye fi (> 1) 
A ar Wo 


This means Zr > Wo. 
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(2) If0<a@<1, 
With a similar method, we have T; > To 
(3) Ifa = 0, the DE becomes 


dW = —Wodt 
coupling with the IC W(0) = Zp, an IVP. Solving it, we get 
T, = Wr 
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Chapter 3 Linear DEs of Higher Order 


3.1 Classification of Linear DEs 


Problem 3.1.1 


LHS = y’+y2= +(4) =0-Rns 
Fory = < where C #1andC # 0, we have 
Cc cy? Cc(C-1 
+(-) a, 
x2 x x2 


LHS = — 


Problem 3.1.2 


From y = x3, we know y’ = 3x2 and y” = 6x. Thus, 


LHS = yy” 
=x? x 6x 
= 6x* = RHS 


Fory = Cx? where C # 1, we have 
LHS = Cx? x 6Cx 
= 6C?x* + 6x4 


Problem 3.1.3 
For y,; = 1, we know that y; = 0 and yj’ = 0. Thus, 


LHS = y1yy' + (1)? 


= 0 =RHS 
For y2 = Vx, we know that 
; 1 
2 2Vx 
mo 1 
V2 — AxVx 


Thus, 


However, for y = y, + yz, we have 


LHS = (vx + )(-5)+( 1 ‘i 
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1 
= —-—— #0 
AxVx 


Problem 3.1.4 
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(a) Yc is the GS to the Homo DE, thus, 
Ye +PYc + Wc = 0 
yp is a PS to the InHomo DE. Thus, 
yp + Pyp + dp = f(x) 
Let y(x) = yc + yp. Now, we have 
LHS = (y¢ + yp)" + Pc + yp)! + Gc + YP) 
= O¢ + pyc + ac) + Ce + Pyp + ap) 
= 0+ f(x) = RHS 
(b) From part (a), we get the GS 
Y=Vcot+yp =1+4+C,cosx + C,sinx 
Applying the IC’s, we have 
yO) =-1=1+¢, 
y'(0)=-1=G 
yield C, = —2 and C, = —1. The PS is 
y(x) = 1-2cosx —sinx 
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3.2 Linear Independence 


Problem 3.2.1 


Part 1: 

LyL2x(t) = Ly((D? + aD + B2)x) 
= L,(x"" + a,x' + Bx) 
= (D? +a,D + By) (xX" + apx’ + Box) 
=x + (ay + a)x'" + (aay + By + Bo)x" + (ay Bo + a2fy)x' 

+B,B2x 

LjL,x(t) = Ly ((D? + a,D + B,)x) 
= L,(x" +a,x' + By x) 
= (D? +a,D + Bo) (x" + ax’ + Byx) 
=x + (ay + a)x!" + (aya + By + Bax” + (ay By + @2B,)x' 


Problem 3.2.2 


+B, Box 
L,L2x(t) = LoL,x(t) 
Part 2: 
=A h.- t= Det 
LyL2x(t) = Ly((tD + 1)x) 
= L,(tx' +x) 
=(D+t)(tx’ +x) 
= tx" + (t?+1)x'+tx 
LyL,x(t) = L2((D + t)x) 
= L(x’ + tx) 
= (tD + 1)(x' + tx) 
= tx" + (t? +1)x’ + 2tx 
LyL x(t) # LoL4x(t) 
Note that 
exp(x) t+exp(-x) . exp(x) — exp(—x) 
cosh x = ———————— sinh x = 
vy) 2 
Le, 


coshx + sinhx = exp(x) 
Thus, the linear combination of the three functions can be zero and, thus, 
they are LD. 
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Problem 3.2.3 
Let cy = 1, cp = cz = 0. Then, we have 
Cc, :0+c)sinx + c3 exp(x) = 0 
So, these functions are LD. 
Note: 0 is always LD with any other function. 


Problem 3.2.4 
Let cy = 15,cy = —16,c3 = —6. Then, we have 
15+ 2x —16- 3x? — 6(5x —8x*) =0 
So, these functions are LD. 


Problem 3.2.5 
Let cy = 1,cy = —1,c3 = 1. Then, we have 
x? — x3 + (x3 — x?) =0 
So, these functions are LD. 


Problem 3.2.6 
f@)=n 
f'(x) =0 
g(x) = cos?x + sin? x =1 
g(x) =0 
The Wronskian is 
_|f 9g 
ACE g) — a ‘| 
mol 
7 lo al = 


Thus, f(x) and g(x) are not LI. 


Problem 3.2.7 
(1) Since both y, and y, are the solutions to the DE 
A(x)y" + Bix)y’ + C(x)y = 0 
we get 
A(x)yy! = —B@x)yi — Cx)y1 
A(x)y2' = —B(x)yz — C(a)y¥2 


The Wronskian of y, and y, is 
V1 Y2 
WwW = ! ! 
O1,¥2) yi 7] 
= VW1¥2 — Y2V1 
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Thus, we have 
dw t mr 
A(x) ae A(x)(yi¥2 — Y2¥1) 
= A(x) O12! — Y21') 
= yi (Aya!) — y2(Ayi') 
Substituting Ay,’ and Ay,’, we have 
dw 
AG) a Si BY Oya) Va By) 
= —BO1Y2 — Y2y1) 
= —B(x)W(x) 
(2) This separable DE can be solved as 


W = K exp (- | = ax) 


Problem 3.2.8 
For f;(x) = x!, we know that 
f9@~@=i, FfP@=0, sri 
Thus, the Wronskian 


f 0 fi aes Tr 
Wn fixttS ip fi : h 
ft A je gn) 


is actually an upper triangular matrix with diagonal elements 
Ff =i! 
i ! 


Thus, we have 
n 


W for far fd = | le +0 


i=0 
We know functions fo, f;, ..., f, are LI. 


Problem 3.2.9 


Suppose Xj, ...,X, are LI solutions to the Homo DE. 
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x(t) x2(t) Xp (t) 
w(t) = ia) a(t) = wn(t) 
Fumie (3) i NG) x" Y(t) 
Taking the derivative of W(t) we get 


x1(t) x(t) Xn (t) 

W(t) d x(t) x3 (t) “Xn (t) 
“dt dt 3 “, 3 

HOEY: OEY: oe eG) 

x,'(t) x2'(t) ve x! (t) 

a x(t) x3(0) Xp (t) 
xD) xD) eon x" 4) 
x,(t)  x2(t)  Xy(t) 

KE) x @)  ahO). |, 
SPO: 2 OO 
xXy(t) x2(t) oo X(t) 

x(t) x3) xn (0) 

PO 2! ao 
All terms except the last one are zero. So, 
x,(t) x2(t) Xn (t) 

W(t) | x(t) x3(¢) xn (t) 
aes vil 

ee EY: BOE): ae LO) 


Plugging xj, ...,X, into the Homo DE, we have 
xP = P,(t)xPtt-- +P, (x, 
xh = Py(t)xh-1 +--+ Pi (t)x, 


xP = Pi(t)xh tt +P (t)xn 
Put this into the DE wrt W 


x(t) x(t) “+ xy (t) 
dwt) _ x(t) x3(t) “xh (t) 
dt : : “, : 
er ee). 
x,(t) X2(t)  xn(t) 
x3 (¢) x2(t) a xp (t) 
=P POD -POLPO -— —POxlPO 
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x4(0) x2(t) o xa(t) 
i. poe 26) iis (0 i 
-Pi()x" 2) -Pa(t)xg" PO) -PaOa PO 
x,(t) X2(t) “+ x_(t) 
4. x; (¢) x3(t) ee xh (t) 
POX ORL PO POP O 
Now everything except the first term cancels out 
x,(t) X2(t) ox, (t) 
dW(t) = x1 (t) x3(t) wee xi(t) 
dt : : , : 
Py) MO) PDS PO POX? O 
x, (t) x2(t) “+ X(t) 
= —P,(t) pe a) a fo 
x 1) (t) x 1) (t) a ry) (t) 
= —P, (t)W(t) 
Thus, 
aWw(t) _ 
a = ~PiCw ce) 


where W(t) is a function of P;(t). Easily, we solve the above DE to get 


W(t) =Cexp (- | P,(t) dt) 


Problem 3.2.10 
We know that exp((7 +1 + r3)x) > 0 Vx,1%,72 and r3. Notice that 
fxd 2 
mM % Bl=()-7n1)3-W)G3-1%) 
ri re ré 


is a Vandermonde determinant which, for distinct r,, rz and rz, is non-zero. 


Therefore, the Wronskian is 


Ld 

We exp(( +1 + r3)X) % 1% 13) 4#0 
re re ré 
1% 73 


Thus, exp(17,x), exp(1)x), and exp(r3x) are LI. 
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Problem 3.2.11 
First, if 3 1 <i, j<n,t#j such that r7,=7; from the property of 
determinants, we know that V = 0. Now, suppose 7;’s are mutually distinct. 
Some simple calculations suggest 
v= || @-») 
1sj<isn 

We will prove this by induction. It is obviously true for n = 2. Suppose it is 
true for n = k. Then, forn = k + 1, we have 


f= wt 1 
% 1% Te+1 

Vea = : 
kok 
TY 2 0 Tea 

0 0 te 0 1 
— (7+ T2 7TH. Tk TT k41 Th 

k k k k k k k 
Ty —Te4a 2 — Teed OTR TU e41 Uh44 


Similarly, without changing V, we can subtract, in order, 7,4, times row k 
from rowk + 1,74, times rowk —1from rowk, etc, until we subtract 
Tx41 times row 2 from row 3. 


0 of 0 1 
V a (1 - Tee aTP (1% — Te1) Te 0 
ea = é, 
(a —Tedr* Oe — Tee)? 0 


k 
(-1)'Vy | [oi = ree) 
i=1 


k 
= Vi | [ress —7;) 
i=1 


= || @-a) 
1sj<isk+1 
Here finishes the proof. 


Problem 3.2.12 
We get the Wronskian 
fi fr er fa 
W (fi fas > fad = : : ” fr 
| 1) gat) - ford 
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exp(7,x) exp (12x) het <exnGeae) 
4 exp(ix) " exp(% x) ne ™ exp(™x) 
r?lexp(nx) rPtexp(mx) + 12-1 exp(r,x) 
1 ae ee | 
fe exp((4 Hi tert T)x) NY " s Tn 
ci pot we nel 
n 


Since exp((7 +1 te + T,)X) > 0, and the second part is a Vandermonde 
determinant, we know that for 1,7, ...,% that are distinct, the Wronskian 
is non-zero. Hence, f; are LI. 
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3.3 Homogeneous DEs 


Problem 3.3.1 
(1) The roots 


X12 = 3(- + Ji? -8) 
= i,-2i 
(2) The roots 
1)... - 
X12 = 5 (2i +/(2i2 — 12) 


= 3i,-i 


Problem 3.3.2 
(a) We know that any complex number zcan be written as z = a + ib where 
aand bare the real and imaginary parts respectively, and this number can 
also be written in polar coordinates as 
z=artib 
=r(cos@ +isin@) 
= rexp(id) 
where r=va?+b?, @ = tan (2), and exp(i0) = cos@+isin@ 
according to the Euler’s formula. We can express any complex numbers in 
any of the three forms, e.g, 
4=4+i0 = 4exp(i0) 
—2 = -2+ i0 = 2 exp(iz) 


3i=04+3i= 3 exp (i5) 
2 
a a 1 
1+i = v2exp (iz) 
20 
—1+iv3 = 2exp (i=) 
For the last two complex numbers, we offer more details: 


a 1 Cees _ 
1+i>r=vz2, 9=7>1+i=VZexp(iz) 


2 21 
-1+iv3>r=2, @ = 50> -14 3 = 2exp(i) 
(b) We have 
. we _ 
2 — 2iv3 = 4 exp (-i5) 


21 
—2 + 2iv3 = 4 exp 4) 
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Thus, 
a _ 2 
2 —2iv3 = (+2 exp (-iz)) 
. _ 2 
—2 + 2iv3 = (+2 exp (i 3)) 
Problem 3.3.3 
Let t = exp(u). Then, u = Int 
poh dx 
x du 
Boog Ee AX 
t?x" = —— —- — 
du du 
3x! d?x é d?x 4 dx 
is du3 du? du 


Here x’ = = 
x’ — 3x" + 2x' + 6(x" —x')+7x'+x=0 
x" +3x""+3x'+x=0 
r? +3r2+3r+1=0 
(r+1)? =0 
T =%=7T3=-1 
The GS is 
x(u) = C, exp(—u) + C2u exp(—u) + Cu? exp(—u) 
x(t) = Cyt71 + Ct Int + C3t71 In? t 


a= tnt X2 =t'Int, X,=ttIn?*t 
W (x4, %2,%3) = 
et -t~? 2t~3 
t~!In(t) t~7(1 — In(t)) t~3(2In(t) — 3) 
t-'In2(t) t72(2In(t) —In?(t))_—s-t73.(2 — 6 In(t) + 2 In? (t)) 
1 In(t) In?(t) 
=t-tt-*e-3!-1 1-In(t) 2In(t) — In?(t) 


2 2in(t)—3 2-6lIn(t) + 21n2(t) 
1 In(t) In?(t) 
=t°l0 1 2In(t) |=t~° 
0 -3 2-6ln(t) 
= t~°(2 — 6ln(t) + 6In(t)) = 2t~° 


1 2 In(t) 
-3 2-6In(t) 


W (x4, %2,X3) = 76 
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Problem 3.3.4 
This is a 2nd.0 c-coeff DE whose C-Eq is 
r7+3r+2=0 
(r+1)(71+2)=0 
whose roots are 
M2 = —-1,-2 
Thus, the GS is 
y = C, exp(—x) + Cz exp(—2x) 
Given IC y(0) = 1, y’(0) = 6, we have 


C,+C,=1 
Ze —2C,=6 
This gives 
C, =8 
ie =-7 
Therefore, 


y(x) = 8 exp(—x) — 7 exp(—2x) 
At the highest point, the velocity vanishes, which means 
y'(x) = —8 exp(—x) + 14 exp(—2x) = 0 
Solving this, we get 


7 
x= Ing 
and 
7 16 
y(Ing)=7 
Thus, the highest point is 
7 16 
(mp7) 


Problem 3.3.5 
This is a 2nd.0 c-coeff DE whose C-Eq is 
r?+3r+2=0 
(r+1)(71+2)=0 
whose roots are 
2 = —-1,-2 
Thus, the GS is 
y = C, exp(—x) + Cz exp(—2x) 
From the given IC, we have for y, 
{ C,+C, =3 
—C,—2C,=1 
This gives 
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Problem 3.4.27 
The C-Eq of the Homo DE is 
r?+a?=0 
which gives 
T12 = tia 


We get y, (x) = cos(ax) and y2(x) = sin(ax) and GS for the Homo DE 
yc(x) = C, cos(ax) + C sin(ax) 
Thus, we have the Wronskian 


Win®.wOl=|yr js)=a 
1 2 
Recognizing f(t) = tan(bt), we can compute the P 
— F210) — v1) y2(0) 
ve) = |r ovat FO 


= | sin(ax) cos(at) — cos(ax) sin(at) tan(bt) dt 


a 


= “| sin(a(x — t)) tan(bt) dt 


Problem 3.4.28 
(1) The associated Homo DE is y” + y = O and its C-Eq is 
r7+1=0 
The two LI solutions to the Homo DE are 
yx(x) =sinx, y2(x) =cosx 
and f(x) = 2sinx. 
(2) The Wronskian is 


_|¥1 Y2]_|sinx cosx|_ _ 
WO) ly vil * lose —sinx! — : 

_ yO) a cost:2sint | —cos2x 
uy(x) = ~ | dt = - f ae = 2 +B, 
yi(Hf@O sint:2sint sin 2x 

uz() = | Wi at = [ 4 dx = 5 —x +B, 


where B, and B, are arbitrary constants and setting B, = B, =0 is a 
convenience and freedom we may enjoy. Thus, the PS is 
Yp(X) = yi Xu (X) + Yo (x) ug (x) 


; cos 2x sin 2x 1. 
= sinx(- ) + cos ( — x) = 5sinx — xcosx 
2 2 2 


(3) The GS to the DE is 
y(x) = vo) + ye (x) 


1 
= (C, sinx + C, cosx) + (5sinx — xcosx) 
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we 13 
bee a 
pase 
aD: 
mae 
34 


Therefore, the PS is 


Se 13+6x+9 a )) 


Problem 3.3.7 
From the solution, we know that the C-Eq has three repeated roots —2i 
and three repeated roots 2i. Thus, the C-Eq should be 
(r + 2i)3(r — 2i)? = 0 
r°+12r* + 48r? + 64 =0 
and the DE is 
yO 4+12y + 48y" + 64 =0 


Problem 3.3.8 
The C-Eq is 
r>—1=0 
(r-—1)(r? +r+1) =0 
whose roots are 


= -1+V3i -1-v3i 
12,3 = 4, 2 , >) 
Thus, the GS is 
-1+ V3i -1- v3i 
y = C, exp(x) + Cz exp (==) + C3 exp (==) 


From the IC, we have 
Cy + C2 4+ C3 = 1 
—1+ v3i -1-Vv3i 
1+ 2 2+ 2 C3 =0 
-1-—3i 14+ Vv3i 
C, + 2 2+ 2 > 


This gives 


Thus, we have 
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al w+ —1+ V3i al -1-3i 
y= 3 xP x 3°%P — 7 * 3 °XP ey 


which can be written as 


eee ee sx) v3 
y= exp 3 oxP ia cos x 


Problem 3.3.9 
For the 4th-order c-coeff DE whose C-Eq is 
r*—r3—r?-r—-2=0 
(r+ 1)(r —2)(r? +1) =0 
The GS is 
y = C, exp(—x) + Cz exp(2x) + C3 cosx + C, sinx 
From the given IC, we have 
C,+C€,+C3 =0 
—C,+2C€,+¢€,=0 
C1 +4C, —C3 = 0 
—C, + 8C, — C, = 30 
Solving for the IC we have, 
C, =—-5, Cz = 2, C3 = 3, C, = -9 
Thus, the PS is 
y = —5exp(—x) + 2 exp(2x) + 3 cosx — 9sinx 


Problem 3.3.10 
If x > 0, the DEis y” + y = 0 with the GS 
y =Acosx+Bsinx 
If x < 0, the DE becomes y” — y = 0 with the GS 
y = Cexp(x) + D exp(—x) 
Applying the IC’s y,(0) = 1 and y;(0) = 0, we have 


A=1 C+D=1 1 
ipa lego mo = 
Thus, 
= f cosx, x20 
coshx, x<0 
Similarly, one can get y2, 
_¢ sinx, x20 
y= oe x<0 


Problem 3.3.11 


This is a higher order c-coeff DE whose corresponding C-Eq is 
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r(r—2)(r+3)(72+1)=0 


So, the solution is 
y =C, + Cx + C3x? + Cy exp(2x) + Cs exp(—3x) + Ce sinx + C7 cos x 


Problem 3.3.12 
The C-Eq is 
r*—2r+2=0 
2 =1+i 
The GS is 


y = exp(x) (C, sinx + C, cos x) 
From the given IC, we have 
Cy2 =5,0 
Thus, we have 
y = 5exp(x) sinx 


Problem 3.3.13 
The C-Eq is 
r>+9r=0 
12,3 = 0,31, —-3i 
The GS is 


y = C,+C, sin 3x + C3 cos 3x 
From the given IC, we have 


C, + C3 =3 
3C, =-1 
—9C3 =2 
This gives 
ae 
ew 
— 1 
a 
Ae 2 
oe 


Thus, the solution is 


29 ; 2 
y =—-—=sin3x — =cos 3x 
Quik. 9 


Problem 3.3.14 
The C-Eq is 
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(r —1)3(r — 2)2(r — 3)(r? +9) = 0 
whose roots are 
11,23,45,6,7,8 = 1,1,1,2, 2, 3i, —3i 
Thus, the GS is 
y = (Cy + Cox + C3x7) exp(x) + (Cy + C5x) exp(2x) + Co exp(3x) 
+C,7 cos 3x + Cg sin 3x 


Problem 3.3.15 
This is a 2nd.0 c-coeff DE whose C-Eq is 
r?—r—15=0 


1+v6l 
2 


with roots 


Figs = 
Thus, the GS is 


=) HK) 
y = cy, exp | —>—-x ] + cp exp | ——-x 


2 2 
Problem 3.3.16 
The C-Eq is 
9r* —12r+4=0 
(3r — 2)? =0 
whose roots are 
2°2 
WoT as 


Thus, the GS is 
2x 2x 
y(x) = c, exp (=) + C2 x exp (=) 


Problem 3.3.17 
(1) This is a kth order c-coeff DE with C-Eq (r — 7,)* = 0. Since r = r, has 
k, repeated roots, we have 
y(x) = (Cy + Cox + Cgx? + + Cy, x) exp(yx) 
(2) The C-Eq for this DE is 
(r—n)!r — 12)” .. r — mH) = 0 
Thus, rootr = 7, repeats k, times, root r = r, repeats k,times,..., rootr = 
T, repeats k,, times. 
V(x) = (Cy + Cyne toe + Cy x7) exp(r,x) 
+ (Coy + Can + ++ + Cox, x*27+) exp(r2x) ++ 
+ (Cha + Gyax tot a | exp(1,X) 
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where Cj; are constants. 


Problem 3.3.18 
Let’s find the GS to the corresponding Homo DE 


(x<- a) y() =0 


Let x = exp(t), we have 
n 


(exo —" _-a) y=0 
exp(t) dt 


d cc} 
ans =0 
Ee a) 4 
The C-Eq is (r — a)" = 0. There are n identical real roots. 


So, the GS to the homogeneous DE is 
yc(t) = (Cy + Cot + Cat? +++ + Ct") exp(at) 


= (> ct) exp(at) 
k=1 


Then, plugging x back, we have 


ye(x) -( C, anny) xe 
: >, , 


Finding the PS requires considering three cases: 
Case 1 (a = 0): 
The original DE becomes 
y™ = exp(t) 
whose PS is 
yp = exp(t) 
The GS is 
y(t) = (Cy + Cot + Czt? +--+ C,t"*) + exp(t) 
y(x) = (Cy + Cy Inx + C3(Inx)? +--+ C,(Inx)""1) + x 


Case 2 (a = 1): 
We select the TS 

Yp = At” exp(t) 
Thus, 


n 


d 
LHS = (;- 1) (At exp(t)) 

n-1 
= (< - 1) (< = 1) (At” exp(t)) 


n-1 


= (< = 1) (< (At™ exp(t)) — At” exp() 
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-1 ae 1 exp(t)) 


-—1 


Ga) 
=(2 iy, G - 1) Ant"! exp(t) 
= (4 ) G (Ant"“1 exp(t)) — Ant} exp()) 


= d n-2 
= Ca 1) ae — 1)t"-? exp(t) 


= + = An! exp(t) 
Plugging into the original DE, we get 


(<- 1) (At™ exp(t)) = exp(t) 
A(n!) exp(t) = exp(t) 
Thus, 
ASS 


n! 
The GS for this case is 


1 
y(t) = exp(t) (Cy + Cot + Cyt? +--+ C,t™ 1) + air exp(t) 


1 
y(x) = x(C, + Co Inx + C3(In x)? + + + C, (In x)""1) + 7 cin x)"x 
Case 3 (a # 1): , 
We select the TS 
yp = Aexp(t) 
Thus, 


n-1 


d ) d )a 
n° (G-« st 
n-1 


ae a) (1 — a)A exp(t) 


g = oe (< — a) (1 — a@)Aexp(t) 


—- a) (1 — a)*A exp(t) 
= (1 -—a)"Aexp(t) 


Thus, 


(< — a) Aexp(t) = exp(t) 
A(1 — a)” exp(t) = exp(t) 
Le, 
1 


"Waa 
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The GS is 
1 
y(t) = exp(at) (C, + Cyt + Ct? +--+ C,t" 1) + ——— exp (t) 
(1-a@)” 
y(x) =x*(C, + C,Inx + C3(Inx)? +--+ C,(nx)""*) + Ga 


Apparently, this case covers the simpler case of a = 0. 


Problem 3.3.19 


The original DE can be written in the following form 
d’y dy 
dxz t OX a + Y 0 


ax? 


Let t = Inx. Then, 
dt 1 
dx x 
Thus, by the chain rule, 
dy dydt dyl 


dx dtdx dtx 


d*y_d Q) 

dx? dx \dx. 
_d (22) 
~ dx\dt x 
_ idy id ®) 

~ x2 dt re 
= qos ee os 
x2 dt aa dx 
1dy 1d’y 


=o dee? WES 
_1(d’y_ dy 
ge\ dee aE 


2 2 
tt Sa tect 
dx? dt? dt 
Plugging these back into the DE, we have 


d? d d 
a( td 2) 402+ ey=0 


Finally, 


dt? dt) dt 
d’y dy 
aTatb-aatcy=0 


a linear DE wrt t. The C-Eq is 
ar? + (b-—a)r+c=0 
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a—b+./(b-— a)? —4ac 
a —— a 
If (b — a)? — 4ac > 0, we have two distinct real roots. 
y(t) = C, exp(t) + C2 exp(r2t) 
Using t = Inx, we have 
y(x) = Cx + Cox” 
If (b — a)? — 4ac = 0, we havea repeated root r, thus 
y(t) = (C, + Cot) exp(rt) 
Using t = Inx, we have 
yx) = (C, + Cy Inx)x” 
If (b — a)* — 4ac < 0, we have two complex conjugated roots 
T2 = rexp(+id) 
Thus, 
y(t) = (C, sin 6t + C, cos 6t) exp(rt) 
Using t = Inx, we have 
y(x) = (C, sin @ Inx + Cy cos @ Inx)x" 


Problem 3.3.20 
Let t = Inx. Then, 
dy dy 
“ax dt 
Pi een ad 
dx? dt? dt 
Thus, the original DE becomes 
d2 
— —9y=0 
The C-Eq is 
r*-9=0 
N12 = +3 
¥1 = exp(3t) = x? 
Yq = exp(—3t) = x7 
ye(x) = Cyx3 + C,x73 


3 


Problem 3.3.21 
Let t = Inx. Then, 
dy dy 
“ax dt 
,dy d*y dy 


«dx? dt? dt 
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Thus, 
d*y dy 
az + Ya tey=0 
The function y now depends on variable v instead of x. 
C-Eq: 
r*+(b-—1)r+c=0 
—(b-—1) + VJ(b—-1)? —4c 
12> a 
—(b-1) + J/(b-1)? -— 4c 
¥i12 = &xp 2 v 
Problem 3.3.22 
Let t = Inx. Then, 
dy dy 
ae exp(—t) er 
d*y d*y dy 
der ee (2 ~ at 
Thus, the DE becomes 
d*y dy 
—-3—+2y=0 
dt? dt Med 
Its C-Eq is 
r?—3r+2=0 
Nh. =1,2 
Thus, 


y(t) = C, exp(t) + C, exp(2t) 
y(x) = Cyx + Cox? 
Applying the IC, we get 


{ C1 +C,=3 
Cy +2C,=1 
This gives 
B =5 
C2 =-2 
Thus, the PS is 
y(x) = 5x — 2x? 


Problem 3.3.23 
Let y = (x + 2). Then, 
y =Awt2)41 
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y" = (A-1DA(x 4 2)4-? 
Substituting them into the DE, we get 
(x + 2)4(a? — 22+ 1) =0 


(A-1)? =0 
Az =1,1 
The GS is 
y =Cy(x+ 2) + Coe 4+ 2) In|x + 2] 
Problem 3.3.24 
Let y = x2. Then, y’ = Ax4-1, y" = A(A — 1) x47? 
Thus, 


x2A(A — 1)x4-2 — 2xdx4-1 — 10x4 = 0 
x4(A(A — 1) — 24 — 10) = 0 
A? -31-10=0 
There are two real and distinct roots A,, = 5, —2 


So, the GS is 
y=Cyx> + Cox? 
Problem 3.3.25 
Let y = x”, we have 
yl =rxtt 


y" =r(r—-1)x"? 
y" =rir—-D(r -2)x73 
Then, 
r(r—1)(r-—2)+r(r-1)-r+1=0 
r? —2r?+1=0 
(r-1)(r? -r-1)=0 
which has three distinct roots, resulting in three LI solutions. 


i Lave 1495 


11,23 a 


The GS is 


(x) =cxt+c oe +c. oe 
y 1 2 3 
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3.4 Inhomogeneous Linear DEs 


Problem 3.4.1 

This is a 2nd.0 c-coeff DE whose corresponding C-Eq is 

r?—2r-—8=(r+2)(r—4) =0 

N12 = —2,4 
Thus, yc(x) = C, exp(—2x) + C, exp(4x) 
f(x) = exp(4x) 
The TS is 
yp(x) = Ax* exp(4x) 
Comparing terms in y- and yp, we notice s = 1. 
Wt Areas { yp = 4Ax exp(4x) + A exp(4x) 


yp = 8Aexp(4x) + 16Ax exp(4x) 
Plugging into the original DE, we get 


8A exp(4x) + 16Ax exp(4x) — 2(4Ax exp(4x) + A exp(4x)) — 8Ax exp(4x) 
= exp(4x) 


6A exp(4x) = exp(4x) 


ele ee 
= 5 Vp = expe 


So, the GS is 


x 
y(x) = C, exp(—2x) + C, exp(4x) + GoxP4x) 


Problem 3.4.2 
C-Eq for Homo portion of the DE is 
r*-1=0 
T1234 = 1,-1,i,-i 
Yc(X) = c, exp(x) + cz exp(—x) + cz cosx +c, sin x 
The TS is 
yp=A 
and 


yp =0=yp = yp = yp" 
After substitution, we get 


0-A=1 
A=-1 
yp =-1 


The GS is 
Y=Y¥ct Yp 
= c, exp(x) + cz exp(—x) +.c3 cosx + cysinx —1 
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Problem 3.4.3 
We first consider the Homo DE 


YS aw 
The C-Eq is 
r*—1=(r?4+1)(r? -1) 
=(r+i)(r-i)(r-1)(r4+ 1) 
=0 
whose roots are 7,234 = i,—i,1,—-1. 
Then, the complementary GS is 
Yc = C, cosx + Cp sinx + C3 exp(x) + C, exp(—x) 


The TS is 
yp = Ax exp(x) 
Its derivatives are 
yp = Aexp(x) + Ax exp(x) 
yp = 2A exp(x) + Ax exp(x) 
yp’ = 3Aexp(x) + Ax exp(x) 
yp" = 4A exp(x) + Ax exp(x) 
Inserting them to the original InHomo DE, we have 
4A exp(x) = 4 exp(x) 
Solving this equation gives us A = 1. Thus, 
Yp = x exp(x) 
Finally, the GS to the original DE is 
y=Yc+Yp 
= C,cosx + C, sinx + C3 exp(x) + Cy, exp(—x) + x exp(x) 


Problem 3.4.4 
Solve the corresponding Homo DE. The C-Eq is 
rt—r3—r?—-r—-2=0 
(r+ 1)(r?+1)(r—-2) =0 
1234 = —1,2,i,-i 

The GS to the Homo DE is 

Yc = C, exp(—x) + Cz exp(2x) + C3 sinx + C, cos x 
Since f(x) = 18x°, we select the TS 

yp = X5(Ag + Ayx + Ax? + Agx? + Agx* + Asx?) 
Since there is no polynomial in the Homo solution, we let s = 0. Thus, 

yp = Ay + Ayx + Agx? + Agx? + Agx* + Asx? 

and 
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yp = Ay + 2A2x + 3A3x? + 4A4x? + 5Agx* 
yp = 2A, + 6A3x +12A4x? + 20Asx3 
yp' = 6A3 + 24A4x + 60Asx? 
yp” = 24A,+120A5x 
Inserting these to the DE, we have 


wie we 


yp” — yp" — yp — yp — 2yp = 18x° 
Equating the terms, we have 
24A, — 6A3 — 2A, — Ay — 2Ay = 0 
120A, — 24A, — 6A3 — 2Az — 2A, = 0 
—60As — 12A, — 3A3 — 2A, = 0 
—20As5 — 4A, — 2A3 = 0 


—5A, — 2A, =0 
—2A; = 18 
Solving them gives 
_ 2295 
| 
_ 2025 
ee 
a 135 
ee” 
A3 = 45 
_ 45 
ae 
As = -9 


Thus, the PS is 
2295 2025 135 


45 
ar x+——x? + 45x3 + —x*4 — 9x5 
Finally, the GS is 
2295 2025 
y = C, exp(—x) + Cz exp(2x) + C3 sinx + Cy cosx + a Ree as 


135 45 
+ =a + 45x3 + zx — 9x5 


Problem 3.4.5 
We select the TS 
yp = x5(Ap + A,x + Anx? + A3x3) 
To determine s, we have to find the GS to the Homo DE. The C-Eq is 
r+r27+r+1=0 
(r+1)(r? +1) =0 
1123 = —1Li-i 
This means the polynomials are not part of the y, and, thus, s = 0. We have 
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Yp = Ap + Ayx + Anx? + Ax? 
and 
yp = Ay + 2A,x + 3A3x? 
yp = 2A, + 6A3x 
yp = 6A3 
Inserting these to the DE, we get 
ye + yp + yp + yp = x9 +x? 
Equating the terms, we have 
Ag + A, + 2A, + 6A3 = 0 
A, + 2A, + 6A3 = 0 


A, +3A3=1 
A3=1 
which gives 
Ap =0 
A, = -2 
A, =-2 
A3=1 


Thus, we have a PS to the DE 


Problem 3.4.6 
We select the TS 
yp = Aexp(3x) + B exp(2x) + C exp(x) + D 
Yp = 3A exp(3x) + 2B exp(2x) + C exp(x) 
yp = 9Aexp(3x) + 4B exp(2x) + C exp(x) 
yp’ = 27A exp(3x) + 8B exp(2x) + C exp(x) 
Inserting these to the DE and equating the terms, we get 
27A+9A+3A+A=1 
8B+4B+2B+B=1 
C+C+C+C=1 


D=1 
This gives 

tes 

40 
ee 

~ 15 
aoe 

4 
D=1 


Thus, the PS is 
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1 1 1 
yp = 70 xP) + Te exp2x) + 7 exp) +1 


Problem 3.4.7 
The C-Eq of the Homo DE is 
r++ wr? =0 
712,34 = 9,0, wi, —wi 
Thus, the GS for the Homo DE is 
Vo = Ay + A2x + Az sinwx + Aq cos wx 
Since sin wx and cos wx are part of the GS, the TS is chosen as 
yp = Cx? sin(wx) + Cox? cos wx + C3x sin wx + Cyx cos wx 
yp = (2C, — 20, — 4@xC, + w?xC3 — w?x?C,) sin wx 
+(2C, + 2WC3 + 4wxC, — w?xC, — w?x?C2) cos wx 
ys? = (4C,w3 — 12C,w? + Cyo*x + 8C,w3x + C,w*x?) sin wx 
+ (-4C3w? — 12C,w? + Cz@*x — 8C,w3 x 
+ C,w*x?) cos wx 
Inserting these to the DE and equating the terms, we get 


C, =0 

a 1 

2 403 

é 5 

3 Aw4 
1 

C= 


Finally, we have y = yc + yp. 


Problem 3.4.8 
The complementary GS is 
Yo = C, coswt + cz sinwt 


If @ = Wo, we assume the following TS: 
Yp = Bx exp(iwyx) 
and find yp. 


Plugging yp, yp into y” + w*y = exp(iwox), we find 
1 
~ 2iw, 


Thus, the PS is 
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YP = Tia, x exp(iwox) 


and the GS is 


Y=Yco+Yp = cz, cos(wt) + cz sin(wt) + x exp(iw x) 


2iW 
If @ # Wo, we use the following TS: 
Yp = Aexp(iwox) 
and find yp. 
Plugging yp, yp toy” + w7y = exp(iw x), we find 
1 

A= 

Thus, the PS is 


1 
yp = are Oe 


and the GS is 


Af 
Y=Yco+Yp = cz, cos(wt) + cz sin(wt) + 2 a oe ep iwor) 
— Wo 


Problem 3.4.9 
The C-Eq of the Homo DE is 
r?+9=0 
12 = £31 
Thus, the GS for the Homo DE is 
Yc = A, cos3x + Az sin 3x 
Since sin 3x and cos 3x are part of the GS, we select the TS 
yp = x(C, sin 3x + C, cos 3x) 
Thus, 
yp = C, sin 3x + C, cos 3x 
+3xC, cos 3x — 3xC, sin3x 
and 
yp = (6C, — 9xC,) cos 3x + (—6Cz — 9xC,) sin 3x 
Putting these back and equating the terms, we get 


Thus, the PS is 


and the GS is 
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1 
y = A, cos 3x + Az sin3x + ex sin 3x 


Problem 3.4.10 
Find the complementary solution, /e, the GS to 
y"+2y'+y=0 
The C-Eq is r? + 2r + 1 = 0 whose two identical roots r,, = —1,—1. Thus, 
Yc (x) = cy exp(—x) + cx exp(—x) 

Next, we find the PS yp(x). Because the InHomo term is a sinx and cos x, 
the MUC requires us to select the TS yp as 

Vp = Acosx + Bsinx 

Yp = —Asinx+Bcosx, yp =—Acosx— Bsinx 
Substituting these values into the DE, we obtain that 
—Acosx—Bsinx —2Asinx+2Bcosx+Acosx+Bsinx 

= 5sinx+5cosx 

Thus, we find that 
—2Asinx+2Bcosx =5sinx+5cosx 


Therefore, 
5 5 
A = ~ > B = 2 
The GS is 
y(x) = ye(x) + ye) 
= > (sin x —cosx) + c, exp(—x) + c2x exp(—x) 
Problem 3.4.11 
The C-Eq is 
r+rt+r+1=0 
123 = —-1i-i 
Yc = C, exp(—x) + Cz, sinx + C3 cosx 
The TS is 


yp =A+x(Bcosx + Csinx) + D cos 2x 
+E sin 2x + xF exp(—x) 
yp = Bcosx + Csinx + x(—B sinx + C cosx) — 2D sin 2x + 2E cos 2x 
+ F exp(—x) — xF exp(—x) 
yp = —2Bsinx + 2C cosx — x(Bcosx + Csinx) — 4D cos 2x — 4E sin 2x 
— 2F exp(—x) + xF exp(—x) 
yp’ = —3(Bcosx + Csinx) + x(B sinx — C cosx) + 8D sin 2x — 8E cos 2x 
+ (3 — x)F exp(—x) 
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Inserting these to the DE and comparing the terms, we have 


A=1 
2C-2B=1 
—2B—2C=0 
—3D —-6E =0 
—3E+6D=1 
2F=1 
Solving this gives 
=1 
1 
B=-- 
4 
poe 
~ 4 
we 2 
ei 
ee 
amet: 
pe 
12 
The PS is 
1 1 2 
Yp =1—Gxcosx + 7xsinx + 72 cos 2x 
as 2 42 (—x) 
qe sin 2x + 5x exp(—x 
Problem 3.4.12 
Let x = exp(t). Then, t = Inx 
dy dy 
dx dt 
2 
ey May 
dt* dt 


d? d d 
al acy ey = exp(3t) 


dt? dt dt 
d*y _dy 
ae ers + 6y = exp(3t) 


C-Eq of the Homo portion: 
r?—5r+6=0 
(r-3)(r-2)=0 
N12 = 3,2 
Thus, the complementary GS is 
yc(t) = C, exp(3t) + Cy exp(2t) 
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The TS is 
yp(t) = At exp(3t) 
yp(t) = A exp(3t) + 3At exp(t) 
yp (t) = 6A exp(3t) + 9At exp(3t) 


Inserting these to the DE with variables (y, t), we have 
Aexp(3t) = exp(3t) 


Thus, 
A=1 
yp(t) = texp(3t) 
The GS is 
y(t) = C, exp(t) + C, exp(2t) + t exp(3t) 
y(x) = Cx? + Cx? + x3 Inx 
Problem 3.4.13 


Use the trial function y = x® and plug it into the Homo DE: 
x (x7) + 2xF (x)! — 12x4x% = (a(a — 1) + 2a — 12) x**% 
= (a7 +a—12)x**%* =0 
(a+4)(a—-3)=0 
a=-4,3 
Thus, 
ye(x) = Cyx7* + Cox 
The TS is 
yp = Ax~*Inx 
x°(Ax~* In x)” + 2x5(Ax74 In x)’ — 12x4*(Ax74 Inx) = 1 
x°(20Ax7® Inx — 9Ax7®) + 2x9(—4Ax-5 Inx + Ax7®) —12Alnx =1 
(20 - 8-12) Alnx +A(-9 +2) =1 


1 
eae 
The GS is 
y(x) = Cyx7* + Cox? - ox Inx 
Problem 3.4.14 
Let x = exp(t). Then, t = Inx 
dy dy 
dx dt 
Des Sas ee) Ca 
dx? diz at) 9 
Thus, 
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yty— by = 72 exp(5t) 


C-Eq: 
re+r—-6=0 
(r+3)(r-2)=0 
N12 = —3,2 
y-(t) = C, exp(—3t) + C, exp(2t) 
The TS is 


yp = Aexp(St) 
Yp = 5Aexp(5t) 
Yp = 25A exp(5t) 


Plugging these back, we have 
25A exp(5t) + 5A exp(5t) — 6A exp(5t) = 72 exp(5t) 


Thus, 
A=3 
yp = 3 exp(5t) 
The GS is 
y(t) = C, exp(—3t) + Cy exp(2t) + 3 exp(St) 
y(x) = Cyx73 + Cox? + 3x5 
Problem 3.4.15 
Using the substitution t = In x, we have 
xy'=y 
xy" =y-y 
The DE becomes 


4 
4y —4y —4y + 3y = sexp(=t) 


4 
4y —8y+3y= gexp (51) 


which is a c-coeff linear InHomo DE wrtt. The C-Eq to the associated 


Homo DE is 
4r? —-8r+3=0 
31 
M299 
3 1 
yc(t) = C, exp (5¢ + Cz exp (5¢) 


The TS is yp(t) = Aexp (G t). Then, 


Fees the ten (eaten (i) een) 
9 exp(5 Be has a exp( . exp(5 
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qt! 
"5 
Thus, 
3 1 72 4 
y(t) = C, exp (5¢) + C, exp (5 t) — 5 exp (5 t) 
That is 
3 1 72 4 
yx) = Cyx2 + Cyx2 — rae 
Problem 3.4.16 
Using substitution x = exp(t), we get 
d’y dy | dy 
—-st+oty=t 
dt? dt dt” 
d’y 
=t 
dt? ry 


The Homo portion of the solution 
yc(t) = Cy cost + Cz sint 
The TS is 
yp(t) =At+B 
We get A = 1,B = 0. The GS is 
y(t) =C,cost+C,sint+t 
y(x) = C, cosdn x) + C, sin(Inx) + Inx 


Problem 3.4.17 
Let t = Inx. Then, 
xy'=y 

ay) Sven y 

x3y"" = 2y- 394+ ¥ 
The DE reduces to 

y-—2y+2y—y=1+4+ exp(t) + exp(2t) 

The C-Eq for the Homo DEis 

r?—2r?+2r—-1=0 

(r—1)(r? -r+1)=0 
1+iv3 1-iv3 


Yr. =1 
mi 2. 2 
I hus, the GS to the Homo DE is 


3 3 1 
yc (t) = Cy exp(t) + (c. cos St + C3 sin’) exp (5¢) 


Since exp(t) is part of the GS, we select the TS 
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yp(t) = Ait exp(t) + Az exp(2t) + Az 
Thus, 
Yp = Ax(t + 1) exp(t) + 2A, exp(2t) 
Vp = A,(t + 2) exp(t) + 4A2 exp(2t) 
Vp = Ax(t + 3) exp(t) + 8A, exp(2t) 
Plugging these into the DE, we have 
A, exp(t) + 3A, exp(2t) — A3 = exp(t) + exp(2t) +1 


This gives 
A =1 : 1 
1,2,3°— 2? 
Thus, 
1 
yp = texp(t) + 3 exp(2t) -1 
and 


1 
y(t) = texp(t) + 3 expt) —1+4+C,exp(t) 
+1C. scF + C3 si v3 t) 
2 COS 57 3 a exp (5 
Finally, we have 


1 v3 v3 
y(x) =xInx+ ae —14+C,x+ («. cos (Six) + C3 sin (Sinx)) va 


Problem 3.4.18 
Plugging in the TS y = x® to solve the Homo DE: 
(a(a—1)+ a-—4)x* =0 


a*—-4=0 
a=x+2 
Thus, yo = C,x? + C,x~? is the complementary GS. For the InHomo part, 


the TS is 
yp = Ax? Inx + Bx? Inx 
where A and B are constants. Plugging into the DE gives 
x?(Ax? Inx + Bx7*Inx)" +x(Ax?Inx + Bx77Inxy’ 
— 4(Ax? Inx + Bx~? Inx) 
= x?(A(2Inx + 3) + Bx-*(6Inx —5)) 
+x(Ax(2Inx + 1) + Bx-3(-—2Inx + 1)) 
— 4(Ax? Inx + Bx? Inx) 
= 4Ax? — 4Bx~? 
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The GS is 


1 
y = Cyx* + CQx77 + race —x~*)Inx 


Problem 3.4.19 
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Given two LI solutions y,(x) and y2(x), which imply 
i +a(x)yi +B@)y1 = 0 
yz + a(x)y2 + B@)y2 = 0 
(A.9) X yz — (A.10) X y, gives 
a(t) V2 — V1Y2) = Vr'V2 — Vie! 
From the Wronskian 
V1 2 q o 
W[r] = |; oa =V1¥2 — V1 y2 
we get 
dw Ww tad 
ane VW1¥2 — V1 V2 
The above two give 


dw 
ag —a(t)W[t] 


Thus, 
dw | d 
WwW =—a(t)dt 


InW = - f a@ar 


W[t] = exp (- [cae] 


This is the required relation between the Wronskian and a(x). 


The VOP formula gives: 
“yo(x)yi@) — yi)y2(t) 


yp(x) = | Wie = 


Inserting W[t] to the above formula finds a PS 


wa) = [BECO = Dera 
° exp (- sf a(t)dr) 


f(t)dt 


(A.9) 
(A.10) 


Since y, and y are two LI solutions of the Homo portion of y" + a(x)y' + 


B(x)y = f (x), the GS is 
Yo(X) = Cys (x) + Coy2 (x) 
y(x) = yo(x) + yp) 


= Cy (x) + Coy2(x) + | 


*yo(x)yi@) — yi@)y2(t) 
exp (- ie a(t)dr) 


f(t)dt 
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Problem 3.4.20 
C-Eq of the Homo portion 
x" + wx =0 
re+@2?=0 > 12 = tiw 
The GS is 
Xc = C1, cos(wt) + cz sin(wt) 
(1) For a general function f(t), we get 


Xp(t) = [ ke Tt) f@dt 
x(t) =xX¢ +Xp 
= c, cos(wt) + cz sin(wt) + K(t,T) i f(a) dt 


where 


1 
K(t,t) = i (cos wt sin wt — cos wT sin wt) 


(2) For a specific function f(t) = exp(iwt), we found that it is a solution to 
the Homo DE and thus, the TS is 
Xp(t) = At exp(iwt) 

Thus, 

Xp(t) = A exp(iwt) + Atiw exp(iwt) 

xp (t) = —A tw? exp(iwt) + 2Aiw exp(iwt) 
Thus, we have 

—A tw? exp(iwt) + 2Aiw exp(iwt) + Atw? exp(iwt) = exp(iwt) 

From this, we get 


Thus, the PS should be 
1 : 
Xp(t) = Tin CxPtiot) 


x(t) =X¢ + Xp = cy cos(wt) + cz sin(wt) + 5 expla) 

(3) Function f(t) is a specific function f(t) = exp(wt). 
Forw #0 

Xp = Aexp(wt) 

Xp = Aw exp(wt) 

xp = Aw? exp(wt) 
Since x" + w?x = exp(wt), we get 

Aw? exp(wt) + Aw? exp(wt) = exp(wt) 
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A = oe 
1 
Xp = Ba oxP(wt) 
x(t) =X¢+Xp 


1 
= c, cos(wt) + cz sin(wt) + 2 CxPwt) 


Remarks 
Ifw =0 

re — tel 

x”-1=0 

(r-1)(+1)=0 

M2 = +1 
x(t) = X%¢ = cy exp(t) + cp exp(-t) 

Problem 3.4.21 


This is a 2nd.0 c-coeff DE whose C-Eq is 
r2—-(n+nm)r+1r =0 
whose roots are r, and rz and the corresponding solutions are 
yi (x) = exp(x) 
Y2(x) = exp(?2x) 
Let yp(x) = ur(x)y1(%) + U2 (x) y2(x) where 


nee [2 ao 3 fat = - eS pode 
u(x) = [2 te r/(dt = = — fae 
where 
exp(r,t) exp(1t) 
We "% ee 1 a aes 
=(%-71) exp(( 25 T2)t) 
The PS is 


yp(x) = ee + uz (x)y¥2 (x) + Uzy2 
—|" (exp(r2(x - t)) = exp(r, (x - t)))f@adt 


1; —% 
Thus, the GS for the whole DE is 
y = C, exp(x) + Cz exp()x) 


1 x 
ere | (exp(re( — £)) — exp(n — 9) fat 


12 


472 


Appendix A - Chapter 3 


Problem 3.4.22 
First, we take all necessary derivatives of y2(x), 
y2(x) = Zy, +: Z'y4 
yy (x) = Zyy! + 22Z'yy" + 2" yy 
Plugging these values into the original DE, we obtain 
Zyy + 2Z'y, + Z"y, + P(x)(Zy1 + Z'y1) + Q(x)Zy1 = 0 
Now note that we can collect terms to get 
Z(yy' + Px)y1 + Q(x) ¥1) + 2", + Z'(2y, + P@)y1) = 0 
Since y,is a solution 
ZO + P@)y1 + Q@)y1) = 0 
we get 
Z"y, +Z'(2y, + PQ)yi) = 0 
Now, the following substitutions cast the DE into a 1st.0 linear DE 
u=Z' => wu =2" 
We obtain 


1 


vau(at + Pe) =0 


Using the IF method, we find that 


u(x) = exp @ic + Pos] ax) 


= exp (-2iny, - | P(x)dx) 
Thus, 
exp(— f P(x)dx) 
u(x) = —.— 
M1 (x) 
Now, we must solve for Z. 
exp(— | P(x)dx 
Z(x) = | mE), 
M1 (x) 
The second LI solution is 


—f{ P(x)d 
y2(x) = yi(x) | PEO oy 


yi (x) 
Problem 3.4.23 
The corresponding Homo DE is 
y"+y=0 
The C-Eq is 
r?+1=0 
Nh. = Hi 
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So, the GS to the Homo DE is 
yc (x)) = Cy, + Cz cos x 
= C, sinx + C, cos x 
By VOP, denote 
y,(x) = sinx, y2(x) = cosx, f(x) = cotx 


Then, 
¥1 2 
WwW = ! , 
(Yu ¥2) ly yi 
-* sinx  cosx | 
cosx —sinx 
=-1 
and the PS is 
ya) f ©) | ynOf@ 
=— ———-dt ———dt 
yee) = - yi) [2 de ty) | AE 
a sinx | cost cott dt — cosx { sint cott dt 
1 
— sinx | —dt = sinx In|csc x — cotx| 
sint 
Problem 3.4.24 
The Homo DE is 
yi" + y" + y' + y = 0 
The C-Eq is 
rt+r27+r+1=0 
(r+1)(r? +1) =0 
M123 = —1Li-i 
We have 
y1, = exp(-x), y2 =sinx, Y3 = cosx 
Let 
Yp = UzVy + U2Y2 + UZY3 
Then, 


Yp = (Uyyy + Ugy2 + Ugy3) + (Uy + UZy2 + UZy3) 
Since y, is not unique, we can assume 
UY + Uzy2 + UZy3 = 0 
Thus, 
Vp = UWyy1 + Uzy, + Uzy3 
Similarly, we have 
yp = (uyy' + ugys' + ugys’) + (Curyy + upy2 + UZy3) 
and we can also assume 
Uy + ugy2 + uZy3 = 0 
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Thus, 


Yp = Ur + Ugyy + Usy3! 
Finally, 
yp’ = (uyyy" + Ugys" + Ugy3") + (Uyyy' + Ugyy’ + Ugys') 
Since y,, yz and y3 are solutions of the Homo DE, 


Wy St Sy It 

Ye =e = Y2:- Ve 

Vs Sg Ia Vs 
Plugging these into the equation for y,,’, we get 


we 


yp! = —yp — Vp —Yp + Cuyyy’ + upys’ + ugys’) 
Therefore, from the original DE, we have 
uzyy + uzys' + ugy3' = f(x) 
Now, we have 
UiY1 + Uzy2 + UZy3 = 0 
Uy, + UZy, + uy; = 0 
uzyy + uzys' + uzys' = f(x) 


¥1 V2 3 Uy 0 
(¥ V2 4) us -( 0 
yi ye ys] \us f (x) 


— (VOayvadf@) 

J WO y2,¥3) 

_ (WOsydf@) | 
W (1,2, ¥3) 

i WO yo) f@) He 
W (1,2, ¥3) 


or in matrix format 


Solving this, we get 


Uy 


2 


Problem 3.4.25 


The Homo DE is 
y"+9y=0 
whose C-Eq is 
r7+9=0 
Y12 = +3 
Thus, we have 
y,(x) = cos 3x, ¥2(x) = sin 3x 
The TS is 
Yp (xX) = Uy (x) ¥1 () + Ug) y2(x) 
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where wu, and uz satisfy 
{ Uyy1 + UZY2 = 0 
Uy, + Ugy2 = f (x) 
where 
f(x) = sinx tanx 


and the Wronskian 


Wlyr x), yoCx)] = |_ 
=3 


u,z(x) = -| are dt 


cos 3x sin 3x 
3sin3x 3cos3x 


We get 


= -5] sin 3t f(t)dt 


oe [nose 


wi 


= =| cos 3t f(t)dt 


The PS is 
yp (x) = uy (x)y1 (x) + u2(%)y2(x) 


1 
= al sin 3(x —t) f(t)dt 


where we used the trigonometric identity 
sin 3(x — t) = sin 3x cos 3t — cos 3x sin 3t 


Problem 3.4.26 
If w = 0, we have y” = 0 where y = x is aPS. 
Now, let’s consider w # 0. It is easy to get the GS for the Homo DE: 
Yo = Cy cos wx + Cz sinwx 
Thus, we have 
ee pene yi @)y2(t) f (tat 
W (y(t), y2(t)) 
where y,(x) =coswx, y2(x)=sinwx, f(t)=sinwttanwt and the 
Wronskian W = w. Thus, we get 


Yp = 552 (wx sin wx + 2 cos wx In cos wx) 
w 
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Problem 3.4.27 
The C-Eq of the Homo DE is 
r?+a?=0 
which gives 
T12 = tia 


We get y, (x) = cos(ax) and y,(x) = sin(ax) and GS for the Homo DE 
yc(x) = C, cos(ax) + C, sin(ax) 
Thus, we have the Wronskian 


Win®.wOl=|yr js)=a 
1 Je 
Recognizing f(t) = tan(bt), we can compute the P 
— F210) — 1) y2 (0) 
ve) = | Te ear LOM 


tan(bt) dt 


7 | sin(ax) cos(at) — cos(ax) sin(at) 
a 


= “| sin(a(x — t)) tan(bt) dt 


Problem 3.4.28 
(1) The associated Homo DE is y” + y = 0 and its C-Eq is 
r?+1=0 
The two LI solutions to the Homo DE are 
yx(x) =sinx, y2(x) =cosx 
and f(x) = 2sinx. 
(2) The Wronskian is 


_|¥1 Y2]_|sinx cosx|_ _ 
LD ia ly vil 7 lecee —sinx! — : 
2 yf) = cost:2sint cos 2x 
uy (x) = ~ | dt = - f ae = 2 +B, 
yi(t) fC) sint: 2sint sin 2x 
uz() = | Wi at = [ = dx = 5 —x +B, 


where B, and B, are arbitrary constants and setting B, = B,=Ois a 
convenience and freedom we may enjoy. Thus, the PS is 
Yp(X) = yi Xu (X) + Yo (x) U2 (x) 
f cos 2x sin 2x Li 2 
= sinx(- ) + cos ( — x) = 5sinx — xcosx 

2 2 2 

(3) The GS to the DE is 
y(x) = yc) + yp (x) 


1 
= (C, sinx + C, cosx) + (5sinx — xcosx) 
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Problem 3.4.29 
With y, = x, y2. = 1/x, and f(x) = 72x3, the VOP takes the form 
, U2 
xu, + ae 0 
Ua 
uz — yz. 72. 3 


Multiplying the second DE by x and adding the two DEs, we get 
uy = 36x3 


u, = | 36x3dx = 9x4 


and 


, 


uy = —x?u, = —36x5 
Up = [ 36x ax = —6x® 
Then, the PS is 
Yp = U,Vy + U2V2 
1 
= x(9x*) -— = Cox") 


= 3x 


Problem 3.4.30 
The homogeneous portion is 
x'""—3x'-—4x =0 
C-Eq: 
r?—3r—4=0 
N12 =4,-1 
Xc(t) = C, exp(4t) + Cz exp(—t) 


Method 1: The MUC. 
Since the InHomo terms are contained in x; (t), we select the following TS 
Xp(t) = tA exp(4t) + tB exp(-t) 

Thus, 

xp(t) = (1 + 4t)A exp(4t) + (1 — t)B exp(—t) 

xp(t) = 8(1 + 2t)A exp(4t) + (t — 2)B exp(-t) 
Substituting and equating the coefficients 

xp (t) — 3xp(t) — 4xp(t) = 15 exp(4t) + 5 exp(-t) 
yields A= 3,B=-1 
x(t) = x¢(t) + xp(t) 
= C, exp(4t) + C, exp(—t) + 3t exp(4t) — t exp(—t) 
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Method 2: The VOP method. 
From x; (t), we have 
x,(t) = exp(4t) 
x(t) = exp(—t) 
Thus, 
x4 (t) = 4 exp(4t) 
x2(t) = — exp(—t) 
The Wronskian of x1, x2 is 


ky 2X = 
w(t) = le _ | exp(4t) exp(—t) S28 Gas) 


x31 |4exp(4t) —exp(—t) 
Thus, 
t = 
a =f “eee f(s)ds 
where 
x1(s) = exp(4s) ,x2(s) = exp(—s),W(s) = —5 exp(Gs) 
We get 


3 1 
Xp = 3t exp(4t) + 5 expt) —texp(-t) — = exp(-2) 
x(t) = xc(t) + xp(t) 
3 
= C, exp(4t) + C, exp(—t) + 3t exp(4t) + 5 exp(4e) — texp(-t) 


e t 
— zexp(-t) 
= C, exp(4t) + C, exp(—t) + 3t exp(4t) — t exp(-t) 


where C3 =O, 42,6, =C,-3 


Problem 3.4.31 

The Wronskian is 
xX, X20 X3 
xX, x2 XS 
By a ey. 


W(x1,X2,%3) = 


Taking the derivative, we have 


x1 X2 X3 
dw d|, ; 
—=—|xX, XxX, X3 
dt dt Ww Ww Ww 
xy = X2 3 


xy X2 x3 
xX, XQ XS 


x! xi" xe 


xy X_ XS 

t t t 
=]X, Xp x3] + 

Seq! 5 ks" 


479 


Appendix A Solutions to Problems 


X4, Xz and x3 are solutions of the DE 
xq" + pyXy + pox, + p3xX1 = 0 
x3)" + PyX2 + PoX2 + p3Xz2 = 0 
x3" + pyX3 + pox3 + p3xX3 = 0 


Thus, 
xq" = —pyxy' — pox, — p3x1 =a 
x3" = —p1 x3) — P2X2 — P3X2 =b 
X3 = —p1xX3 — P2X3 — P3X3 =C 
aw |i 8 
dt = 1%, %2 X3 
Gob 
xy x2 x3 x4 x2 x3 
U3 t u t t t 
=| x Xb x, J+] x, Xx x3 
—PiXy —PyxXy) py x3! —P2X1 —P2X2 —P2X3 
xy x2 x3 
+] %4 x4 x3 
—P3%1 —P3%2 —P3%3 
xy XQ X3 
=—p,|%1 2 *x3/=-—p,W 
Keay Xe Be 
W = Kexp (| -p,(©)dt) 
xy X2 
W(%1,%2) = [x ul = X42 — XQ 
Similarly, 
W (x2, %3) = X2X3 — X3X3, W (x3,%1) = X3X1 — X4x3 
W (Xz, x3) f @) 
u(t) = | ——————-dt 
W (x1, X2,X3) 
W (x3, xy) f (t) 
> u(t) = | —————-dt 
W (x1, X2,%3) 
i= Wa, x)fC) 
j=) 
W (x4, 2X3) 
Finally, we get the PS by substituting w,(t), u2(t), w3(t), x1 (t), x2(t), x3(t) 
into 


Xp = Uz(t)x,(¢) + ug (t)x2(t) + uz(t)x3(t) 
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Chapter 4 Systems of Linear DEs 


4.1 Basics of System of DEs 


Problem 4.1.1 


Converted to matrix format, the original DE.Syst can be written as 
Ce) _ 6 =) ee 
x3(t) 2 —5/\x2(t) 


Problem 4.1.2 


Converted to matrix format, the original DE.Syst can be written as 


x4 (t) -—1 5 3 x4 (t) sint 
x3(t) -(0 1 1) x>(t) +(°0] 
x4(t) @ -2 —2/ \x,(t) =t 
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4,2 First-Order Systems and Applications 


Problem 4.2.1 


(1) Consider the forces on the first object: the spring k, is stretched x, 
units and spring kz by x2 — x, units. Stretched force is pointed away from 


the object. By Newton’s law, we have 


mxq' = ky (x2 — x4) — kyxy = —(ky + kp) xy + kpx2 
For the second object, the spring kz is stretched by (xz — x,) units, and the 
spring k3 is compressed by x, units. Again, by Newton’s law, we have 


mxy = —ky(x2 — x4) — k3x2 
= kyx1 — (kz + k3)x2 
(2) If the spring k2 is broken, then, kz = 0, the DEs are 


mx = —kyx, 
ee = —k3Xx, 
(3) Ifky = kp =k3 =k 
mx 
mx = —2kx, + kx, >x2 = ers 


k + 2x7 k + 2x, 
mx mw 
e+ 2x! = kx, —2mxy —4kx, 


iE Ai xy + Ai x, =0 


which is a 4th-order c-coeff DE. After solving the C-Eq, and finding the 
characteristic roots, we can easily get the GS x,(t). Function x,(t) can be 


found by a similar method. 


Problem 4.2.2 
The force is shown by Figure A.7. 
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Figure A.7 The object moves under the influence of force F. 


EoM in x direction, 

F, = —F cos@ = mx" 
EoM in y direction, 

Fy =—Fsin@ =my" 


pe deege 


k k 


“aye TF 


We know that 


x 
Ch EAS cos@ =— 
r r 
By substituting sin 0, cos 0, and F, we have 
: kx 
Mx =— Pe 
nw _ ky 
Problem 4.2.3 
Forces on this object can be shown in Figure A.8. By Newton’s law, we get 
EoM in x-direction: F, = —F cos@ = mx" 
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v 


EoM in y-direction: K, = —F sin@ — Fg = my’ 
Also, from the given condition, we have 


Vy =X 
cos§ =—=— 
voeov 
v. y' 
sing =2 =— 
vv 

Fg = mg, F =kv? 


By substitution, we have 


Figure A.8 A projectile model moving with speed v. 


Problem 4.2.4 
Assuming the displacements of blocks from the natural positions x,(t) and 
X2(t), we get the EoMs for the two blocks 
ase) = —kyx, + ky (x2 — x4) + mg 
MX = —k2 (x2 — x1) + Mog 
By substitution, we get 
mym x” + ((ky + kg)mz + kym,)x} — ky kx, 
= (ky + kz)m2g 

This is a c-coeff InHomo DE that can be solved using the C-Eq method. 

X2(t) = cy cos wyt + cz sin w,t + cz COS Wat + C4 Sin Wot + xXgp(t) 
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where w, and wz are two characteristic frequencies. Back substitution can 
generate the solution for x(t). 


Problem 4.2.5 
Let x;(t) Vi=1,2,3 be the displacement of block-i from its initial 
position. The DEs for the system are 


myxXq = —kyxy + kg (x2 — x4) + mg 
M 2X4 = —ky(X2 — X1) + kg (x3 — X2 — x1) + Mog 
m3x3 = —k3(%3 — x2 — xX) + m3g 


and the ICs are 
x1 (0) = x1 (0) = x2(0) = x2(0) = x3(0) = x3(0) = 0 
The above DE.Syst together with the ICs describes the motion of the three 


blocks. 
Let 
k k k k k 
wt = + we = 2 wi = >, wh, = wi, = - 
m4 M2 3 1 M2 
We have 
xy = —(wi + wh)x, + wix. +9 
xy = —( WE + W53)X_ — W53%X1 + W33x3 + 9 
x3 = — wx, + wex, + wax, +9 
x, (0) = x1 (0) = x2(0) = x3 (0) = x3(0) = x3(0) = 0 
Problem 4.2.6 


On the ball, the force can be decomposed into two components, one along 
the direction of the spring x and another @ along which we can establish 
the following two DEs. 
mx" = mg — kx (A.11) 

lane + Lye = —mgé (A.12) 

Along the extension of the spring direction, the gravity is 
mg cos? mg X1 

Because the angle 6 is sufficiently small, the approximation given above is 
not unreasonable. Eq. (A.11) is trivial to solve, one can write the solution 
as 


x(t) = sin(wt) + zs 
w 
and a can be absorbed to Ly where w? = ~. Inserting such solution to Eq. 


(A.12) results in 
6"'(x + Lo) + 20'x' + 0x" = —gAé 
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6" (sin wt + Lo) + 20'w cos wt + Ow? sinwt = —gA 
Now, we combine with IC to get 
6" (sin wt + Lo) + 26'wcoswt + Ow? sinwt = —g0 
A(t =0) =6, O’(t=0) =0 
We can now perform LT on the above equation to solve it or we can use 
other methods. 
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4.3 Substitution Method 


Problem 4.3.1 
Summing up two DEs, we get 
x" = exp(-t) 
whose solution is 
x(t) = exp(-t) + Cit + C, 
Substituting into the second DE, we get 
exp(—t) + y” — exp(-t) —C\t -C, = 0 
y" =C,t+C, 


Cy 3 1 2 


Problem 4.3.2 

From the first DE x’ = —y, we have y = —x’. Substituting this into the 
second DE, we get 

(—x')! = 10x + 7x’ 
or 

x" + 7x'+ 10x =0 
a 2nd.0 c-coeff DE whose C-Eq is 

r?+7r+10=0 


M2 = —5,-2 
Therefore, 
x = C, exp(—5t) + C, exp(—2t) 
and 
y= x! 
= 5C, exp(—5t) + 2C, exp(—2t) 
Applying the ICs 
{ C,+¢€,=2 
5€, + 2C, =—7 
we get C; = — = and C, = and the PS’s to the DEs are 
11 17 
eS — 3 exp(-5t) + =z exp(-2t) 
55 34 
y= — 3 exp(“5t) + =z exp(-2t) 
Problem 4.3.3 


From the first DE 
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x'—x 
eh od 
; x" —s x! 
hoe 
Plugging into the second DE, we have 
x" —x' % ‘ x'—x 
2 . p 


x""+x'—6x =0 
This is a 2nd.0 c-coeff DE whose C-Eq is 
r?+r—6=(r+3)(r—2)=0 


T2 = —3,2 
x(t) = C, exp(—3t) + Cz exp(2t) 
x'—x 


y(t) = 3 


1 
= —2C, exp(—3t) + 562 exp(2t) 
Applying the IC’s, we get C; = —3/5 and C, = 8/5 and the PS 


x(t) = =(8 exp(2t) — 3 exp(—3t)) 


y(t) = =(2 exp(2t) + 3 exp(—3t)) 


Problem 4.3.4 
By the given information, we have 
ges = —(ky + k2)xy + k2Xx2 
MyXq = kyx1 — (kz + k3)x2 
Given m, = m, = 1,k, = 1,k, = 4andk3 = 1, we have 
xy = —5x, + 4x2 
ie = 4x, — 5x2 
From the second DE, we have 


x3 5X2 
age ae 


Putting it back to the first DE, we get 


a Xp) DNs 
See) eee ea 
(2+) (245 a 


x 4 10x4 + 9x, =0 
The C-Eq is 
r*+10r?+9=0 
11234 = £3i, +i 
The GS for x2: 
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x2 = C,sin3t + C2 cos 3t + C3 sint + Cy cost 
and back substitution to find x,: 


x5 5 
x1= a + Pig 
= —C, sin 3t — C, cos 3t + C3 sint + Cy, cost 
Problem 4.3.5 
From 
x5 = 2x, +x. +t? 
we have 
X5—X2—t? , xy — x, —2t 
x= 5 ; “i= 5 


Substituting into 
Xy =X, +2x.+t 
we have 
x4 — 2x5 - 3x, =—-t? +4t 
C-Eq: 
r?—2r—3=0 
N12 = 3,-1 
Xoc = C, exp(3t) + cz exp(—t) 
Then, we select the TS 
Xop = Apt? + Ait + Ag 
Xbp = 2Agt + Ay 
Xjp = 2A, 


Substituting into the original DE 


2A2 _ 2(2Ast + Ay) = 3(Azt? + Axt + Ao) = —t? + At 


we get 
38 16 1 
Ao a7 At a.) ,A2 = 
So, the GS is 
1, 16 38 
X_ = c, exp(3t) + cz exp(—t) + 3¢ — ot + 7 
x5 = 3c, exp(3t) — cz exp(-t) + 3¢ agi 
Substituting into 
X_' — xX —t? 
a 
we have 
2 SUA 5 48 
X1 = cy exp(3t) — cp exp(—t) — 3¢ + >! 35 
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So, the GS’s are 


Pe. At 43 
X1 = Cc, exp(3t) — cz exp(-t) — zt + oe — 35 
1, 16 38 
X2 = Cc, exp(3t) + cz exp(—t) + 3¢ — Pi + 9 
Problem 4.3.6 
x'=y 
x" =y' =-9x + 6x' 
x" —6x'+9x =0 
r*—6r+9=0 
N12 = 3,3 
Thus, 
x(t) = (A + Bt) exp(3t) 
y(t) = (3A4+ B + 3Bt) exp(3t) 
Problem 4.3.7 
a =x—2y (A.13) 
y=x-y (A.14) 
From Eq. (A.14) 
x=y't+y 
x'=y"+y' 


Plugging this into Eq. (A.13) 
x’=x-—2y 
yi ty ay by 2y 
sda ee 
The C-Eq is 
r?7+1=0 
N12 =H! 
y(t) =C, cost +C,sint 
Back substituting, we get 
x(t) = (C2 — Cy) sint + (C, + C2) cost 
Plugging in the IC, we have 
: =(€,4+ C2 
2=(, 
ie =2 
Cz =-1 
Thus, 
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ee = cost —3sint 
y(t) = 2cost —sint 


Problem 4.3.8 
ie =3x+4y (A.15) 
y’ =3x+2y (A.16) 
From Eq. (A.16) 
_y'—2y 
x= 
3 
re ~ y" 2 2y' 
3 
Plugging this into Eq. (A.15) 
Ww Ax, 2 t 
a = y' — 2y + Ay 
y" —5y'—6y =0 
The C-Eq is 


r?—5r—6=0 
(r+1)(7-6)=0 
T12 = —1,6 
y(t) = C, exp(—t) + Cz exp(6t) 
y'(t) = —C, exp(—t) + 6C, exp(6t) 
Put this back, and 


4 
x(t) = —C, exp(-t) + 3&2 exp(6t) 
Applying the ICs, 


4 
fects 
1=C,+C, 
we get C, => 


= ; and C, = * and the PS 


1 8 
x(t) = —7exp(-t) + = exp(6t) 


1 6 
y(t) = sexp(—t) + 5exp(6t) 


Problem 4.3.9 
x! = 2x (A.17) 
y' = 3x +3y (A.18) 
z=4x+4y+4z (A.19) 
Using Eq. (A.17), we find the solution 


x(t) = a, exp(2t) 
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Plugging the above into Eq. (A.18), we get 
y'(t) = 3x + 3y 
= 3(a, exp(2t)) + 3y 
whose solution is 
y(t) = —3a, exp(2t) + b, exp(t) 
Similarly, we have 
z(t) =4x+4y4+4z 
= 4(a, exp(2t)) + 4(—3a, exp(2t) + b, exp(3t)) + 4z 
whose solution is 
z(t) = 4a, exp(2t) — 4b, exp(8t) + c, exp(4t) 
Now, we can express all three solutions as 
x(t) = a, exp(2t) 
y(t) = —3a, exp(2t) + b, exp(3t) 
z(t) = 4a, exp(2t) — 4b, exp(8t) + c, exp(4t) 
The solution can be expressed in a matrix form 


x(t) 1 0 0 
y(t) }=a, (-») exp(2t) + b, ( 1 Jes (0) exp(4t) 
z(t) 4 —4 1 
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4.4 The Operator Method 


Problem 4.4.1 
(a) Substitute L; =D?+D+1 and L,=D*+2D into L,L2x(t) and 
Lol, x(t), 
LyLpx(t) = (D2? +D+1)(D? + 2D)x(t) 
= (D? + D + 1)(x"(t) + 2x’(t)) 
=x" (t) + 3x’ (t) + 3x" (t) + 2x'(t) 
LjL,x(t) = (D? + 2D)((D? + D + 1)x(t)) 
= (D? + 2D)(x"(t) + x'(t) + x(t)) 
= x(t) + 3x'"(t) + 3x"(t) + 2x’ (t) 
Therefore, 


L,L2x(t) = LzL,x(t) 
(b) Substitute L,x(t) = Dx(t)+tx(t) and L2x(t) = tDx(t)+ x(t) into 
L,L2x(t) and LoL, x(t), 
LyL2x(t) = (D + t)(tDx(t) + x(t)) 
= (D + t)(tx'(t) + x(t)) 
= tx" (t) + (24+ t?)x'(t) + tx(t) 
LoLyx(t) = (tD +1)(D + t)x(t) 
= (tD + 1)(tx'(t) + tx(0)) 
= tx" (t)+ (1+ t?)x'(t) + 2tx(t) 
Therefore, 
L,L2x(t) # LoL, x(t) 


Problem 4.4.2 
The original Homo system 
(D —-1)x-2y-—z=0 
—6x+(D+1)y =0 
[re ey =0 


‘ ; d 
can be written in terms of operator D = a 


D-1 -—-2 —1 x 0 
(-< D+1 0 \(-)- 0 
1 2 D+1/ ‘z 0 


The operational determinant is: 


js ae | 
-6 D+1 0 |=D(D+4)(D-3) 
1 2 D+t1 


So x, y, Z all satisfy a 3rd-order Homo DE with C-Eq 
r(r+ 4)(r-—3) =0 
and the corresponding GS’s are 
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x(t) = a, + a, exp(—4t) + az exp(3t) 
y(t) = by + bz exp(—4t) + b3 exp(3t) 
z(t) = c, + cy exp(—4t) +3 exp(3t) 
Substituting x(t) and y(t) into the second DE y’ = 6x — yand collecting 
the coefficients of like terms, we have: 
—A4b, exp(—4t) + 3b; exp(3t) 
= 6a, + 6a, exp(—4t) + 6a3 exp(3t) — b, — bz exp(—4t) — bz exp(3t) 
This gives 


3 
by = 6a4,b2 = —2a2,b3 = 743 


Similarly, we can substitute x(t), y(t) and z(t) in the first or third DE, and 
compare the coefficients of the like terms. Then, we have 
Cy = —12a4, C2 = —a2,C3 = —a3 
and the GS 
x(t) = a, + az exp(—4t) + a3 exp(3t) 


3 
y(t) = 6a, — 2a, exp(—4t) + 3 %3 exp(3t) 
z(t) = —12a, — a exp(—4t) — az exp(3t) 


Problem 4.4.3 
(D2 + D)x + D?y = 2 exp(-t) (A.20) 

ie —1)x+(D?2 —D)y =0 (A.21) 

By the following operations 
(D2 — D) Eq. (A.20) —D? Eq. (A.21) 
we have: 
(D2 — D)(D?2 + D)x — D*(D? — 1)x = (D? — D)2 exp(—t) 
which gives 
0 = 4exp(-t) 

This is impossible and the DEs have no solution. 


Problem 4.4.4 
(D —3)x-9y =0 
—2x+(D-2)y=0 
D-3 —9 
> 2 pe ol =0 
= (D2 —5D —12)x =0 
The C-Eq is 


r?—5r—12=0 
54v73 


N25 
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x(t) = A, exp(,t) + B, exp(t) 
y(t) = Az exp(7,t) + By exp(72t) 
Apply the IC x(0) = y(0) = 2 gives 
A, + By =A, + Bp =2 


Problem 4.4.5 
The original DEs can be written as 
D-1 —-2 \(*1 t 
( ao 19 ) Ce) = (,2) 
D-1 -2 t — — 2 
CS peewee eo 
as ( —2 D-1 a 
2(D-1) -4  2t 
5 & D-1 t? ) 
0 D*-2D-3 -t?+4t 
So, we have 
(D? — 2D —3)x, = —-t? + 4t 
whose C-Eq is 
r*—2r—3=0 
T= 3,%=-1 
X2c = Cc, exp(3t) + cz exp(—t) 
Then, we select the TS 
Xop = Apt? + Ayt + Ap 
Xp = 2ZAnt + Ay 
XZp = 2A, 
Substituting back into the original DE 
2A, — 2(2Agt + A) — 3(Agt? + A,t + Ay) = -—t7 + 4 


we get, 
se! 38 ie 16 dhe 1 
0 27 , 1 9 , 2 3 
So, the GS is 
= (3t) + ( pase ue’ 
X2 = Cc, exp Cz exp 3 9 7 
From the first of the original DEs, we get 
2x1 + (D = 1)x2 = t? 
ets el 
4 = 5 
= (3t) (-t) Bie. t a 
= C, exp C2 exp 3 9 7 


So, the GS is 
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eee eee 
X1 = cy exp(3t) — cp exp(—t) — gf + ot — 37 


= (3t) + ( ae are 
Xz = C, exp Cp exp 3 5 7 
Problem 4.4.6 
Dx —1y — 1z = exp(-t) 
—1x+Dy—1z=0 
—1x-1ly+Dz=0 
D --1 -1 
Sp 1) S071) F414) = HD) 
-1 -1 D 
=D?—-D-—D-1-1-D 
= D?-—3D-2 
= (D +1)?(D-2)=0 
x(t) = a, exp(2t) + az exp(—t) + a3 exp(-t) 
y(t) = b, exp(2t) + by exp(—t) + bz exp(—t) 
z(t) = c, exp(2t) + cz exp(—t) + c3 exp(-t) 
1 
x= zo exp(2t) — (C2 + C3) exp(-t), 
1 1 
y= 5 expo) + zo exp(2t) + Cz exp(—t), 
1 1 
Z=- 5 exe) + ri exp(2t) + C3 exp(-t). 
Problem 4.4.7 


Method 1: The S-method. 
By the first DE, we have 
y=x'-x 

and 

yi =x" —x! 
Plugging it into the second DE, we have 

x" —x' = 6x — (x' —x) 

eS TK 
The C-Eq is r? = 7 whose roots are 1,2 = +v7. 
Therefore 

es = exp(v7t) + C2 exp(—v7t) 
y(t) = (V7 — 1)c, exp(v7t) — (V7 + 1)c2 exp(—v7t) 
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Method 2: The operator method. 
The DEs are written as 
{ (D-1)x-y=0 (A.22) 
—6x+(D+1)y=0 (A.23) 
By (D + 1)(A. 22) + (A. 23), we have 
(D + 1)(D — 1)x — 6x =0 
(D2 — 7)x =0 
The C-Eq is 
r?-7=0 
Y2> +V7 
Therefore 
c = c, exp(V7t) + cz exp(—V7t) 
y(t) = (V7 -Dgq exp(V7t) — (V7 +1)c, exp(—v7t) 


Problem 4.4.8 


We add and subtract the two DEs respectively, and we have 
1 
Dwxt+y)= 3 (exp(—2t) + exp(3t)) (A.24) 
1 
2x —3y = 3 fexp(—2¢) — exp(3t)) (A.25) 


From (A.25) we have x = = (exp(—2t) — exp(3t)) + “y. 
We return x to (A.24) and 


G (exp(—2t) — exp(3t)) + y) - 5 (exp(-20) — exp(3t)). 
Thus, 


1 
y= F exp(—2t) + 5 exp(st) 


and 
1 1 
y(t) = — 5 exp(—2t) + 5 cxP(st) + Cy 


1 3 
x(t) = — 5 exP(-2t) +5G 
The GS is 
th= : 2t) + 3 
x(t) = 50 xP ) 71 


1 1 
y(t) = — 5 exp(—2t) + 5 expo) + Cy 
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Problem 4.4.9 
The original InHomo system can be rewritten in the following operator 
form: 
(D? — 4)x + 13Dy = 6sint (A.26) 
2Dx + (-D*2 +9)y =0 (A.27) 


Operating on the new InHomo system as 
2D (A.26) —(D? — 4) (A.27) 
we get 
(D* + 13D? + 36)y = 12 cost 
C-Eq: 
r* + 13r? +36 =0 
YT 2 = £2i, 34 = £31 
yc(t) = C, sin 2t + Cz cos 2t + C3 sin 3t + C4 cos 3t 
The fact that the DE has only terms with even number of derivatives allows 
us to select the following TS 
yp(t) = Acost 
yp = —Acost, yi = Acost 
This gives 


ie 1 
~ 2 
So, the GS is 


1 
y(t) = C, sin 2t + C, cos 2t + C3 sin 3t + C, cos 3t + 3 cos t 


A 
y"® = —4C, sin 2t — 4C, cos 2t — 9C; sin 3t — 9C, cos 3t — 700s t 


Plugging these into (A.27), we get 


1 
. -_ Ww ws 9 
Roms ey) 
1 
= 76-13, sin 2t — 13C, cos 2t — 18C3 sin 3t — 18C, cos 3t — 5cost) 


1/13 13 
x(t) = (> C, cos 2t — > & sin 2t + 6C3 cos 3t — 6C, sin3t + 5sin t) 


+C; 
In summary, the GS for the InHomo system is 


13 13 
x(t)\ _ — cos 2t ——sin 2t 3 cos 3t 
(ee) =o (3 bic: 4 +Ca( sin 3t ) 


sin 2t cos 2t 
+4 (“2a 3) + 65 (0) +502) 
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Problem 4.4.10 
Method 1: The S-method. 
From the second DE 


Peet Moat J 
2 
spied Yeoy 
2 
Substitute these into the first DE 
5 dale emo eat 
as ee 
y" —4y'+7y=0 
C-Eq: 
r?—4r+7=0 
m1 =24+V3i,  m=2-V3i 
So 


y(t) = c, exp(2t) cos(V3t) + cz exp(2t) sin(V3t) 
y(t) = (2c, + V3c2) exp(2t) cos(v3t) + (2c, — V3¢,) exp(2t) sin(v3t) 


y'-y 
x() == 


= (es + V3c,) exp(2t) cos(V3t) + (ee — ¥3c,) exp(2t) sin(v3t) 
So, the GS is 
x(t) = sles + V3c2) exp(2t) cos(V3t) + 5 (ce — ¥3c,) exp(2t) sin(v3t) 
y(t) = cy exp(2t) cos(V3t) + c, exp(2t) sin(V3t) 


Method 2: The operator method. 
The original DEs can be written as 


0 
CS ae a (Gree ae) 
1 


—2 D-1 
=(9 iO) 
Thus, 
(4+ (D-1( —3))y(t) = (D? — 4D +. 7)y(t) = 0 
The C-Eq is r? — 4r + 7 = 0 whose roots are 713 = 2+ V3i. Thus, the GS is 
y(t) = cy exp(2t) cos(V3t) + c, exp(2t) sin(V3t) 
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y'(t) = (26. + V3c2) exp(2t) cos(V3t) + (2c, = V3c;) exp(2t) sin(V3t) 


From the first row of the matrix, we have 


—2x+y'-y=0 
awa 
x(t) = a 
1 1. 
= 7 c0s(V3t) + 3 sin(v3t) 


y(t) = cy exp(2t) cos(V3t) + cz exp(2t) sin(V3t) 
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4.5 The Eigen-Analysis Method 


Problem 4.5.1 


det(*5* [3 )=a-ag-a+9 
= (4a—4)? 
=0 
The system has two identical e-values 
A, =A, =4 
The e-vectors have relation 
V, = (A-A)V, 
The e-vector V, is 


a-an=(3 Z(G P)w=0 


va=(3) 
The e-vector V, is 
n=@-an=(3 3)Q)=(G) 


The two LI solutions are 


X,= (ey exp(4t) 


_{(-3 (0) _ { —3t 
X,= (( 3 ye + ())) exp(4t) = ee - ‘) exp(4t) 
So, finally, the GS for the original DE is 


X= CX, +X, = Ca) exp(4t) + c, ( exp(4t) 


—3t 
3t+ ) 
Problem 4.5.2 


y@) 
ro=(¢ Bz 20-2) 
det(A — Al) = P5* His = 42-8425 


Z(t) = (ee 
“YZ. 


whose roots are 
Ai2 =4 + 3i 


(3 dG) =) 


—3in, — 32 = 0 


Fora, =4+3i 
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41 = ~ihe 
()=@) 
Ford, = 4-3i 
(3 adG,)=() 
3iny — 3n2 = 0 
11 = in 
C= @) 
Thus, 


2(0) = e,exp((4 +301) - + eexp(4~ 30) (3) 


To find the constants, 


toe, 
=C(, + C2 
Bin 8. 3 
Sgt ae 


Plugging the constants, we now get 


3 -j 3 i 
CS) = (5 + i) exp((4 + 3i)t) ( -) # (5 = i) exp((4 — 3i)t) (1) 
_ Ge (2 cos(3t) —3 ao 
~ exp(4t) (3 cos(3t) + 2 sin(3t)) 


Problem 4.5.3 


First, we solve the Homo DEs 
=o) 


det(*> * 12) =G-v?-4=0 


So, the e-values are A, = 3, Ag = —-1 


where 


For A, = 3, we get 


We may select the e-vector: 


For Az = —1, we get 
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We can select the e-vector: 


So, the GS to Homo DEs is 
X(t) = fC) =C, (2) exp(3t) + C, ‘ee exp(-t) 


The InHomo term can be written as 
F(t)= ie a) = ( exp(t) + tua t? 
The TS may take the following form 
Xp(t) = E, exp(t) + By + Byt + Bot? 
where E, and Bo, B,, Bz are 2 X 1 column vectors to be determined. 
Xp = E, exp(t) + By + 2Bot 
Plugging them into the original InHomo system, we get 


E, exp(t) + B, + 2Byt = ( ‘) (E, exp(t) + By + Byt + Bot?) 


+ CG) exp(t) + (S) t? 


w-0 9 


E, = AE, + (5) 
By, = ABy 
2Bz = AB, 
0=AB, +(") 
Solving the above four equations for four unknowns, we get 


Using 


and matching terms, we get 


Thus, the PS is 


#09 = 3( pe +37( He) +5 S)e+3(A)e 


503 


Appendix A Solutions to Problems 


026 (ewan +0 (ew-o+h(Qano+ (4) 
Pied 
Pale) eta) 


Problem 4.5.4 
The E-method for the Homo portion: 


d 
#G)-G 3)G) 
det(* 77 pg) =G-DC1-D-3= 2-4-0 


whose roots, Ze. the e-values, are: 
Ay2 = £2 


Next, we find e-vector. 


Fora, =2 
(J 23)" =() 
we get 
v= (3) 
For A, = —2 
G )%=(9) 

we get 

Bea) 
So 

Xo=Qy (;) exp(2t) + C, () exp(—2t) 
Let the TS be 
Xp(t) = B exp(—2t) + Et exp(—2t) 

we get 


Xp = —2B exp(—2t) + E exp(—2t) — 2Et exp(—2t) 
Plugging them into the original InHomo system, we get 
—2B exp(—2t) + E exp(—2t) — 2Et exp(—2t) 
= A(B exp(—2t) + Et exp(—2t)) + (3) exp(—2t) 
Grouping like terms, we get 
= 1 
re +E =AB+(5) 
—2E = AE 
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Solving the 2"4 equation and recognizing the fact that 2, = —2 is an e-value 
whose associated e-vector is 
—1 
v=(4) 
. it 


we can set the solution vector as 


where e is an arbitrary constant. 
Then, the first equation becomes 


-2B +e Ge = AB + (0) 
(A+2)B=e ‘ee = (3) 


Cara) 


3b, + 3b, =-e-1 


b, + bz =e 
In order for the above system to hold, we must have 
1 
—3z€e +1)=e 
1 
ame 
Thus, 
1/-1 
— -7( 1 ) 
Also, 
by +b, =-— 
We may choose 
1/1 
BT 4 ta) 


Then, 
Xp=- (3) exp(—2t) — ley t exp(—2t) 


Thus, the GS is 
X=C, (;) exp(2t) + C, ‘ee exp(—2t) — 5G) exp(—2t) 


— ;(+) t exp(—2t) 


Problem 4.5.5 


First, let’s find the solution to the corresponding Homo system 


A=(j ey) 
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To find the e-values, we set 


det(4—a=det(47* _|7_,)= 22-9 =0 

whose roots are 

Ay2 = +3 
Finding the e-vectors: 
for A, = 3: 

= u 
(’ 4 : ae s) (.,) = (5) 
—2u, + 2v, =0 

v.=(;) 

for A, = —3: 
. a 4 1g) CS) zs (3) 
4u, +2v2,=0 
Vee ) 


So, the complementary solution is: 
X(t = Cy () exp(3t) + C, ( : ) exp(-3¢) 

1 —2 
The PS has the following form: 


Xp = Bt +D =( 


xp =( 


a 
bp 
by 
b, 


) 


Plugging back into the original system, we get: 


nt ( 


dy 
dz 


) 


by\_ (1 2 2 63: -—1 
eG 2G tla y+G)e 
= fl « 2 2 1 2 ee, 
=( aN Ga) d> AC 
= rare -1 Gee) 
=i Oe au t+( jet Ady dy 
oC ie 
~ \4b, — by +1 4d, —d, 
We can solve first for B: 
te + 2b, — :) _ (°) 
4b,-—b,+1/ \O 
Le, 
ae =, 
4b, —b, =-1 
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Thus, 


With these, we have 


(7: + a z. (7) = ae 
4d, = dz by 9\5 

Thus, 

1 
)-5) 
The PS is 
ves 
Xp =5( Ea gall 1 
The GS is 
X= X¢ + Xp 
= C; ({)exp(e) + C2 (4, ) exp(—3e) + 5a) oF 5(4) 

Problem 4.5.6 


This DE.Syst may be written as 


ee)-(+ 4, 2)C) 
szl\y)=|-4 4 -2]ly 
aX 0 -4 4/\z 
Let’s find the e-values and e-vectors of the coefficient matrix. 
|A—Al| =0 
4-’A -2 0 
-4 4-A -2 
0 —-4 4-a 
(4 -—A)((4 - A)? — 8) + 2(-4(4 -4)) =0 
AA-4)A-8) =0 
A, = 0,Az = 4,A3 =8 
The corresponding e-vectors can be found from the equation Av; = 1;v;, 
where v; is an e-vector corresponding to /;. Thus, 


“Qt 


The GS to the DE.Syst is given by 
X = €,v, exp(Ayt) + cov2 exp(Agt) + c3v3 exp(Azt) 


x 
where Cy, C2, C3 are arbitrary constants and X = (») Thus, 
Z 
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x 1 1 1 
(») = Cy (2) exp(0t) + cz ( 0 Jes + C3 (-2) exp(8t) 
Zz 2 —2 2 


x Cy + cp exp(4t) + cz exp(8t) 
(») = 2c, — 2c3 exp(8t) 
Zz 2c, — 2cz exp(4t) + 2c3 exp(8t) 
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4.6 Examples of Systems 


Problem 4.6.1 
Let 
Wx 
Yq =x! 
y3 =x" 
The DE becomes 
Vi = Ye 
V2 =¥3 
y3 — 5y3+9y, =tsin2t 


One may convert it into matrix format. 
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Chapter 5 Laplace Transforms 


5.2 Properties of Laplace Transforms 


Problem 5.2.1 
From the figure we write the square wave function as 
1, O<t-2N<1 
IO) ={1 1<t-2N <2 
Alternatively, we can write the square wave function (as given by the 
original problem) as 


g(t) = 2u(t) — u(t) — 2u(t — 1) + 2u(t — 2) — 2u(t — 3) + - 


= Yep =H) =4@ 
n=0 
=2 
Applying LT, we get 


N = 0,1,2,... 


Lg} = 2.) (-1)"L{ue = =} = LECH} 
n=0 


=A — nexp(—ns) 1 
= CU. 


Ss 
n=0 


20 1 
= =) exp(—ns) — : 


n=0 
7 2 1 ) 1 
~ s\1 + exp(—s) Ss 
_1/f1- exp(—s) 
~ s\1 + exp(—s) 
1 Ss 
= 5 tanh (5) 
Problem 5.2.2 
For this calculation, we need to use three formulas: 
L{f'(O)} = s F(s) — f (0) 


L{t* f(t} = (-D)? F's) 
Lfexp(at) f(t)} = F(s — a) 


L ( (t? exp(at) sin(wt))| = s L{t? exp(at) sin(wt)} — 0 
= s(L{exp(at) sin(wt)})” 
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—2sw ( ava ) 
((s — a@)* + w?)? 
coy w* — 3(s — a)? 
8° (say? +02)3 


Problem 5.2.3 
vt 
fern I exp(—t”) dt | 
0 


Vn 2 exp(t) ve 
cca 


=f rel [: —exp(—t”) 2ee| 


ih Sot! ~x) ax | 


= sl {exp = 


= L{exp(t)} £L {—} 
1 


~ (s—Dys 
LEf(O} = “tanh 


exp(—t”) acl 


Problem 5.2.4 
Apply LT to the function, and use the property of LT to split it into two 
parts. 
Lf (t)} = L{t? sin(w,t)} + Lf{exp(at) cos(w2t)} 
For the first term L£{t? sin(w,t)}, we use the property of «multiplication 
L{t"f (Oh = (-1)"F™(s) 
In this case, n = 2, f(t) = sin(w,t). Then 


(s) = * 
F(s 
s?+w? 


2 3 
6W1s* — 27 


L(? sin(at)} = 1? FS) = 
1 


514 


Appendix A Solutions to Problems 


For the second term Lf{exp(at) cos(w2t)}, we use the property of 
translator 
Lf{exp(at) cos(w2t)} = F(s — a) 


In this case, f(t) = cos(wzt). Then 
s 


F(s) = =—> 
(s) s? +03 
s-a 
(s— a)? + 03 
Finally, after applying LT to the function f(t), we have 
6w,s7 — 2w3 s-a 
L t — ——_——__——_ 
Os (s?+@7)3 (s—a)*+03 


L{exp(at) cos(wzt)} = 


Problem 5.2.5 
1) 


{oe} 


fil) =) we=n) 


n=0 


By taking the LT, we get 


LEf,(t)} = fy u(t - nf 


n=0 


2 ye L{u(t — n)} 
n=0 
7 = exp(—ns) 
2 > : 
n=0 
= ay exp(—ns) 
7 1 
~ s(@— exp(-s)) 
So, the LT is 
LLOl Gents) 
2) 
fA) =t-Itl 


In this case, the floor function can be expressed as 


{oe} 


[t] = » u(t — n) 


n=1 
So, if we perform the same process of (1), then 
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L{lt}} = fy’ u(t — nf 


n=1 
=)" cue - 2) 
n=1 
- ~ exp(—ns) 
==. 
n=1 
= -). exp(—ns) 
“exp(-s) 


~ s(1— exp(-s)) 
So, we obtain the following solution 


1 a 
LE fo(t)} = L{t} — L{[t]} = = qe 


Problem 5.2.6 
(1) F(s) = £{t5} = i t® exp(—st) dt 
Let u = st. Then, t = u/s and dt = du/s. 
F(s) = if; e). exp(—u) oe 
~ 9 ‘Ss P Ss 
se aaa 
= =| u° exp(—u) du 
0 
= 1 > 6-1 d 
pairs u®—* exp(—u) du 
0 
5! 
~ 56 
Note 
Gamma function is defined as 
T(x) =| exp(—t) t*"1dt 
0 
and for an integer n, we have 
T(n+1) =n) =n! 
(2) F(s) = L{exp(at)} = ie exp(at) exp(—st) dt = Pes exp((a — s)t) dt 
When s > a, 


exp((a — s)t) 
a-s 


Ae canted 


s—-a 


(3) F(s) = Lf{sin(wt)} 
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{oe} 


ba 1 
= I sin(wt) exp(—st) dt = -=| sin(wt) d(exp(—st)) 
0 0 
Using integration by parts, we get 
exp(—st) 


{oe} 


F(s) = sin(wt) 


+ <{& (-st) d(sin(wt)) 
ge eo : 


W foe) 
=0-0+ al cos(wt) exp(—st) dt 
0 


7) foe) 
a | cos(wt) d(exp(—st)) 
0 


_ clpien oat 
=- 52 cos(wt) exp(-st)| + al exp(—st) d(cos(wt)) 


2 


wo w* [” : 
=>37- =| exp(—st) sin(wt) dt 
Ss s* Jy 
wo we 
Thus, 
w? w 
1+ 2 F(s) = e2 
Therefore, 
w 
Fila TEE: 
(4) 


F(s) = L{exp(at) sin(wt)} 


= i exp(at) sin(wt) exp(—st) dt 
0 


= [ en-6 — a)t) sin(wt) dt 
0 


Substituting (s — a) with s;, we can change the integral to the same form 
as the previous part. Thus, 


F(s) = 


w 
se+w? (s—a)?+o? 


Problem 5.2.7 


This is a periodic function (of period T) whose LT can be expressed as 


1 T 
LO} = 7 [ r@expCse) ae 
0 


— exp(-sT) 


where the integral portion can be carried out as 
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T 
I f (t) exp(—st) dt 
0 


T 


a ih 2A (=) exp(—st) dt + J 2A (1 - =) exp(—st) dt 


= (~Semo(-Js)- Bho $3) +34 
Be es Os MT hes ev iy STG 

(5 r fe ( =) 2A ( =5)) 

sap CxPl 'S) =o ra sop oP 75 

ao (-3s)+14 (-Ts)) 
-=(- exp(—>s exp(-Ts 
_2A/, 7 )) 
= | -exp(-5s 


Therefore, the LT is 


1 2A Pay 
L{f (O} = Ta exp(cfs) °F 1 — exp (-5s)) 
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5.3 Inverse Laplace Transforms 


Problem 5.3.1 
Applying LT on the RHS of the given problem, we get 
Dns 
L Is (sin kt — kt cos Ke} 


1 
= 552 (L{sin kt} — kL{t cos kt}) 


pd k k(s? — k2) 
2k3\s2+k2  (s? +k)? 


ee 2k3 
= 33 \ GPa RE 
1 


~ RP 
= £{LHS} 


Problem 5.3.2 


Using the Bessel function 


1 z2\" 
Wo) = Daye (-3) 
n=0 


we have 


= 
iM€_s 
oN 
BS} 
re 
| 
nr, 
N 
aS 
3 
N 


L{o(2vi)} = | 


5 
| 
ray 
New 

3 
= 

S/R 
Ww 
N 
+ 
3 
e—S" 


3 


Il 

bB 
ee a, 
Ms 


ll 
Ms 
aT ! 
3} 
=| 
BIS 
B 
oan’ 
os 

3 
we 


3 
Ul 
o 


Il 
Ms 
r| TD 
3] | | 
Ses 8 
YH |W 
N|o3 
or, 

2, 

a3. 
is 
Sree” 


3 
Ul 
o 


Ms 
=e 
| 
vile 
a 


ALR ALR 
3 
il 
o 


Thus, 
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£fo(2v8)} = 5exn(—) 


Problem 5.3.3 


We know 


258 a ( 1 ) 
(s2—1)2 | ds \s2—1 


ca fe =I = ar (3 : iD} 
aa (-« oa i) 
= oP (-m)} 


1 
= 5 t(exp(t) — exp(—t)) 


Thus, 


where we have used 


oi{Lro}=-e0 


Problem 5.3.4 
en exp(—as) 
: cree 
1 1 1 
=otf a4 Aer ers) 
1 1 1 
eer acme ec ec)) 
4 I Scen-ay| 
~ 4471 IS. Peron 
=-1+ ae — an) 
Problem 5.3.5 


Performing LT on both sides of the DE, we get 


t 
L{x(t)} = L{sin(t)} + 2L tf cos(t — T) x(ade| 
0 
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X(s) 


X(s) = = + = 
(s) s?+1 s%+1 
Thus, solving the above yields 


_ 1 
1 = GaF 


Performing inverse LT, we get 
x(t) = £77{X(s)} = t exp(t) 


Problem 5.3.6 
Applying LT on both sides of the DE and using £L{x} = X(s) and the 


definition of convolution, we get 
t 
X(s) = L{2 exp(3t)} — L tf exp(2(t - t)) x(de| 
0 


2 
= a7 Llexp20 LO} 


_ 2 X(s) 
“5-3 s—2 


Thus, 
1 1 


xX = + 
(s) s-1 s-3 


Inversing LT yields 
x(t) = exp(t) + exp(3t) 
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5.4 The Convolution of Two Functions 


Problem 5.4.1 


2 1 ee 1 1 
“aa bead 
Let F(s) = —. Then, f(t) = £71 {=} = exp(t). 


1 = = (2 1 
Let G(s) = = Then, g(t) = £71 {s 2} = re) == 
where we used (5) = vn. 


By convolution theorem, we get 


t 
L-MF(s)G(s)} = I ft —1g(a) dt 
0 


‘ 1 
= - wae 
I exp(t — T) T 
_ exp(e) sees ue ), - 


= ae i on 6 on 


VIE 0 
2 pvt : 
= ae —u2) d 
exp(t) (| exp(—u*) “) 


= exp(t) erf(vt) 
In the above calculation, we introduced u = Vz and, thus, t = u? and 
dt = 2udu. 
Problem 5.4.2 
Ss 
L{cos(wx)} = 52 + we 
Ss 
L 3 = >— 
{cos(3x)} ae 
dF(s) 


L{xf @)} = - 


d s s*—9 
L{x cos 3x} = Sere = 5) = GTO Toy 


L | exp(z) y(x— nar} = Lfexp(x) ® y(x)} 
0 


= L{exp(x)}L{y(x)} 
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1 
= 227 'O 
Thus, 
s?-9 1 
Cro ar 
Solving the above equation, one gets 


vine (1 


Y(s) = 


*) s*—9 
s} (s? +9)? 
s?-9 


Let G(s) = Garay 


Thus, 
Y(s) = (1 - ) G(s) 


= G(s) ~=6(s) 

and 

s*—9 
(s? +9)? 

s?+9-18 
~ (2 +9)? 

1 18 

5249 (5249) 


G(s) = 


whose inverse g(x) is 


L{G(s)} = ze ees 7 et arapl 


aly? 18 
= 3 sin) - 5a (sinGx) — 3x cos(3x)) 


= x cos(3x) 
where we used 


1 1 
Loi tarxaa = 3 (sin kt — kt cos kt) 


Therefore, 
t 


y(x) = g(t) [ gear 
0 
= x cos(3x) — I (t cos(3t))dt 
0 
= x cos(3x) — 5 (3 sin(8t) + cos(3T))|> 


= x cos(3x) — 5 (3x sin(3x) + cos(3x) — 1) 
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5.5 Applications 


Problem 5.5.1 
Applying LT to the DE with the given IC’s, we get 
s*X(s) + 4X(s) = L{f(t)} 
where F‘(s) is the LT of f(t). We got the AE for X(s) 
1 
X(s) = LfOlaga 
Then, using the convolution theorem, we get 


«9 = {even a) 


= Ltetryj@c| 


zea} 
= f(0@ (Fsin 2t) 
= s[ re-9 sin 2t dt 

2Jo 


where we used 


Ts 
} = Ssin2e 


-1 
& (xa 2 


Problem 5.5.2 
Solve the IDE 
x(t) + 2x(t) - af exe —t)x(t)dt=sint, x(0)=0. 
Taking the LT on both See of the DE, we find, 
(sX(s) — x(0)) + 2X(s) — 4L{exp(t) ® x(t)} = 


s2+1 


sX(s) + 2X(s) — 4 (—) X(s) = 
Solving for X(s) and performing partial fraction, we obtain 
s—1 1 (4-—3s 1 2 
G24 DG +5—6) Sys lat sa2 sea) 
Applying inverse LT, we get 
x(t) = L7'{X(s)} 
= eA +t 2 
s?+1 s-2 s+3 


s2+1 


X(s) = 


Al 4 3 Ss ip 1 Fs ~| 
~ 25 s?4+1 ~s24+1 s—-2 s4+3 
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1 
= 35 (4 sint — 3cost + exp(2t) + 2 exp(—3t)) 


Problem 5.5.3 

Applying LT on both sides of the two DEs, we have 

eee = —4L£{x} + L{sin t} 
Lty"} = 4L{x} — 8Lfy} 
Let L{x} = X(s). We know that 
L{x"} = s*X(s) — x(0)s — x'(0) 
Plugging into the first DE, we get 
1 
2 0) = 
s°X(s) — x(0)s — x’(0) = —4X(s) + at 
This gives 
x(0)s? + x'(0)s? + x(0)s + x'(0) +1 
iss (s? + 4)(s? +1) 
Thus, the GS is x(t) = £L71{X(s)}. 
Similarly, for y, we have 
L{y"} = s*¥(s) — y(0)s — y'(0) 
The second DE can be written as 
s*Y¥(s) — y(0)s — y'(0) = 4X(s) — 8Y(s) 
This gives 
4X(s) + y(0)s + y'(0) 
s?7+8 

Plugging X(s) into the above equation, we get Y(s) in terms of s and the GS 
is y(t) = L71{Y(s)}. 


Y(s) = 


Problem 5.5.4 
Applying LT on both sides of the DE, we have 
L{x"} + Lie} - 6L{x’} = 0 

Let L{x} = X(s). Then, 

L{x'} = sX(s) — x(0) = sX(s) 

L{x'"} = s?X(s) — x(0)s — x'(0) = s*X(s) -1 

L{x'"} = s3X(s) — x(0)s? — x’(0)s — x'"(0) 

= s3X(s)-s—1 
Inserting them to the transformed DE, we get 
s?X(s) —-s—1+5?X(s) —1—6sX(s) =0 
st+2 


Ss s(s + 3)(s — 2) 
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ee 
Ss 15 643.5 s=2 
x(t) = £71{X(s)} 


= pid 3t fe 2t 
=~3 Te expe ) = expC ) 


Problem 5.5.5 
Applying LT on the DE, using £{6(t — a)} = exp(—as), and applying the 
ICs x(0) = 1 and x’(0) = 0, we get 
L{x""} + 4AL{x} = —5L{6(t — 3)} 
s*X(s) — x(0)s — x'(0) + 4X(s) = —5 exp(—3s) 
s?X(s) —s + 4X(s) = —5 exp(—3s) 
Thus, 
—5 exp(—3s) Ss 
aa ed 
5 2 
=~ 3a pp) o7C39) +a 
Therefore, the PS is 
5 2 Ss 
x(t) = — Za pa)ent-38)] + 2" aa} 


5 
—7sin2t ® d(t — 3) + cos 2t 


X(s) = 


5 t 
-5| sin 2(t — tT) 6(¢ — 3)dt + cos 2t 
0 


5 
~7sin2e — 3) + cos 2t 


Problem 5.5.6 
Applying LT on both sides of the DE, we have 
L{x" + 6x’ + 8x} = L{-d(t — 2)} 
s?X(s) —s + 6sX(s) — 6+ 8X(s) = — exp(—2s) 

s +6 —exp(—2s) 

Xs) = s*+6s+8 

_ s +6—exp(—2s) 

~  (s+2)(s +4) 

2 1 


- 1 29(4 i) 
eS rer WN ce a 2 s+4 


Thus, 
2 


HOSE? | eee 2s)(— : )} 
s+t2 st+4 2 oe 
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= 2 exp(—2t) — exp(—4t) — XG — 2) @ exp(—2t) + XG —2) 


® exp(—4t) 
Problem 5.5.7 
x" +2x' +x = 6(t) —6(t —2) 
x(0) =0 
x'(0) =0 


Applying LT on both sides and using £L{6(t)} = 1 and L{6(t —a)} = 
exp(—as), we get 
L{x" + 2x' +x} = L{6(t) — 6(t — 2)} 
s?X(s) + 2sX(s) + X(s) = 1 — exp(—2s) 
Thus, 
1 — exp(—2s) 
ANS s*+2s4+1 
1 — exp(—2s) 
~ G42 
_ 1 exp(—2s) 
~(st12 (sti)? 
Using L{f(t — t)u(t — t)} = exp(—ts) F(s), we get 
x(t) = texp(—t) — (¢ - 2) exp(—(t - 2)) u(t — 2) 


Problem 5.5.8 
L{6,(t)} = L(t — a)} = exp(—as) 


L{x"}4+ L{w2x}= ) L{6(t — 2nty)} 
Z ; 
s*X(s) — x(0)s — x’(0) + w?X(s) = » exp(—2ntys) 
n=0 
(s? + w?)X(s) = exp(—2ntys) 
2 : 


Thus, 


- exp(—2ntos) 
a » s2+w? 
n=0 


Using £-"{exp(—as) F(s)} = u(t — a) f(t — a2) we get 


a exp(—2ntys) exp(—2ntys) 
sas 4y) st + =e \- > a? fea st + ae 
n=0 
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_ y get 1 w exp(—2ntys) 
~ wo s*+w? 


1 lee) 
= -\" u(t — 2nt)) sin w(t — 2nto) 


n=0 


Problem 5.5.9 
Case l:a>0,b>0 


L{u(t —a)} = . exp(—as) 


L{6(t — b)} = xc — b) exp(—st) dt 
0 


= exp(—bs) 
Applying LT to both sides of the DE, we have 
s?X(s) — x(0)s — x'(0) + 2(sX(s) = x(0)) + X(s) 


1 
= exp(—as) + exp(—bs) 
Applying the ICs, we get 


s*X(s) + 2sX(s) + X(s) = - exp(—as) + exp(—bs) 


2 te i 
X(s) = orl; exp(—as) + exp(— s)) 


Thus, 


x(t) = | exp(-as)} +£71 { exp(-bs)} 


1 1 
s(s +1)? (s + 1)2 


= foment = tap fedgpoct 


=u(t — a){u(t —a)- exp(-(t - b)) —(t-a) exp(-(t - b))} 
+u(t — b)(t —b) exp(-(t — b)) 
=u(t — a)(1 — exp(-(t - b)) —(t-a) exp(-(t - b))) 
+u(t — b)(t — b) exp(-(t - b)) 
Case 2:a <0,b>0 


L{u(t —a)} = - 
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L{6(t — b)} = exp(—bs) 
Applying LT to both sides of the DE, we have 


s*X(s) + 2sX(s) + X(s) = -+ exp(—bs) 


S 1 exp(—bs) 
AGK= s(s+1)2 (s +1)? 
= A GE 1 1 _, (exp(—bs) 
se g aeoertie cer ste f (s +1)? 


= u(t) — exp(-t) — t exp(—t) + u(t — b)(t — b) exp(-(t - b)) 
= 1 — exp(—t) — texp(-t) + u(t — b)(t — b) exp(-(t = b)) 


Problem 5.5.10 
Applying LT to both sides of both DEs, we have 
ee = L{x} + 2Lfy} 
L{y'} = 2£{x} — 2Lfy} 
Given IC, this gives 
{ — 1)X(s) = 2Y(s) +1 
2X(s) = (s+ 2)Y(s) 


This gives 
1 1 4 1 
. 7 3(; + 5) 7 (5 a 5) 
2 1 2 1 
OES seen seo) 

Finally, 

x(t) = a(4 exp(2t) + exp(—3t)) 

1 
y@) = = (2(exp(20) — exp(—3t))) 
Problem 5.5.11 


ae = —2L{x,}+ L{x2}+ exp(-ts) 
L{x5'} = L{x,} — L{x2} + exp(—2ts) 
a = —2X,(s) + X2(s) + exp(-ts) 
s?X,(s) = X,(s) — X2(s) + exp(—2rts) 
ee = (s? + 2)X,(s) — exp(—ts) 
(s* + 1)X,(s) = X,(s) + exp(—2ts) 
Inserting the first equation into the second, we get 
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(s? + 1)((s? + 2)X,(s) — exp(—ts)) = X,(s) + exp(—2ts) 
(s* + 3s? + 2)X,(s) = exp(—ts) (exp(—ts) + s? + 1) 
Thus, 
_ oa fexp(-ts) (exp(-ts) + s* + 1) 
ae’ | G?+ DG? +2) 


= _ exp(—Ts) 1 
Lae fee FIG? +2) 524 3} 


“4 1 1 1 
ai et oc {exp(—z) (3 +1. 524 5) 53 s2+ 5| 


= (t ) ( (t ) ( int 
=u T Uu T) (sin 


We also have 
(s* + 1)X,(s) = X,(s) + exp(—2ts) 


af 
X2(s) = PrareraGel + exp(—2ts)) 


Thus, 
xe(t) = cfs + exp(~2rs))} 
= [5% {5 : | ® £L-1{X, + exp(—2ts)} 
=sint ® (x1(¢) +u(t — 2t)) 
Problem 5.5.12 
Applying LT to both sides of the DE, we have 
sX(s) + 4X(s) + 6X(s) = : i L{sin wt} 
X(s) (s +44 —.) = L{sin wt} 


2 ; sa 
X(s) = L{sin wt} GiDGtD 
Using partial fractions, we get 
s-1 28 2 
(s +1)(s + 2) s+2 stl 
Then, X(s) can be expressed as 


3 2 
X(s) = L{sin wt} i— Bar 7 


Finally, applying inverse LT and using the convolution theorem 
3 2 
-1 =o -1 oi -1 
L7'{X(s)} = sinwt @L {- z ;| sin wt @L {- z | 
= 3 sin wt ® exp(—2t) — 2 sin wt @ exp(-t) 


1 
sin vit) + Aine vt) 
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Problem 5.5.13 
Applying LT to the InHomo system, we have 
x'(t)=2x®%)+y®+t 
y(t) = x(t) + 2y(t) + exp) 
sX(s) — x(0) = 2X(s) + Y(s) +3 


sY(s) — y(0) = X(s) + 2Y(s) + — 
__ x(0)(s — 2) s—2 y(O) 
XS)=G-DG6-3) ' #6-DG—-)  6-DG—3) 
1 


*G—s—-3) 


WO (S +) 


Fe ( 1 1 n 1 ) 
4(s—1) 2(s—1)? 4(s-—3) 
Thus, 
(1) = 2, t+ 3t)+ 2 aa pe 3t) 
x = a exp exp (- 9 remy 3 2 exp 79 XP 
0 
+ Oi expt + exp 3t) 
+ : £ i t t+ : 3t) 
(- qexpt — Zt expt + 7exp 
For Y(s), we have 


¥(5) = 2 1 y(O(s = 2) 


G=DG—3) #6=16=3) G=1)G=s) 
(s — 2) 
*G—Ds—3) 
WO) Po 4 | 1 1 
= (tts) * sae “agp ee) 


(2G) 


if 1 1 
% ere =f, 16-12 AG. 5) 
Thus, 
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Ge t+ 3) +(5+5 : He 3t) 
y(t) = 5 exp exp 913 3 exP 1a °xP 


0 
+ *) (exp t + exp 3t) 


+( : pees fa. 3t) 
qcxpt +5texpt +7 exp 


Problem 5.5.14 
L{x"} — 6L{x'} + BL{x} = 2£{1} 
Applying the ICs, we have 


s?X(s) — 6sX(s) + 8X(s) = “ 


2 

MO) == TG =D) 

_ 1 AS <A a 1 1 

i So S22 a sk 

Therefore, 

- 1 1 3 1 4 

x(t) = — 5 exp t)+ 4 expl t) 
Problem 5.5.15 


L{tx"} + 2L{(t — 1)x’} — 2L{x} = 0 
—(s?x(s))' + 2{-(sx(s))' - sx(s)} - 2x(s) = 0 
X'(s) = 4(s + 1) 
X(s)—s s(s +2) 
Using the SOV method, we solve the above DE with which s is the IV and X 
is the DV. Thus, 


C 


AON (s? + 2s)? 


Thus, 


x(t) = co ae ‘ | 
of 1 
—rr-1s— 
=e {es (s+ ma 
1 1 
—rr-1s= -1 
=e {=2| Se fe + wa 
= Ct ® (t exp(—2t)) 
where C is a constant. 
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Problem 5.5.16 


Performing LT on the DE leads to 


Thus, 


Problem 5.5.17 


Thus, 


Problem 5.5.18 


d?x dx 


feoa +£{F 4 cx) =0 


d ax 
——(s*X — as) + (sX —a) -——=0 
ds ds 


(s? + 1)X’+sX =0 
which is a separable DE for X whose solution is 


[F- sds 
XX st+1 


1 
nx = — 5 ins? +1) 


L{x"} — 2L{x"} + L{x} = Lif (t)} 
s*X(s) — 2sX(s) + X(s) = F(s) 


F(s) 
(s* —2s +1) 
F(s) 
~ (=D? 


_1f FG) 
x(t) =L£71 (oy = | 


X(s) = 


=0{ So cts) 


(s — 1)? 
= (t exp(2t)) @ f(t) 


(s?X(s) — 2) + 4sX(s) + 13X(s) = 


1 
tGFD? _ —s_ as? +45 +13 


1 
(s+ 1)? 


X(s) = 
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a ( 1 n 5 of st+2 er 3 ) 
50\ sti (st+1)* (s+2)?24+9 (s + 2)2+9 


Thus, 
1 
x(t) = eguect + 5t) exp(—t) + exp(—2t) (cos 3t + 32 sin 3t)) 


Problem 5.5.19 
Method 1: LT method. 
Applying LT to the DE, we get 
L{a"} — L{x'} — 12L{x} = L{sin 4t + exp(3)} 
(s?X(s) — sx(0) -— x'(0)) = (sX(s) = x(0)) —12X(s) = ze + =a 
s*+16 s-—3 
Using the IC, we have 
(s?X(s) — 2s — 1) — (sX(s) — 2) — 12X(s) = pate 


416  S=3 
2s* — 753 + 36s* — 108s + 52 


(s — 3)(s + 3)(s — 4)(s?2 + 16) 
Now, if we apply the partial fraction for the RHS, we get 


X(s) = 


ast —7s°+36s*-1085+52_ A BC Ds +E 
(s —3)(s + 3)(s —4)(s? +16) s—3 s+3 s—4 s?24+16 

1 

A=-- 

6 

A+B+C+D=2 ie Pt 

ASB 4D a SAF tee 

44+28B+7C-9D-4E=36 > cC=— 

—16A —112B + 36D — 9E = —108 zi 

—192A + 192B — 144C + 36E = 52 D=—— 

200 

2 2e 

~ 200 

So, we get 


2s* — 7s? + 36s* — 108s + 52 
(s — 3)(s + 3)(s — 4)(s? + 16) 


_ 1( 1 yee 1 1 1 + 1 ( s ) 
~~ 6\s—3/° 1050\s+3/ 56\s—4/ 200 \s2 +16 


x00 (+70) 
~ 200 \s? + 16 


Applying inverse LT, we obtain 


X(s) = 


x(t) = ua (- 3) +2 (4t) i 4t + : At : (3t) 
To50 °*P exp 700 2 200 °°° ras 
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Method 2: The C-Eq method. 
For the complementary solution, we solve the C-Eq 
r*—r—12=0, r= —3,4 
Thus, 
X(t) = C, exp(—3t) + C, exp(4t) 
For the PS, we use MUC with TS 
xp(t) = Asin 4t + B cos 4t + C exp(3t) 
xp(t) = 4A cos 4t — 4B sin 4t + 3C exp(3t) 
xp(t) = —16A sin 4t — 16B cos 4t + 9C exp(3t) 
xp (t) — xp(t) — 12xp(t) 
= (—28A + 4B) sin 4t + (—4A — 28B) cos 4t — 6C exp(3t) 
= sin 4t + exp(3t) 
Matching the coefficients, we get 


—28A+4B=1 
—4A-—28B =0 
-—6C=1 
Thus, 
Wes 7 
200 
_ 1 
~ 200 
ae 1 
~ 6 
So, the PS is 
(t) = Ls At + : At : (3t) 
Xp = 200 10 200 ©°° age 
The GS is 


x(t) = xc(t) + xp(t) 


7 1 1 
= C, exp(—3t) + C, exp(4t) — —— sin 4t + ——cos 4t — G oxPGt) 


200 200 
With the IC, we can determine the coefficients of the common solution. 
1 
x(0) =Q +l,+559- 3 =2 
'(0) = —3C, + 4C. 28 S24 
x'(0) = 1 2-500 6 
Thus, 
z 1051 
7” 1050 
a 65 
2 56 
The GS is 
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x(t) = xc(t) + xp) 
1051 


~ 7050 


65 ia 1 1 
exp(—3t) + 5g expt) - 500 50 At + 700 °S At — 5 exp(st) 


Problem 5.5.20 
(1) The C-Eq of the Homo portion is 
r27 +07 =0 
r = tiw 
The two LI solutions are 
xX, =coswt, Xz, =sinwt 
coswt  sinwt 


~ I-sinwt coswt 
The trial functions are 


ae | yo(t)f(t) 
a W(t) 
a | ya(t)f (t) 
Z W(t) 
The GS to the original DE is 
x =C,coswt + Cz sinwt + u, cos wt + uz sinwt 
(2) Applying LT to both sides of the DE, we have 


L{x"} + w?L{x} = LIF (O} 


| = cos* wt + sin? wt = 1 


dt = = | cos wt f(t)dt 


dt = [ sin wt f (t)dt 


Let X(s) = L{x} 
L{x""} = s?X(s) — x(0)s — x'(0) = s?X(s) — x95 — V9 
With substitution, we have 
s?X(s) — x95 — V9 + w2X(s) = L{f(t)} 
Lf (t)} + x95 + Vo 
1 w 

= 7efOlayye + X9 = 

x(t) = L-1{X(s)} 


ste v, 
- al f(t —T) sin(wt) dt + x9) cos(wt) + — sin(wt) 
wJo w 


X(s) = 


Problem 5.5.21 
(1) We use the VOP method. The corresponding Homo DE is x’’ + wix = 0, 
a 2nd.0 c-coeff DE whose C-Eq is 
r2 +07 =0>72 = t0y,i 
xXc(t) = C, cos(w,t) + Cz sin(w,t) 
x1(t) = cos(w,t) 
ie (t) = sin(w,t) 
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cos(w,t) sin(w,t) 
—w,sin(w,t) w,cos(w,t) 
Let xp(t) = u,(t)x,(t) + u2(t)x2(t). Then, 
“yo (t)f (x) * sin(w,t) sin(w2t) 
u,(t) = -{ wo dt = -| 7 dt 


1 
= Fr | (cos((, + W2)t) — cos((w, - w2)t)) dt 


Wit) = | 


~ 204 W, + W2 W1 — W2 
unt) = — [AOL ay = — | OD 


‘, 
= | (sin((o; + w2)t) — sin((@, - w)t)) dt 
oma cos((w, + w.)t) ses(n, 09) 


~ W1 + W2 7 W1— W2 
Thus, a PS can be written as 
Xp(x) = uz (t)x1(t) + uz (t)x2(t) 


_ cos(@;t) a + W2)t) ys sin((@, — ws 


204 @, + W2 W1— W2 
‘ sin(w,t) cos((w, + W2)t) cos((w, — W2)t) 
204 @,+W2 W1 — W2 


cos(w,t)sin((@; + W2)t) — sin(w,t)cos((w, + W2)t) 
OO BaF.) 
—cos(w,t) sin((w, — w2)t) + sin(w,t)cos((w, — w2)t) 
: 204(@1 — 2) 
_ sin((w, + W2)t — w,t) sin(w,t — (w, — w2)t) 
2W4(W1 + W2) 2W14(W4 — W2) 
_ sin(w2¢) 


~ we — we 
Thus, the GS to the DE is 
x(t) = xc(t) + xp(t) 
sin(w2t) 


= C, cos(w,t) + C, sin(w4t) — 
Wy — W2 


With the given IC x(0) = x'(0) = 0 
C, =0 
W2 


C. eo 
W, (Wt — 03) 
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Thus, 
Ww, sin(w,t) sin(w2t) 
x) = ao 
W1 (wp — wz) (wz — 3) 
_ W2 ee smtee0)) 
wi — w3 Wy W2 
(2) We use the LT method. Applying LT on the DE, we have 
L{x'} + w2L{x} = L{sin(w.t)} 


Let 
X(s) = L{x} > L{x"}= s?2X(s) — x(0)s — x'(0) = s?X(s) 
Plugging L{x’’} and L{x} into the DE, we have 
2 2 Se 2 
Ss X(s) + w{X(s) = 5? +0 
W2 


he (s? + w3)(s? + w?2) 


_  @2 1 a, 1 @, 
~ we — we \w1 52 +02 W252 +03 
Thus, 
w sin(w,t sin(Wt 
ames ( (wt) | -) 
WS — Wi Wy W2 
Problem 5.5.22 


(1) Applying LT to both sides of the DE, we have 
L{x'} — L{x} = L{1} — L{(t — 1)u(e — 1)} 
1 1 
sX(s) — X(s) ==-——=exp(-s) 
s Ss 
During the above calculation, we used 
1 1 
LEY =S, Le Due - D} = Gexp(-s) 


which is derived by using L{f(t — a)u(t — 1)} = F(s) exp(—as) 
Solving the above equation, we get 


1 1 1 
X@) = 5 (5-zew-9) 
1 1 exp(—s) 
= ae s2(s —1) 
1 1 1 1 
sa OS ee ea 


Thus, the PS is 
x(t) = £71{X(s)} 
= exp(t) — 1 — u(t — 1) ® (exp(t) -— 1-1) 


ahh, 
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(2) We divide the equation into two regions 
Ift < 1, the DEis 
x’-x=1 
{ x(0) =0 
whose solution can be easily found as x(t) = exp(t) — 1. 
Ift > 1, the DE is 
x'-x=2-t 
x(0) =0 
which is a 1st.0 linear DE, and 
P(t) = -1, Q(t) =2-t 


p() = exp( | (-1)de) = exp(-2) 
Solving this DE, we have 


x(t) = —a([ peat + c) 


= exp(t) (| exp(—t) (2 — t)dt + c) 


= exp(t) (—2 exp(-t) + t exp(—t) + exp(—t) + C) 
=-1+t+Cexp(t) 
Applying the IC x(0) = 0, we get C = 1 and the PS 
x(t) = exp(t)-1+t 
Combining the above two cases, we get the PS 
exp(t)-1, t<1 
aS: ees —-1+t, t>1 
Written as a step function, the PS is 
x(t) = exp(t) -1+tu(t—1) 


Problem 5.5.23 
For the original DE, if 0 < t < 2m, u(t — 2m) = 0 
or 
x(t) + 4x(t) = cos 2t 
Thus, 
x(t) + 4x(t) = cos 2t 
x(0) =0 
x'(0) =0 


Using LT method, we have 
(s? + 4)X(s) = L{cos 2t} 
So 


1 
x(t) = zsin 2t ® cos2t 
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1 t 
== i sin 2t cos 2(t — tT) dt 
2 Jo 


oe 
= rh t sin 2t 
For the original DE, if t > 27, u(t — 2m) = 1 
or 
x"(t) + 4x(t) =0 
with starting from t = 27. 
When t = 27, from the condition of the phase I, 0 < t < 2m, we know 
x(21) = 0,x'(2m) = 20 
After resetting the origin to t = 27, the IVP becomes 
x(t) + 4x(t) =0 
x(0) =0 
x'(0) = 2x 
whose PS for t > 27 can be found using LT as follows. 
s*X —27+4X =0 
= and the PS is 
-1{ 27 
se (= + i 
= msin2t 


Thus, X = 


The PS may also be expressed in a convolution as 


x(t) = sin 2t ® ((4 —u(t -— 21) )cos 2t) 


Problem 5.5.24 
Applying LT to both sides of DE, we have 
s?X(s) — x(0)s — x"(0) + X(s) = LE(-1) "} 
Plugging the IC, we get 
(s? + X(s) = £(-D"} 
Or 


1 
tcp} 


X(s) = 
Applying inverse LT, we have 


ms 1 7 1 
x) =L | ney} =L {> he-nid 


s2 


s*+1 
= sint @(-1)"l 

The convolution can be computed directly using its definition. One may 

also compute the LT of the RHS. 
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L{(-1) 4} = [com exp(—st) dt 
0 


1 2 3 
= I exp(—st) dt — i exp(—st) dt + I exp(—st) dt + 
0 1 2 


1 2/(~< 
=-+ >( (—1)” exp(—ns) — 7 
n=0 


Ss Ss 


1 20 
=—-—-+ ye exp(—ns) 
s Ss 
n=0 


Thus, 


1 1 20 
eo at iG exr(-n) 


n=0 
a ae LS"Cap (—ns) 
Peds tego 7 emits 
n=0 
x(t) = -1+cost+2sint ® Yep —n) 


n=0 


sint ® Yep —n) 


n=0 
t foe) 
— j -—1 Nn. — a d 
i sine ) ( )y"u(t —t —n) dt 
oe. t 
= Yeo sintu(t —t—n)dt 
n=0 0 
oS t-n ba t 
= 2 sint dt + 2m [0 sint dt 
= Ycnra — cos(t — n)) 
n=0 
Thus, 
x(t) =-1+cost+2 ) (—1)"(1 -cos(t —n)) 
Problem 5.5.25 


x(0) = x'(0) = y@) = y'() =0 


(1) When w = wo 
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L{x"} + L{w2x} = L{by sin(wt)} 
bow 
s?X(s) + w?X(s) = Se giz. 


bow 


concern} = (Molt) 


= (“) (sin wt ® sin wt) 
( 


X(s) = 


1 
—sinwt —tcos wt) 
w 


) 
mO-e Bara} 
) tsin wt 


(2) When w # Wo 
boWo 
s? +o? 


s?X(s) + w2X(s) = 
_ boWo 
X(s) = (s? + w2)(s? + w2) 


_ boWo 1 1 
w?— we] \s? + wg s? +0? 


b 
(a) (ata Ot) 


Thus, 
bo a Wo Wo ” 
x(t) = (3)< ; {a pee Ce) (ata) 
= (gta) omen (Jam) 
Next, 
Oe 
(s? + w§)(s? + w?) 
bo s s 
° (a - =) (5 tug s+ z) 
Thus, 


(=( 25 )er} 
ae aa OS Soha? 8 we 


0 
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bo 
= (se) (cos(wot) — cos(wt)) 


Problem 5.5.26 
Observe that the external force is periodic and during the first period, the 
external force looks like the following, 


t €[0,~) 
r(t) = = 
—f te [5-7) 

Thus, the force as a function of time can be given as 

r(t) =r(t +7) 

We have assumed that the direction towards right are positive. 

Let x(0) = 0 be the initial displacement and x'(0) = 0 be the initial 
velocity, where x(t) represents the displacement. According to our sign 
convention, the force exerted by the spring on mass mis always in the 


negative direction. Thus, the EoM is 
2 


d°x 
aa —kx +r(t) 


We can write this equation as 
aa 
FTP, +w°x = q(t) 


where q(t) = m~'r(t) and w = Vm=1k. 
Applying LT to both sides, we have 
s?X(s) + w?X(s) = Q(s) 


Q(s) 
ats) = s%* +o? 
Applying inverse LT of this equation, we get 
Q(s) 
t) = £71; > 
x(C) tp + w? 


=i c-{ —} @LQ(s)} 


w s2 + 


= + sin@wt) ® q(t) 
W 
= Laer ® r(t) 


mw 


Problem 5.5.27 
_ fcos2t t€[0,2z7] 
F(t) = (9 0. W. 
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f(t) = (1 —u(t -— 2n)) cos 2t 
= cos 2t — u(t — 2m) cos 2(t — 27) 
L{f(} = L{cos 2t — u(t — 27m) cos 2(t — 2)} 
= L{cos 2t} — L{u(t — 2m) cos 2(t — 27)} 
2 s(1 — exp(—2m7s)) 
7 st*+4 
L{x" + 4x} = Lf (t)} 
s(1 — exp(—27s)) 
st*+4 
5 s s(1 — exp(—27s)) 
X(s)(s 4 4) = ————ea = 
s(1 — exp(—27s)) 
(s* + 4)2 


a _ pny {81 — exp(—2m)) 
x(t) = L-*{X(s)} =L? eee 


oo a } = Ztsin2t 
Gaal ae 


s?X(s) — sx(0) — x'(0) + 4X(s) = 


X(s) = 


t 1 
x(t) = qsin 2t — u(t — 27) q¢ — 2m) sin 2(t — 27) 
1 
qe sin2t t € [0, 27] 


1 
zm sin 2t .W. 
3 msin 0. W. 


Problem 5.5.28 
By setting the natural spot at x = 0, we can write the EoM as 
mx" = F — (ky +k2)x 
Applying LTs to both sides, 
m(s?X(s) — sx(0) — x'(0)) = L{F} — (ky + k)X(s) 
The force can be expressed as 


F=f (2 Yen (¢ — =n) = «o) 
n=0 


_f TS 
Applying ICs x(0) = x'(0) = 0 and simplifying the DE, we get 


ms?X(s) = tanh (=) — (k, + k2)X(s) 
f tanh 4) 
AG)S (5) ms? + ae kp 
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The solution is x(t) = £L71{X(s)}. 


Problem 5.5.29 
The InHomo system is 
mxy = k(x2 — 2x1) + fa) 
mxy = k(x — 2x2) + fe(t) 


Defining w = fz we get 


fa®) 
Ww = 2 a= 2 
xy =W* (x2 x4) + cm 
t 
xy = w(x, — 2x2) + £) 


Applying LT to the above yields 
(s? + 2w2)X, = w2X, + Fy(s) 
(s? + 2w?)X, = w2X, + Fp(s) 


where 
F,(s) =£ (2) 
Fa(s) = £2} 


Solving the above DEs, we get 
F,(s? + 2w?) + Faw? 
1 54+ dws? + Bw? 
F,s* + (2F, + Fp)w? 
= GP w(s + Bw) 


Kyte. 1 ea hes 
~~ 2 52+ we 2 s?+3w?2 
F,w? + Fp (s? + 2w?) 
2 54 + dws? + 3w2 


Fys? + (2F, + Fy)w? 
Feth, 4 | 
“2 twee 2 524 3w2 


flat fi a ee 
2  s*+w? 2  s*+3w? 
Dee 
7 awl ta + Fz} ®@ sinwt + aaa 1{F, — Fp} @ sinv3 wt 
1 1 


(fat) + fe()} © sinwt + Raaw — fz (t)} @ sin V3 wt 


2mw 
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: aga Lp AR 1 
2 2 s%*+w? 2 s%*+3w2 
1 1 
=—£71{F, + Fy} @ sinwt -——L7'{F, + Fp} @ sinv3 wt 
ae {Fy + Fg} a /3w {F, + Fe} 


{f,(t) — fg(t)} ® sin V3 wt 


1 1 
Say (fat) + fe(t)} @ sinwt — 7 Emw 


The above convolutions are easy to compute. 


Problem 5.5.30 
Applying LT to both DEs, we get 
ms*X,(s) = —2kX,(s) + kX2(s) + fo exp(—tos) 
ms*X>(s) = kX,(s) — kX2(s) + fo exp(—2tys) 
Writing these in matrix format to solve for X(s), 


24 2k k fo ae 
ee ia (49) =[ m mo PX *08 
k k }\X2(s) f 
fee 2 eae 2 0 
ae + me 2tos) 
2k k 


m A Cc 
0 (eeb(eet)-E/He 
P exp tos) 


(s? 12 ase —2tos) + > Kfo 7 exp(—tos) 


(s2+2 584) (04 5 i) 
2 =m 


=(s? +) ep( ~2tos) +> fo 7 exp(—tos) 


G +o¢+ w3) 2 exp(—2tys) toe Kfo —3 exp(- ts)) 


Xx. — 
2(s) (s? + w7)(s? +0 
fo m7 eXP(—2tos) 03 fo exp(—2tos) + => He. exp(—tos) 
~  s2 +3 ss (s? Toye? + w3) 


1 
X2(t) = fe Wt ® d(t — 2to) 
2 


AS Ge z fo 6(t — 2to) + ~fod(t - i] 


® (sinw,t ® sinw2t) 
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where we have substituted 


>» _3FV5k 


O12 = 


2 om 
and 
wt +02 = — 
Now, we solve for X,(s). 
(s? +) x,(5) — 2 x2(s) = exp(—tos) 
Ss i 14S mn 2\S ane 0s 
k 1 exp(— 2tos) 


X,(s) = ae) ae 


w3 fo m exP(—2tos) + => I fo exp(— tos) fo 


t 
(s2 + OG? + w3 sy a 


k fo 1 1 
x,(t) = mn — 2to) ® ria wt ® ae Wat 


gee 220 se oak 5(t — to) @— si t 
Wi w3 0 Tho 0 Pcie 
1. 1 fo 1. 
® —sin wat ® —sinw3t + —d(t — to) @ —sinw3t 
W 3 m W3 
where 
2 
03 = = wi + 03 


Problem 5.5.31 


Two driving forces can be expressed as 
fa) = fo ute) - u(t -5)) 
felt) = fo(u(t- =) —u(t-0) 


where fo is a constant. Now, let’s LT the DEs: 
T 
mxy' = —kx, + k(x2 — x4) + fo (uo —u (t = 5) 


T 
mx} = —k(x, ~ x4) + fo(u(t-5) -ute-0)) 
m(s?X;(s) — sx1(0) — xj (0)) 
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= —2kX,(s) + kX2(s) + fo = 


m(s?X2(s) — sx2(0) — x5(0)) 


exp (- 5) exp(—Ts) 
= kX,(s) — kX2(s) + fo % = 


Ss 


Inserting ICs 
x1 (0) = x,(0) = 0 
x1 (0) = x2(0) = 0 


(ms? + 2k)X,(s) — kX2(s) = fo . a 


exp (- ) exp(—Ts) 
KX, (s) + (ms? + k)Xz(s) = fy | ——24 — 


s s 
fo (ms? +k —ms? exp (- ) —k exp(—ts)) 
Ha(s) (ms? + k)(ms? + 2k) — k? 


fo (x + (ms? + k) exp (- 5) — (ms? + 2k) exp(—ts)) 
X,(s) = (ms? + k)(ms? + 2k) — k? 


Applying inverse LT, we get 
x,(t) = £71{X,(s)} 
x2(t) = £L-*{X2(s)} 


Problem 5.5.32 

(1) Considering the spring forces acting on the two masses, we get 

ees = —(ky + kg)xq + koXx2 

MyXq = kyx1 — (kp + k3)x2 
(2) Plugging the parameters into the DEs, we get 
xy = —3x, + 2x2 
xy = 2x, — 5x2 

which can be solved by various methods, eg., the S-method or LT method. 
Let’s use the S-method. 
From the second DE, we get 


1 
4= 7 Oe + 5x2) 


Plugging into the first DE, we get 
x + 8x 4 11x, =0 
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whose C-Eq is 73 + 8r? + 11 = 0 with roots 


by2,3,4 = =o a v5 


with which one can compose the final GS for m, and mz 
4 
X= 3 C; exp(b;t) 
i=1 


One can find x, and, then, determine C; by the IC. 
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Selected Laplace Transforms 


fO F(s) = L{f(0)} 
d(t — a) exp(—as) 
d"(t) a 
= exp(—as) 
u(t — a) - 
1 
; 2 
i _ 
ie aeal | a 
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. @ 
sin wt ay 
t Ss 
COS W =o a eae 
s* +a? 
. 2S5W 
t sin wt (s2 + w2)2 
52 — Ww 
1 
exp(—at) ca 
n! 
n 
t exp(—at) (stant 
. (20) 
exp(—at) sin wt (Sea 
Sta 
exp(—at) cos wt Cee ee 


Selected Properties of Laplace Transforms 


f(® F(s) 

f(t) F(s) 

cf (t) cF(s) 
AO+h@ F,(s) + F2(s) 
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df(t) 
dt 


d"f(t) 
dt™ 


[ roa 
exp(—at) f(t) 
f(t —t)u(t —T) 
fM@eg@) 
tf (t) 


t" f(t) 
f@) 


t 


f(ct),c >0 


sF(s) — f(O) 
s"F(s) —s™1f(0) 
SP FOSS FO) 
— +. — f@-D(Q) 

F(s) 
“a 
F(s + a) 
exp(—sT) F(s) 
F(s)G(s) 
dF (s) 
ds 
(dO (GS) 


“r (s)ds 


Remarks 
(1) 6(#) is the Dirac Delta-function which is defined as 
+o,t=0 
ch lo, t#0 


and also satisfies 


[_s@ae =1 


(2) u(t) is the unit step function defined as 


549 


Appendix B Laplace Transforms 


0, t<0 
u(t) = {y' t>0 


(3) The sign @ is the convolution operator which is defined as 


f()@g(t) = i fQg(t—Dar 
0 
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d n\) — 
rl C: )=nx 


d 
3, (In x) == 


exp(ix) = cosx +isinx 
sinx = = (exp(ix) — exp(—ix)) 
cosx = = (exp(ix) + exp(—ix)) 
exp(x) = coshx + sinhx 
sinhx = ~ (exp(x) — exp(—x)) 
coshx = ~ (exp(x) + exp(—x)) 


sin(x + y) = sinxcosy +cosxsiny 


cos(x + y) = cosx cosy + sinx siny 


dv 


d du 
=n uv) = ae tae 


dF dg 


: “=F (9@)) a dg dx 


n-1 


1 
x 
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13. < (exp(x)) = exp(x) 


d,. 
14. =, (sin x) = cosx 


d . 
15. ay eos x) =—-sinx 


d 
16. —(tan wu) = sec? u 
dx 


17. fudv = uv — f vdu 
18. f exp(x) dx = exp(x) + C 


LF eae 
19. f x"dx = —— 


x14 C m#-1) 


20. f= =Inlal 40 


Rp 
21. fa*dx = ——+C 


22. f sinxdx =—cosx+C 


23. f cosx dx 
24. f tanx dx 


25. f secx dx = 


sinx +C 
—In|cosx|+C 


InJsecx + tanx|+C 


26. f cscx dx = In|cscx — cotx| +C 


27. JS- sin 


“IZ 40 
a 


+ tan-12 

28. JS ~tan™*=+C 
xt+a 

29. f= “=< Saaphe 


py 
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Abbreviations 


tO Meaning 
A SHO First-order 
2nd.0 | Second-order 
AE(s) | Algebraic Equation(s) 
e Cen, CONStant COMSt 
2 BC(s) | Boundary Condition(s) 
E c-coeff L constant-coefficiemt 
Z C-Eq | Characteristic Equation 
2 DE(s)_ | Differential Equation(s) 
- DV(s) | Dependent variable(s) 
J Eq(s) | Equation(s) 
2 E-method | Eigen-Analysis method 
e-value(s) Eigenvalue(s) 
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e-vector(s) Eigenvector(s) 


Nonlinear DE(s), Nonlinear Differential 


Nonlinear DE(s) Equation(s) 


554 


Appendix D Abbreviations 


: O-method | Operator method 
Z OW. | Otherwise 
2 PS,Ps’s_ | Particular Solution(s) 
QED quod erat demonstrandum (Thus, it has 
ee: been demonstrated.) 
i RAS | Right-Hand Side 
: S-method | Substitutionmethod 
. SOV Separation of Variables 
: SS,SS’s | Singular Solution(s) 
2 DE system(s) | System(s) of Differential Equation(s) 
TS TSIS Trial Solution(S) 
VOP | Variation of Parameters 
v coeff | variable-coefficient 
wrt With Respect To 
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